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Abstract

This supplemental material is structured as follows. Section N.A describes the collection of articles
and specifications for the figure reported in the Introduction of the main article. Section N.B includes
the theoretical results about the estimators of the true sub-population proposed in Section 5. Section
N.C presents additional results on testing for full sample identification failure under homoskedasticity,
primitive conditions for the assumptions of Section 6, results on consistent covariance matrix estimation
for the tests introduced in Section 6 and results about identification-robust inference under strong IV
and local or fixed alternatives. Section N.D presents additional Monte Carlo simulations.

N.A Publication Selection Criterion

We select recent publications from the following five economics journals: American Economic

Review, Econometrica, Journal of Political Economy, Quarterly Journal of Economics and Review

of Economic Studies. We first identify articles published in these journals between January 2019

and December 2022 that contain the keyword “instrument” in their text. We then exclude articles

that do not estimate linear instrumental variables (IV) models or that are based solely on cross-

sectional data. This results in 18 articles, listed in Table 1. From these 18 articles, we collect all

IV specifications reported in their main text. Articles 1–3, 6–7, 9–12, and 14–16 use time series

data, while articles 4–5, 8, 13, and 17–18 use panel data. Since the F ∗statistic requires time series

data, for panel data applications we treat each cross-sectional unit separately. In cases where an

application includes thousands of cross-sectional units, we select only a subset to prevent a single

panel application from dominating the distribution of the F statistics. The median cross-sectional

size across applications is 34, so for panel specifications with more than 34 units we randomly
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select 34 units, while for those with fewer than 34 units we include all available units. When a

specification involves multiple endogenous regressors, we run separate first-stage regressions for

each endogenous regressor. This yields a total of 214 time series specifications and 1,346 panel

data specifications.
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N.B Theoretical Results on Estimation of LATE and Sub-populations

In this section we establish theoretical results about the estimator ŜT,F GLS from which we deduce

the same results for ŜT,OLS as a special case with y⃗ = D and Ω̂ε,S = IT . We first rewrite the

model in matrix format as follows. We have 2 equations and T observations, excluding the initial

conditions if lagged dependent variables are included among the regressors. The number of regimes

that define the π sub-population is m, while the total number of regimes in the full sample is

m̃ ≥ m. For example, if π = 1 then m̃ = m, else m̃ > m. The break dates are denoted by the

m̃ vector (T1, . . . , Tm̃) and we use the usual convention that T0 = 1 and Tm̃+1 = T . A subscript

i indexes a regime (i = 1, . . . , m̃ + 1), a subscript t indexes a temporal observation (t = 1, . . . , T )
and a subscript j indexes the equation (j = 1, 2) to which a scalar dependent variable yjt belongs.

According to our model in Section 5 y1t = Yt and y2t = Dt. q + p is the number of regressors and

zt is the set that includes the regressors from all equations zt = (z1,t, . . . , zq+p,t)′ = (Z ′
t, X ′

t)
′. The

model considered in (5.1) can be written as

yt = (I2 ⊗ z′
t) αi + vt, (N.1)

where vt has mean zero and covariance matrix Σ. The parameters in regime i are the p + q vector

αi = (βθ′
i, γ′

1 + γ′
2β, θ′

i, γ′
2)′, where θi = θ for Ti−1 + 1 ≤ t ≤ Ti with t ∈ S0,T and θi = 0 for

Ti−1 + 1 ≤ t ≤ Ti with t /∈ S0,T . Let α = (α′
1, . . . , α′

m̃+1)
′.

To ease notation, define the (q + p) × 2 matrix xt by x′
t = (I ⊗ z′

t) and rewrite (N.1) as

yt = x′
tαi + vt, (N.2)

for Ti−1 + 1 ≤ t ≤ Ti (i = 1, . . . , m̃ + 1). We now express the model in matrix form. Let

Y⃗ = (y′
1, . . . , y′

T )′ be the 2T vector of dependent variables, let V = (v′
1, . . . , v′

T )′ be the error

vector, and let the 2T × 2 (q + p) matrix of regressors be X⃗ = (x1, . . . , xT )′. For a given parti-

tion S with associated breaks (T1, . . . , Tm̃), we define the block partition of the matrix X⃗ as the

2T × 2 (q + p) (m̃ + 1) matrix X (S) = diag(X1, . . . , Xm̃+1), where X i (i = 1, . . . , m̃ + 1) is the

2 (Ti − Ti−1) × 2 (q + p) subset of X⃗ that corresponds to observations in regime i. We also define

the subvector Vi of V similarly. Then the regression (N.2) can be written as Y⃗ = X (S) α + V .

The true values of the parameters are denoted with a 0 superscript so that the data generating

process is assumed to be Y⃗ = X (S0,T ) α0 + V , where X (S0,T ) is the diagonal partition of X⃗

using the partition S0,T , i.e. (T 0
1 , . . . , T 0

m̃
). Let Ω̂S be the rearrangement of Ω̂ε,S in the main text

corresponding to the rearrangement
−→
Y of −→y . We make the following assumptions.

N-4



dynamic late

Assumption N.B.1. supS ||X (S)′ Ω̂−1/2
S || = OP(T 1/2), supS,S′ ||X (S)′ Ω̂−1

S X (S′) /T || = OP (1) and

supS ||V ′Ω̂−1
S X (S) || = OP(T 1/2).

Assumption N.B.2. There exists an l0 > 0 such that for all l > l0, the minimum eigenvalues

of (1/l)∑T 0
i +l

t=T 0
i +1

∑T 0
i +l

s=T 0
i +1 xt[Ω̂−1

S ](t,s)x
′
s and (1/l)∑T 0

i +l

t=T 0
i +1

∑T 0
i +l

s=T 0
i +1 xt[Ω̂−1

S ](t,s)x
′
s are bounded away

from zero uniformly over i = 1, . . . , m̃ and S where [Ω̂−1
S ](t,s) denotes the (t, s)-th element of Ω̂−1

S .

Assumption N.B.3. The matrix
∑l

t=k

∑l
s=k xt[Ω̂−1

S ](t,s)x
′
s is invertible for l − k ≥ k0 for some

0 < k0 < ∞.

Assumption N.B.4. We have 0 < λ0
1 < · · · < λ0

m̃
< 1 with T 0

i = ⌊Tλ0
i ⌋.

Assumption N.B.5. The minimization search is taken over all partitions that satisfy |λi+1 − λi| ≥ ϵ,

|λ1| ≥ ϵ, |λm̃| ≤ 1 − ϵ.

Assumption N.B.6. For Ω = E[V V ′|X (S0,T )], supS,S′ T −1X (S′)′ (Ω̂−1
S −Ω−1)X (S) P→ 0, supS T −1

X (S)′ (Ω̂−1
S − Ω−1)V P→ 0 and T −1V ′(Ω̂−1

S − Ω−1)V P→ 0.

N.B.1 Consistency Under Fixed Shifts

Let λ̂ be the estimate of the break fractions λ0 = (λ0
1, λ0

2, . . . , λ0
m̃

) that corresponds to ŜT,F GLS.

The following proposition states the consistency of λ̂ for λ0.

Proposition N.B.1. Let Assumptions N.B.1-N.B.6 hold. Then, λ̂i
P→ λ0

i , i = 1, . . . , m̃.

We now consider the rate of convergence of λ̂.

Proposition N.B.2. Let Assumptions N.B.1-N.B.6 hold, for every η > 0, there exists a C < ∞,

such that for all large T ,

P
(∣∣∣T (λ̂i − λ0

i

)∣∣∣ > C
)

< η, (i = 1, . . . , m̃) .

Let α̂(·) be defined in analogy with ξ̂F GLS(·) in the main text upon rearrangement of y⃗ to

Y⃗ . The T rate of convergence of λ̂i allows us to obtain the asymptotic equivalence between the

estimated slope coefficients with the estimated subpopulation α̂(ŜT,F GLS) and the estimated slope

coefficients with known subpopulation α̂ (S0,T ) so that standard results feasbilbe generalized least

squares results implying
√

T asymptotic normality for the latter also immediately apply to the

former.

Proposition N.B.3. Let Assumptions N.B.1-N.B.5 hold. We have
√

T (α̂(ŜT,F GLS) − α0) = OP (1).

N-5
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N.B.2 Proofs

N.B.2.1 Proof of Proposition N.B.1

We first outline the main steps of the proof using a few lemmas that are proved below. By the

definition of ŜT,F GLS and Assumption N.B.6,

1
T

V̂
(
Ŝ
)′

Ω̂−1
S V̂

(
Ŝ
)

≤ 1
T

V ′Ω−1V, (N.3)

with probability approaching one, where V̂ (Ŝ) = Y⃗ − X
(
Ŝ
)

α̂
(
Ŝ
)
with Ŝ = ŜT,F GLS. Note that

V̂
(
Ŝ
)′

Ω̂−1
S V̂

(
Ŝ
)

(N.4)

=
(
V − X

(
Ŝ
) (

α̂
(
Ŝ
)

− α0
)

−
(
X
(
Ŝ
)

− X (S0,T )
)

α0
)′

Ω̂−1
S

×
(
V − X

(
Ŝ
) (

α̂
(
Ŝ
)

− α0
)

−
(
X
(
Ŝ
)

− X (S0,T )
)

α0
)

= V ′Ω−1V +
(
V ′Ω̂−1

S V − V ′Ω−1V
)

+
(
α̂
(
Ŝ
)

− α0
)′

X
(
Ŝ
)′

Ω̂−1
S X

(
Ŝ
) (

α̂
(
Ŝ
)

− α0
)

+ α′
0

(
X
(
Ŝ
)

− X (S0,T )
)′

Ω̂−1
S

(
X
(
Ŝ
)

− X (S0,T )
)

α0

+ 2
(
α̂
(
Ŝ
)

− α0
)′

X
(
Ŝ
)′

Ω̂−1
S

(
X
(
Ŝ
)

− X (S0,T )
)

α0

− 2V ′Ω̂−1
S X

(
Ŝ
) (

α̂
(
Ŝ
)

− α0
)

− 2V ′Ω̂−1
S

(
X
(
Ŝ
)

− X (S0,T )
)

α0

≡ V ′Ω−1V +
6∑

j=1
Ej.

The proof of Proposition N.B.1 uses (N.3)-(N.4) and the limit of E1, . . . , E6. By Assumption

N.B.6, T −1E1
P→ 0 and we show that T −1Ej

P→ 0 for j = 5 and 6, in Lemma N.B.1 below. These

results combined with (N.3) imply that T −1 (E2 + E3 + E4) P→ 0. The proof follows by showing

that the latter imply λ̂
P→ λ0 via Lemma N.B.2. We proceed with a couple of lemmas.

Lemma N.B.1. Let Assumptions N.B.1 and N.B.3 hold. We have T −1Ej
P→ 0 for j = 5 and 6.

Proof of Lemma N.B.1. To prove the lemma, it suffices to show that

sup
S

1
T

∣∣∣V ′Ω̂−1
S X (S) (α̂ (S) − α0)

∣∣∣ = OP
(
T −1/2

)
= oP (1) , (N.5)

sup
S

1
T

∣∣∣V ′Ω̂−1
S

(
X (S) − X (S0,T )

)
α0

∣∣∣ = OP
(
T −1/2

)
= oP (1) . (N.6)

N-6
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First consider (N.5). We can rewrite

V ′Ω̂−1
S X (S) α̂ (S) − V ′Ω̂−1

S X (S) α0

= V ′Ω̂−1
S X (S)

(
X (S)′ Ω̂−1

S X (S)
)−1

X (S)′ Ω̂−1
S X (S0,T ) α0

+ V ′Ω̂−1
S X (S)

(
X (S)′ Ω̂−1

S X (S)
)−1

X (S)′ Ω̂−1
S V

− V ′Ω̂−1
S X (S) α0.

Using Assumptions N.B.1 and N.B.3, the first term on the right-hand side is OP(T 1/2) OP(T −1)OP (T ) =
OP(T 1/2) uniformly over all partitions. The second term is OP(T 1/2)OP (T −1) OP(T 1/2) = OP (1)
and the third term is OP(T 1/2), both uniformly over all partitions. Then, (N.5) follows. Next,

consider (N.6). Using Assumption N.B.1, we have

V ′Ω̂−1
S

(
X (S) − X (S0,T )

)
α0 = V ′Ω̂−1

S X (S) α0 − V ′Ω̂−1
S X (S0,T ) α0

= OP

(
T 1/2

)
+ OP

(
T 1/2

)
.

This implies (N.6). □

Lemma N.B.2. Let Assumptions N.B.2-N.B.5 hold. If λ̂i
P↛ λ0

i for some i, then

lim inf
T →∞

P
(
T −1 (E2 + E3 + E4) > c

)
> ϵ0

for some c > 0 and ϵ0 > 0.

Proof of Lemma N.B.2. We have for Ti−1 + 1 ≤ t ≤ Ti,

v̂t

(
Ŝ
)

=
Yt

Dt

−

Z ′
tθ̂β,̂i

Z ′
tθ̂î

−

X ′
tγ̂β

X ′
tγ̂2

 =
Z ′

tθβ,i

Z ′
tθi

+
X ′

tγβ

X ′
tγ2

−

Z ′
tθ̂β,̂i

Z ′
tθ̂î

−

X ′
tγ̂β

X ′
tγ̂2

+ vt

=
Z ′

t

(
θβ,i − θ̂β,̂i

)
Z ′

t

(
θi − θ̂î

)
+

X ′
t (γβ − γ̂β)

X ′
t (γ2 − γ̂2)

+ vt,

where αi = (θβ,i, γβ, θ′
i, γ′

2)′, α̂î = (θ̂β,̂i, γ̂β, θ̂′
î
, γ̂′

2)′ and î corresponds to a regime in Ŝ.
By Assumptions N.B.4 and N.B.5, if there exists a break, say λ0

i , which cannot be consistently

estimated, then with some probability ϵ0 > 0 there exists a η > 0 such that no estimated break

falls in the interval [T (λ0
j −η), T (λ0

j +η)] for a subsequence of T . Suppose this interval is classified

into the k-th regime, i.e., T̂k−1 ≤ T (λ0
i − η) and T (λ0

i + η) ≤ T̂k. Let dt denote the difference

N-7
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between the fitted residuals and true errors. Then,

dt =



Z ′
t

(
θβ,i − θ̂β,k

)
Z ′

t

(
θi − θ̂k

)
+

X ′
t (γβ − γ̂β)

X ′
t (γ2 − γ̂2)

 for t ∈ [T (λ0
i − η) , Tλ0

i ]Z ′
t

(
θβ,i+1 − θ̂β,k

)
Z ′

t

(
θi+1 − θ̂k

)
+

X ′
t (γβ − γ̂β)

X ′
t (γ2 − γ̂2)

 for t ∈ [Tλ0
i , T (λ0

i + η)] .

For t ∈ [T (λ0
i − η), Tλ0

i ],

d′
t =

[
θβ,i − θ̂β,k θi − θ̂k

]
Zt +

[
γβ − γ̂β γ2 − γ̂2

]
Xt

≡ a′
β,i,kxt,

where xt = (Z ′
t, X ′

t)
′ while for t ∈ [Tλ0

i , T (λ0
i + η)],

d′
t =

[
θβ,i+1 − θ̂β,k θi+1 − θ̂k

]
Zt +

[
γβ − γ̂β γ2 − γ̂2

]
Xt

≡ b′
β,i,kxt.

We have

E2 + E3 + E4 =
(
V̂
(
Ŝ
)

− V
)′

Ω̂−1
S

(
V̂
(
Ŝ
)

− V
)

=
(
X
(
Ŝ
)

α̂
(
Ŝ
)

− X (S0,T ) α0
)′

Ω̂−1
S

(
X
(
Ŝ
)

α̂
(
Ŝ
)

− X (S0,T ) α0
)

= D
(
Ŝ
)′

Ω̂−1
S D

(
Ŝ
)

≥
T λ0

i∑
t=T(λ0

i −η)

T λ0
i∑

s=T(λ0
i −η)

d′
t

[
Ω̂−1

S

]
(t,s)

ds +
T (λ0

i +η)∑
t=T λ0

i +1

T (λ0
i +η)∑

s=T λ0
i +1

d′
t

[
Ω̂−1

S

]
(t,s)

ds

= a′
β,i,k

T λ0
i∑

t=T(λ0
i −η)

T λ0
i∑

s=T(λ0
i −η)

xt

[
Ω̂−1

S

]
(t,s)

x′
saβ,i,k + b′

β,i,k

T (λ0
i +η)∑

t=T λ0
i +1

T (λ0
i +η)∑

s=T λ0
i +1

xt

[
Ω̂−1

S

]
(t,s)

x′
sbβ,i,k

(N.7)

≥ γT

[∥∥∥θβ,i − θ̂β,k

∥∥∥2
+ ∥γβ − γ̂β∥2 +

∥∥∥θi − θ̂k

∥∥∥2
+ ∥γ2 − γ̂2∥2

]
+ γ∗

T

[∥∥∥θβ,i+1 − θ̂β,k

∥∥∥2
+ ∥γβ − γ̂β∥2 +

∥∥∥θi+1 − θ̂k

∥∥∥2
+ ∥γ2 − γ̂2∥2

]
≥ min {γT , γ∗

T }
(∥∥∥θβ,i − θ̂β,k

∥∥∥2
+
∥∥∥θi − θ̂k

∥∥∥2
+
∥∥∥θβ,i+1 − θ̂β,k

∥∥∥2
+
∥∥∥θi+1 − θ̂k

∥∥∥2
)

≥ 2−1 min {γT , γ∗
T }
(
∥θβ,i − θβ,i+1∥2 + ∥θi − θi+1∥2

)
,
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where D(Ŝ) = [d′
1 d′

2 · · · d′
T ]′, γT and γ∗

T are the smallest eigenvalues of the first and second matrices

on the left-hand side of the second inequality, and the last inequality follows from

(x − a)′ A (x − a) + (x − b)′ A (x − b) ≥ 1
2 (a − b)′ A (a − b)

for an arbitrary positive definite matrix A and for all x. Now, the first matrix in (N.7) can be

written as

(Tη) 1
Tη

T λ0
j∑

T(λ0
j −η)

T λ0
i∑

s=T(λ0
i −η)

xt

[
Ω̂−1

S

]
(t,s)

x′
s ≡ (Tη) AT .

By Assumption N.B.2, the smallest eigenvalue of AT is bounded away from zero. Thus, γT is of

the order (Tη). A similar argument can be applied to γ∗
T . Therefore,

4∑
j=2

Ej > Tηc1 min{∥θβ,i − θβ,i+1∥2 , ∥θi − θi+1∥2} = TC min{∥θβ,i − θβ,i+1∥2 , ∥θi − θi+1∥2},

for some C = ηc1 > 0 with probability no less than ϵ0 > 0 as T → ∞. □

Proof of Proposition N.B.1. Using (N.4), T −1E1
P→ 0 and Lemmas N.B.1-N.B.2, and under the

supposition that some break date is not consistently estimated, we have the inequality

1
T

V̂
(
Ŝ
)′

Ω̂−1
S V̂

(
Ŝ
)

≥ 1
T

V ′Ω−1V + C + oP (1)

for some C > 0 holding with probability no less than some ϵ0 as T → ∞. This is in contradiction

with (N.3). Hence, all break fractions are consistently estimated. □

N.B.2.2 Proof of Proposition N.B.2

Without loss of generality, we assume there are only three regimes (m̃ = 3) and provide an explicit

proof of T -consistency for λ̂2 only. The analysis for λ̂1 and λ̂3 is virtually the same and is omitted.

By Proposition N.B.1, for each ϵ > 0 and T large, we have |T̂i − T 0
i | ≤ ϵT with probability

approaching one. For each ϵ > 0, let Tϵ = {(T1, T2, T3) : |T̂i − T 0
i | ≤ ϵT for i = 1, . . . , 3} so

that P({T̂1, T̂2, T̂3} ∈ Tϵ) → 1. Therefore we only need to examine the behavior of the objective

function, QT (T1, T2, T3) = V̂ (S)′ Ω̂−1
S V̂ (S), for those Ti corresponding to S that are close to the

true breaks such that |Ti −T 0
i | < ϵT for all i. Also using an argument of symmetry, we can without
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loss of generality, restrict attention to the case T2 < T 0
2 . For C > 0, define

Tϵ (C) =
{
(T1, T2, T3) :

∣∣∣Ti − T 0
i

∣∣∣ < ϵT, 1 ≤ i ≤ 3, T2 − T 0
2 < −C

}
.

Note that Tϵ (C) ⊂ Tϵ. Because QT (T̂1, T̂2, T̂3) ≤ QT (T̂1, T 0
2 , T̂3) with probability 1, to prove the

proposition it is enough to show that for each η > 0, there exist C > 0 and ϵ > 0 such that for

large T ,

P
(

min
Tϵ(C)

{
QT (T1, T2, T3) − QT

(
T1, T 0

2 , T3
)}

≤ 0
)

< η, (N.8)

or equivalently,

P
(

min
Tϵ(C)

{[
QT (T1, T2, T3) − QT

(
T1, T 0

2 , T3
)]

/
(
T 0

2 − T2
)}

≤ 0
)

< η. (N.9)

That would imply that for a large C, global minimization cannot be achieved on Tϵ (C). Thus

with probability approaching one, |T̂2 − T 0
2 | ≤ C. Now denote

Q1,T = QT (T1, T2, T3)

Q2,T = QT

(
T1, T 0

2 , T3
)

Q3,T = V̂ (S3,T )′ Ω̂−1
S V̂ (S3,T )

where S3,T is the partition based on (T1, T2, T 0
2 , T3). Subtracting and adding Q3,T , we have

Q1,T − Q2,T = Q1,T − Q3,T − (Q2,T − Q3,T ) .

This latter relation is useful because it allows us to perform the analysis in terms of two problems

involving a single break. Indeed, Q1,T − Q3,T is the difference in the objective function allowing

an additional fourth break at time T 0
2 between the breaks T2 and T3. Similarly, Q2,T − Q3,T is

the difference in the objective function allowing an additional fourth break at time T2 between

the breaks T1 and T 0
2 . Consider Q1,T − Q3,T first. Let (α̂∗

1, α̂∗
2, α̂∗

∆, α̂∗
3, α̂∗

4) denote the estima-

tor of (α0
1, α0

2, α0
2, α0

3, α0
4). In particular, α̂∗

2 is an estimate of α0
2 associated with the regressors

(0, . . . 0, xT1+1, . . . , xT2 , 0, . . . 0)′, α̂∗
∆ is the vector of estimated coefficients associated with the

regressors X∆ = (0, . . . 0, xT2+1, . . . , xT 0
2
, 0, . . . 0)′.

N-10
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From the argument on p. 31 in Amemiya (1985),

Q1,T − Q3,T = V̂ (S1,T )′ Ω̂−1
S V̂ (S1,T ) − V̂ (S3,T )′ Ω̂−1

S V̂ (S3,T )

= (α̂∗
3 − α̂∗

∆)′ X ′
∆Ω̂−1/2

S MΩ̂−1/2
S X(S1,T )Ω̂−1/2

S X∆ (α̂∗
3 − α̂∗

∆) ,

where MX = I − X (X ′X)−1 X ′ for a matrix X and α̂∗
3 is the vector of estimated coefficients

associated with the regressors (0, . . . 0, xT 0
2 +1, . . . , xT3 , 0, . . . 0)′. Similarly, we have for Q2,T −Q3,T ,

Q2,T − Q3,T = (α̂∗
2 − α̂∗

∆)′ X ′
∆Ω̂−1/2

S MΩ̂−1/2
S X(S2,T )Ω̂−1/2

S X∆ (α̂∗
2 − α̂∗

∆) .

Thus,

Q1,T − Q2,T ≥ (α̂∗
3 − α̂∗

∆)′ X ′
∆Ω̂−1/2

S MΩ̂−1/2
S X(S1,T )Ω̂−1/2

S X∆ (α̂∗
3 − α̂∗

∆) (N.10)

− (α̂∗
2 − α̂∗

∆)′ X ′
∆Ω̂−1

S X∆ (α̂∗
2 − α̂∗

∆) ,

where we used

X ′
∆Ω̂−1/2

S MΩ̂−1/2
S X(S2,T )Ω̂−1/2

S X∆ ≤ X ′
∆Ω̂−1

S X∆.

From the definition of MΩ̂−1/2
S X(S1,T ), we have

Q1,T − Q2,T

T 0
2 − T2

≥ (α̂∗
3 − α̂∗

∆)′ X ′
∆Ω̂−1

S X∆

T 0
2 − T2

(α̂∗
3 − α̂∗

∆) (N.11)

− (α̂∗
3 − α̂∗

∆)′ X ′
∆Ω̂−1

S X (S1,T )
T 0

2 − T2

[
X (S1,T )′ Ω̂−1

S X (S1,T )
T

]−1

× X (S1,T )′ Ω̂−1
S X∆

T
(α̂∗

3 − α̂∗
∆)

− (α̂∗
2 − α̂∗

∆)′ X ′
∆Ω̂−1

S X∆

T 0
2 − T2

(α̂∗
2 − α̂∗

∆) + Q2,T − Q2,T

≡ L1 − L2 − L3.

Consider the limiting behavior of L1. Note first that for small ϵ, the estimates α̂∗
i will be close to

α0
i with high probability for large T given that, on the set Tϵ (C), the distance between Ti and T 0

i

can be made small by choosing a small ϵ. Further, α̂∗
∆ is estimated using observations from the

second true regime only and it is close to α0
2 in probability on Tϵ (C) for a large enough C. Hence,
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for large C, large T and small ϵ, L1 is larger than

(α̂∗
3 − α̂∗

∆)′ X ′
∆Ω̂−1

S X∆

T 0
2 − T2

(α̂∗
3 − α̂∗

∆) ≥ 1
2
(
α0

3 − α0
2

)′ X ′
∆Ω̂−1

S X∆

T 0
2 − T2

(
α0

3 − α0
2

)

with high probability.

Next consider L2. It is easy to see that on Tϵ (C), α̂∗
3 and α̂∗

∆ are OP (1) uniformly. Also on

Tϵ (C),

X (S1,T )′ Ω̂−1
S X (S1,T )

T
= OP (1) ,

and

X ′
∆Ω̂−1

S X (S1,T )
T 0

2 − T2
= OP (1)

by Assumption N.B.1 since X ′
∆Ω̂−1

S X (S1,T ) involves less than T 0
2 − T2 observations. Furthermore,

∥∥∥∥∥X (S1,T )′ Ω̂−1
S X∆

T

∥∥∥∥∥ =
∥∥∥∥∥X (S1,T )′ Ω̂−1

S X∆

T 0
2 − T2

T 0
2 − T2

T

∥∥∥∥∥ ≤ ϵOP (1) .

Thus L2 is no larger than ϵOP (1) . Consider finally L3. Because both α̂∗
2 and α̂∗

∆ are close to α0
2,

∥α̂∗
2 − α̂∗

∆∥ < ρ with probability approaching one for any given small number ρ > 0. We also have

∥∥∥∥∥X (S1,T )′ Ω̂−1
S X∆

T 0
2 − T2

∥∥∥∥∥ = OP (1) ,

uniformly on Tϵ (C). Thus L3 is no larger than ρOP (1) . In summary, the following inequality

holds with probability approaching one on Tϵ (C):

Q1,T − Q2,T

T 0
2 − T2

≥ 1
2
(
α0

3 − α0
2

)′ X ′
∆Ω̂−1

S X∆

T 0
2 − T2

(
α0

3 − α0
2

)
− ϵOP (1) − ρOP (1) . (N.12)

By Assumption N.B.2,

X ′
∆Ω̂−1

S X∆

T 0
2 − T2

has its minimum eigenvalue bounded away from zero on Tϵ (C). Thus, the first term on the right-

hand side of (N.12) is positive and larger in absolute value than the other two terms. Thus, we
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have

Q1,T − Q2,T

T 0
2 − T2

> 0

with probability approaching one. This proves (N.9) and the proposition. □

N.B.3 Proof of Proposition N.B.3

Begin by noting that

Ω̂−1/2
S

(
X
(
Ŝ
)

− X (S0,T )
)

involves
∑m̃

i=1 |T̂i −T 0
i | = OP (m̃) nonzero observations by Proposition N.B.2 so that, after applying

Assumption N.B.1,

T −1X
(
Ŝ
)′

Ω̂−1
S X

(
Ŝ
)

= T −1X (S0,T )′ Ω̂−1
S X (S0,T ) + OP

(
T −1/2

)
.

Similarly,

T −1/2X
(
Ŝ
)′

Ω̂−1
S X (S0,T ) α0 − α0 = T −1/2X

(
Ŝ
)′

Ω̂−1
S

(
X (S0,T ) − X

(
Ŝ
))

α0 = OP

(
T −1/2

)
and

T −1/2X
(
Ŝ
)′

Ω̂−1
S V − T −1/2X (S0,T )′ Ω̂−1

S V = T −1/2
(
X
(
Ŝ
)

− X (S0,T )
)′

Ω̂−1
S V = OP

(
T −1/2

)
so that another application of Assumption N.B.1 yields

√
T
(
α̂
(
ŜT,F GLS

)
− α̂ (S0,T )

)
=
((

T −1X (S0,T )′ Ω̂−1
S X (S0,T )

)−1
+ oP (1)

)
×T −1/2

(
X
(
Ŝ
)′

Ω̂−1
S X (S0,T ) α0 − α0 + X

(
Ŝ
)′

Ω̂−1
S V − X (S0,T )′ Ω̂−1

S V
)

= OP

(
T −1/2

)
. □

N.C Additional Results

N.C.1 Identification of Compliers for Continuous Instrument

N.C.1.1 Identification of Compliers

We say that observation t ∈ S0,T is a complier if and only if E(Dt (z) | Ṽt) is strictly increasing in

z almost surely. In the present case of a continuous instrument, the policy and control samples P
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and C need to be redefined relative to the simpler case of a binary instrument in the main text.

Let P ⊂ {1, . . . , T} and C ⊂ {1, . . . , T} satisfy P ∩ C = ∅ and mint∈P Zt > maxt∈C Zt. Let ZP

denote the values in Z such that Zt ∈ ZP is equivalent to t ∈ P and similarly for ZC. Construct

P and C such that zP ≡ inf(ZP) > sup(ZC) ≡ zC. For example, a simple way to define the policy

and control samples is P = {t ∈ {1, . . . , T} : Zt ≥ z̃ + ϵ} and C = {t ∈ {1, . . . , T} : Zt ≤ z̃ − ϵ}
for some z̃ and small ϵ > 0. With these definitions, we impose the continuous instrument-analogs

of Assumptions 2.7 and 2.8 in the main text.

Assumption N.C.1. (i) For any t ∈ C, DC,t,n
P→ E(Dt(Zt)|Zt ∈ ZC) as n → ∞ with n/|C| → 0.

(ii) For t ∈ P, E[Dt−1(Zt−1)|Zt−1 ∈ ZC] = E[Dt(Zt)|Zt ∈ ZC].

Assumption N.C.2. (i) For any t ∈ P, DP,t,n
P→ E(Dt(Zt)|Zt ∈ ZP) as n → ∞ with n/|P| → 0.

(ii) For t ∈ C, E[Dt(Zt)|Zt ∈ ZP] = E[Ds∗(t)(Zs∗(t))|Zs∗(t) ∈ ZP], where s∗(t) = arg mins∈P |t − s|.

Proposition N.C.1. Let Assumptions 2.1, N.C.1 and N.C.2 hold and n0, n1 → ∞ with n0/|C|, n1/|P| →
0. We have:

(i) if t ∈ P is a complier, then DP,t,n1 − DC,t−1,n0
P→ c where c > 0.

(ii) if t ∈ C is a complier, then DP,s∗(t),n1 − DC,t,n0
P→ c̃ where c̃ > 0.

Proof of Proposition N.C.1. Consider first the policy sample. Suppose t ∈ P is a complier. Then,

by Assumptions N.C.1(i) and N.C.2(i), as n0, n1 → ∞,

DP,t,n1 − DC,t−1,n0
P→ E(Dt(Zt)|Zt ∈ ZP) − E(Dt−1(Zt−1)|Zt−1 ∈ ZC)

= E(Dt(Zt)|Zt ∈ ZP) − E(Dt(Zt)|Zt ∈ ZC)

=
�

ṽ

E(Dt(Zt)|Zt ∈ ZP, Ṽt = ṽ)dF
Ṽt

(ṽ) −
�

ṽ

E(Dt(Zt)|Zt ∈ ZC, Ṽt = ṽ)dF
Ṽt

(ṽ)

=
�

ṽ

�
z∈ZP

E(Dt(z)|Ṽt = ṽ)dF
Zt|Ṽt=ṽ,Zt∈ZP

(z)dF
Ṽt

(ṽ)

−
�

ṽ

�
z∈ZC

E(Dt(z)|Ṽt = ṽ)dF
Zt|Ṽt=ṽ,Zt∈ZC

(z)dF
Ṽt

(ṽ)

≥
�

ṽ

�
z∈ZP

E(Dt(zP)|Ṽt = ṽ)dF
Zt|Ṽt=ṽ,Zt∈ZP

(z)dF
Ṽt

(ṽ)

−
�

ṽ

�
z∈ZC

E(Dt(zC)|Ṽt = ṽ)dF
Zt|Ṽt=ṽ,Zt∈ZC

(z)dF
Ṽt

(ṽ)

= E(Dt(zP)) − E(Dt(zC)) > 0,

where F
Ṽt

(·) is the distribution function of Ṽt, F
Zt|Ṽt=ṽ,Zt∈ZP

(·) is the conditional distribution

function of Zt given Ṽt = ṽ and Zt ∈ ZP, F
Zt|Ṽt=ṽ,Zt∈ZC

(·) is the conditional distribution function
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of Zt given Ṽt = ṽ and Zt ∈ ZC, the first equality follows from Assumption N.C.1(ii), the third

equality follows from Assumption 2.1 and the inequalities follow from the definition of a complier.

The proof for the control sample is entirely analogous and therefore omitted. □

Assumption N.C.3. (Continuous Case Monotonicity) E(Dt (z) | Ṽt) is monotonic in z almost surely.

Under Assumption N.C.3, assume without loss of generality that E(Dt (z) | Ṽt) is increasing

in z almost surely. We obtain the following characterization of compliers under monotonicity for

the continuous instrument case.

Corollary N.C.1. Let Assumptions 2.3 and N.C.3 hold. Then, the set of compliers coincides with

S0,T .

Proof of Proposition N.C.1. Assumption N.C.3 rules out defiers, i.e., E(Dt (z) | Ṽt) being strictly

decreasing in z almost surely, so that non-compliers are characterized by E(Dt (z) | Ṽt) being con-

stant in z almost surely. Therefore, a non-complier cannot belong to S0,T by definition. And any

complier belongs to S0,T by definition. □

N.C.2 Primitive Conditions on IVs, Exogenous Regressors and Errors for the

Assumptions of Section 6.2

Assumptions 6.1-6.3 of Section 6.2 are implied by any one of the following assumptions:

Assumption N.C.4. {(vt, wt) : t ≥ 1} are i.i.d., E (vt ⊗ wt) = 0, E||vt||2 +E||wt||2 +E||vt ⊗wt||2 <

∞, Σv = E(vtv
′
t) is positive definite, and uniformly in ST , S′

T ∈ S, for S = limT →∞ T −1ST and

S′ = limT →∞ T −1S′
T , T −1∑T

t=1 E(wt (ST ) wt (S′
T )′) → Q(S, S′) for some (q + p) × (q + p) matrix

Q(S, S′) for which Q(S, S) is positive definite and T −1∑T
t=1 E((vt ⊗ wt (ST )) (vt ⊗ wt (S′

T ))′) →
Ψ (S, S′) for some 2 (q + p) × 2 (q + p) matrix Ψ (S, S′).

Assumption N.C.5. {(vt, wt) : t ≥ 1} are independent, E (vt ⊗ wt) = 0 for all t ≥ 1, supt≥1(E||vt||2+ς+
E||wt||2+ς +E||vt ⊗ wt||2+ς) < ∞ for some ς > 0, T −1∑T

t=1 E (vtv
′
t) → Σv for some positive definite

2 × 2 matrix Σv, and uniformly in ST , S′
T ∈ S, for S = limT →∞ T −1ST and S′ = limT →∞ T −1S′

T ,

T −1∑T
t=1 E(wt (ST ) wt (S′

T )′) → Q(S, S′) for some (q + p) × (q + p) matrix Q(S, S′) for which

Q(S, S) is positive definite and T −1∑T
t=1 E((vt ⊗ wt (ST )) (vt ⊗ wt (S′

T ))′) → Ψ (S, S′) for some

2 (q + p) × 2 (q + p) matrix Ψ (S, S′).

Assumption N.C.6. {(vt ⊗ wt, Ft) : t ≥ 1} is a martingale difference sequence, where Ft = σ(vt, wt, vt−1,

wt−1, . . .), {(vt ⊗ wt) : t ≥ 1} is an ergodic sequence, supt≥1(E||vt||2 +E||wt||2 +E||vt ⊗wt||2) < ∞,
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Σv = E(vtv
′
t) is positive definite, and uniformly in ST , S′

T ∈ S, for S = limT →∞ T −1ST and S′ =
limT →∞ T −1S′

T , T −1∑T
t=1 E(wt (ST ) wt (S′

T )′) → Q(S, S′) for some (q +p)× (q +p) matrix Q(S, S′)
for which Q(S, S) is positive definite and T −1∑T

t=1 E((vt ⊗ wt (ST )) (vt ⊗ wt (S′
T ))′) → Ψ (S, S′)

for some 2 (q + p) × 2 (q + p) matrix Ψ (S, S′).

Assumption N.C.7. {(vt, wt) : t = . . . 0, 1, . . .} is a doubly infinite ergodic sequence with E(vt ⊗
wt) = 0, supt≥1(E||vt||2 +E||wt||2 +E||vt ⊗ wt||2) < ∞, supt≥1

∑∞
j=1(E||E(vt ⊗ wt| Ft−j)||2)1/2 < ∞

where Ft = σ (vt, wt, vt−1, wt−1, . . .), T −1∑T
t=1 E (vtv

′
t) → Σv for some positive definite 2 × 2

matrix Σv, and uniformly in ST , S′
T ∈ S, for S = limT →∞ T −1ST and S′ = limT →∞ T −1S′

T ,

T −1∑T
t=1 E(wt (ST ) wt (S′

T )′) → Q(S, S′) for some (q + p) × (q + p) matrix Q(S, S′) for which

Q(S, S) is positive definite and T −1∑T
t=1

∑∞
j=−∞ E (vt ⊗ wt (ST )) (vt−j ⊗ wt−j (S′

T ))′ → Ψ (S, S′) =� 1
0 Ψu (S, S′) du, where Ψu (S, S′) is the local long-run covariance matrix of vt ⊗ wt (ST ) and vt ⊗

wt (S′
T ).

The random vectors {(vt, wt) : t = . . . 0, 1, . . .} are uncorrelated under Assumptions N.C.4-

N.C.6, but are (possibly) correlated under Assumption N.C.7. Assumptions N.C.5-N.C.7 allow for

nonstationarity (i.e., time-varying moments). In particular, they are satisfied by segmented local

stationarity [see Casini (2024, 2023)].

If the errors are conditionally homoskedastic and {(vt, wt) : t ≥ 1} are uncorrelated, the fol-

lowing assumption holds.

Assumption N.C.8. Ψ (S, S′) = Σv ⊗ Q (S, S′), where Q(·) is defined in Assumption 6.1 and Ψ (·)
is defined in Assumption 6.3.

This assumption is implied by any one of Assumptions N.C.4, N.C.5, and N.C.6 plus the

following.

Assumption N.C.9. E((vtv
′
t) ⊗ (wt (ST ) wt (S′

T )′)) = Σv ⊗ Q̃ (ST , S′
T ) for all t ≥ 1 and ST , S′

T ∈ S.

By iterated expectations, a sufficient condition for Assumption N.C.9 is E(vtv
′
t| wt (ST ) , wt (S′

T )) =
E(vtv

′
t) = Σv a.s. for all ST , S′

T ∈ S and all t ≥ 1. Note that Assumptions N.C.6 and N.C.7 allow

for intertemporal conditional heteroskedasticity even when Assumption N.C.9 holds. The following

lemma summarizes the relations between the assumptions.

Lemma N.C.1. (i) Any one of Assumptions N.C.4, N.C.5, N.C.6 and N.C.7 implies Assumptions

6.1-6.3;

(ii) Any one of Assumptions N.C.4, N.C.5, N.C.6 plus Assumption N.C.9 imply Assumption

N.C.8.
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Proof of Lemma N.C.1. Although w (ST ) is a function of the partition ST , we do not need to rely

on laws of large numbers for partial sum processes or functional central limit theorems. The reason

is that Assumptions 6.1-6.3 and N.C.9 involve full-sample averages. Thus, the lemma follows from

Lemma 4 in Andrews, Moreira, and Stock (2004). These authors required stationarity in their

Assumptions INID, MDS and CORR but this is not required for the lemma to hold. □

N.C.3 Consistent Covariance Matrix Estimation

Let Vb,t (ST ) = v′
tb0Zt (CT ) and Va,t (ST ) = v′

tΣ−1
v a0,βZt (CT ). We have

ΣN1 (S) = lim
T →∞

T −1
T∑

t=1

T∑
r=1

E
(
Vb,t (ST ) Vb,r (ST )′

)
,

ΣN1N2 (S) = lim
T →∞

T −1
T∑

t=1

T∑
r=1

E
(
Vb,t (ST ) Va,r (ST )′

)
,

Σ∗
N2 (S) = lim

T →∞
T −1

T∑
t=1

T∑
r=1

E
(
Va,t (ST ) Va,r (ST )′

)
.

Let V̂b,t (ST ) = v̂t (ST )′ b0Zt (CT ) and V̂a,t (s) = v̂t (ST )′ Σ̂−1
v a0,βZt (CT ). We consider both HAC

and double-kernel HAC (DK-HAC) estimators of ΣvZ (S). Here we discuss the HAC estimators of

Newey and West (1987) and Andrews (1991). The DK-HAC estimator was recently proposed by

Casini (2023). It is consistent under both the null and the alternative so that tests based on it do

not suffer from power losses induced by nonstationarity [cf. Casini, Deng, and Perron (2025)].

The HAC estimators are defined as

Σ̂N1 (ST ) = T

T − q − p

T −1∑
k=−T +1

K1 (b1,T k) Γ̂bb (k, ST ) ,

with Γ̂bb (k, ST ) =

T −1∑T
t=k+1 V̂b,t (ST ) V̂ ′

b,t−k (ST ) , k ≥ 0

T −1∑T
t=−k+1 V̂b,t+k (ST ) V̂ ′

b,t (ST ) , k < 0
,

and Σ̂∗
N2 (ST ) and Σ̂N1N2 (ST ) are defined analogously to Σ̂N1 (ST ) after replacing Γ̂bb (k, ST ) with

analogous quantities Γ̂aa (k, ST ) and Γ̂ab (k, ST ), respectively. We consider the following class of
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kernels

K1 =
{

K1 (·) : R → [−1, 1] : K1 (0) = 1, K1 (x) = K1 (−x) , ∀x ∈ R,

� ∞

−∞
|K1 (x)| dx < ∞

(N.1)� ∞

−∞
K2

1 (x) dx < ∞, K1 (·) is continuous at 0 and at all but a finite number of points

}
.

The class K1 was considered by Andrews (1991) and Casini (2023). Examples of kernels in K1

include the Truncated, Bartlett, Parzen, Quadratic Spectral (QS) and Tukey-Hanning kernels.

The DK-HAC estimators are defined as

Σ̂N1 (ST ) = T

T − q − p

T −1∑
k=−T +1

K1 (b1,T k) Γ̂DK (k, ST ) , with

Γ̂DK (k, ST ) = nT

T − nT

⌊(T −nT )/nT ⌋∑
r=0

ĉbb (rnT /T, k, ST ) ,

where nT → ∞ satisfies the conditions given below, and

ĉbb (rnT /T, k, ST ) =

(Tb2,T )−1∑T
t=k+1 K2

(
((r+1)nT −(t−k/2))/T

b2,T

)
V̂b,t (ST ) V̂ ′

b,t−k (ST ) , k ≥ 0

(Tb2,T )−1∑T
t=−k+1 K2

(
((r+1)nT −(t+k/2))/T

b2,T

)
V̂b,t+k (ST ) V̂ ′

b,t (ST ) , k < 0
,

(N.2)

with K2 being a kernel and b2,T is a bandwidth sequence. The DK-HAC estimators Σ̂∗
N2 (ST ) and

Σ̂N1N2 (ST ) are defined analogously to Σ̂N1 (ST ) after replacing ĉbb (rnT /T, k, ST ) with analogous

quantities ĉaa (rnT /T, k, ST ), and ĉab (rnT /T, k, ST ), respectively. Casini (2023) considered the

following class of kernels

K2 =
{

K2 (·) : R → [0, ∞] : K2 (x) = K2 (1 − x) ,

�
K2 (x) dx = 1, (N.3)

K2 (x) = 0 for x /∈ [0, 1] ,

� ∞

−∞
|K2 (x)| dx < ∞, K2 (·) is continuous

}
.

The QS kernel was shown to be optimal in the class K1 for HAC estimators under the mean-

squared error (MSE) criterion by Andrews (1991) and for DK-HAC estimators under a sequential

and global MSE criterion by Casini (2023) and Belotti, Casini, Catania, Grassi, and Perron (2023).
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The QS kernel is defined as

KQS
1 (x) = 25

12π2x2

(
sin (6πx/5)

6πx/5 − cos (6πx/5)
)

.

Casini (2023) showed that the optimal kernel in the class K2 is a quadratic-type kernel, Kopt
2 (x) =

6x (1 − x) , 0 ≤ x ≤ 1.
For both HAC and DK-HAC estimators, define

Σ̂vZ (ST ) =
 Σ̂N1 (ST ) Σ̂N1N2 (ST )′

Σ̂N1N2 (ST ) Σ̂∗
N2 (ST )


Σ̂N2 (ST ) = Σ̂∗

N2 (ST ) − Σ̂N1N2 (ST ) Σ̂−1
N1 (ST ) Σ̂N1N2 (ST ) .

We now provide sufficient conditions under which the HAC and DK-HAC estimators are uniformly

consistent for ΣvZ(S), and therefore ΣN2(S), over S ∈ S. Let Vt (ST ) = vt ⊗ wt (ST ) where wt (ST )
is the tth row of w = [CT Z : X] written as a column vector.

Assumption N.C.10. ((i) {Vt (ST )} satisfies

∞∑
j=−∞

sup
t≥1

sup
ST ∈S

||E(Vt (ST ) V ′
t−j (ST ))|| < ∞,

and for all conformable a1, a2, a3, a4 ∈ Z+,
∑∞

n=1
∑∞

j=1
∑∞

m=1 supt≥1 |κ(a1, a2, a3, a4)
V,t (n, j, m, ST ) | <

∞ where κ
(a1, a2, a3, a4)
V,t (n, j, m, ST ) is the time-t fourth-order cumulant of

(V (a1)
t (ST ) , V

(a2)
t+n (ST ) , V

(a3)
t+j (ST ) , V

(a4)
t+m (ST )).

(ii) supt≥1 supST ∈S E||Vt (ST ) ||2 < ∞.

Assumption N.C.11. b1,T → 0 with Tb2
1,T → ∞ and K1 (·) ∈ K1.

Assumption N.C.10 imposes conditions on the temporal dependence of the instruments and

errors. It is a standard assumption in the literature, see Andrews (1991) and Casini (2023). Note

that Assumption N.C.10 allows for nonstationary random variables (i.e., time-varying moments).

The condition on the bandwidth in Assumption N.C.11 is from Andrews (1991). Assumptions

N.C.10-N.C.11 are sufficient for the consistency of HAC estimators.

Assumption N.C.12. b1,T , b2,T → 0, nT → ∞, nT /T → 0, 1/Tb1,T b2,T → 0,
√

Tb1,T → ∞,

K1 (·) ∈ K1 and K2 (·) ∈ K2.
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The conditions on the bandwidths b1,T , b2,T and on nT are from Casini (2023). Assumptions

N.C.10 and N.C.12 are sufficient for the consistency of the DK-HAC estimators.

Lemma N.C.2. Let Assumptions 6.1-6.3 hold. We have: Σ̂vZ (ST ) P→ ΣvZ (S) for S = T −1ST

uniformly in ST ∈ S under Assumptions N.C.10-N.C.11 for the HAC estimator and under As-

sumptions N.C.10 and N.C.12 for the DK-HAC estimator.

The proof of Lemma N.C.2 is omitted. For the HAC estimator the proof follows from the

discussion in Section 8 in Andrews (1991) who extended the consistency result in Theorem 1 in

Andrews (1991) to nonstationary random variables. See also Casini (2022) who provided a solution

to some issues in Section 8 in Andrews (1991). The proof for the DK-HAC estimator follows from

Theorem 4.2 in Casini and Perron (2024). □

N.C.4 Strong IV and Local Alternative (SIV-LA) Asymptotics for Identification-

Robust Tests

We analyze the strong IV asymptotic properties of the tests considered above for local alternatives.

Under strong IV asymptotics, θ ̸= 0 is fixed. For local alternatives, β is local to β0.

Assumption N.C.13. (SIV-LA) (i) β = β0 + r/T 1/2 for some constant r ∈ R; (ii) θ is a fixed

non-zero q-vector; (iii) There exists an estimator ŜT such that T −1ŜT
P→ S0.

Under strong IVs, part (iii) is satisfied by, for example, ŜT in (6.5), ŜT,OLS and ŜT,F GLS where

the optimization is over Ξϵ,π0,m0,T . Under SIV-LA asymptotics, N1,T (ST ) and N2,T (ST ) depend

asymptotically on ζN1 (S) ∼ N (αN1 (S) , Iq), αN1 (S) = Σ−1/2
N1 (S) ΣZ (S, S0) θr, and αN2 (S) =

Σ−1/2
N2 (S) ΣZ (S, S0) θ (a′

0Ω−1a0)−1/2
.

We now determine the asymptotic distributions of the LR, LM and AR test statistics.

Theorem N.C.1. Let Assumptions 6.1-6.4 and N.C.13 hold. We have: (i) ART (ŜT ) d→ ζN1 (S0)′ ζN1 (S0) ∼
χ2

q(αN1 (S0)′ αN1 (S0)); (ii) LMT (ŜT ) d→ (αN2 (S0)′ ζN1 (S0))2/||αN2 (S0) ||2 ∼ χ2
1((αN2 (S0)′ αN1 (S0))2

/||αN2 (S0) ||2); (iii) LRT (ŜT ) = LMT (S0)+oP (1) d→ (αN2 (S0)′ ζN1 (S0))2/||αN2 (S0) ||2 ∼ χ2
1((αN2 (S0)′

αN1 (S0))2/||αN2 (S0) ||2).

Since T −1ŜT
P→ S0 under strong IVs, the test statistics above are evaluated at S0 asymp-

totically. Akin to the case of known partition, the LM and LR test statistics are asymptotically

equivalent under SIV-LA asymptotics for any value of q. When q = 1, ART (S0) , LMT (S0) and

LRT (S0) are the same and so the three tests are asymptotically equivalent.
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Under SIV-LA asymptotics and i.i.d. normal errors with unknown covariance matrix Σv and

known S0, the model for y is a regular parametric model in the sense of standard likelihood the-

ory. Hence, LRT (S0) and LMT (S0) are asymptotically efficient. This means they have standard

large-sample optimality properties such as uniformly maximizing asymptotic power among asymp-

totically unbiased tests. Adapting the proof of Theorem 7 in Andrews, Moreira, and Stock (2006)

while using T −1ŜT
P→ S0 it follows that LMT (ŜT ) and LRT (ŜT ) are asymptotically efficient under

SIV-LA asymptotics and i.i.d. normal errors.

N.C.5 Strong IV and Fixed Alternative (SIV-FA) Asymptotics for Identification-

Robust Tests

We now consider strong IV-fixed alternative (SIV-FA) asymptotics to determine the consistency,

or lack thereof, of the tests.

Assumption N.C.14. SIV-FA. (i) β ̸= β0 is fixed; (ii) θ is a fixed non-zero q-vector; (iii) There

exists an estimator ŜT such that T −1ŜT
P→ S0.

Let ΣZ (S0) = ΣZ (S0, S0) . Define φN1 (S0) = Σ−1/2
N1 (S0) ΣZ (S0) θ (β − β0),

φN2 (S0) = Σ−1/2
N2 (S0)

(
ΣZ (S0) θa′

βΣ−1
v a0,β − ΣN1N2 (S0, S0) Σ−1

N1φN1 (S0)
)

, ςq ∼ N (0, Iq) .

(N.4)

We now determine the asymptotic behavior of the test statistics under SIV-FA asymptotics.

Theorem N.C.2. Let Assumptions 6.1-6.4 and N.C.14. We have: (i) ART (ŜT )/T
P→ φN1 (S0)′ φN1 (S0) >

0, (ii) LMT (ŜT )/T
P→ (φN1 (S0)′ φN2 (S0))2/φN2 (S0)′ φN2 (S0) > 0 provided φN2 (S0) ̸= 0; (iii)

2LRT (ŜT )/T
P→ φN1 (S0)′ φN1 (S0) − φN2 (S0)′ φN2 (S0)

−
√

(φN1 (S0)′ φN1 (S0) − φN1 (S0)′ φN1 (S0))2 − 4
(
φN1 (S0)′ φN2 (S0)

)2
.

The theorem shows that the test ART (ŜT ) is consistent against any alternative β ̸= β0,

LMT (ŜT ) is consistent against any alternative β ̸= β0 such that φN2 (S0) ̸= 0, and LRT (ŜT ) is

consistent against any alternative for which the limit value given in the theorem is non-zero.
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N.C.6 Proofs of Section N.C.4 and N.C.5

N.C.6.1 Proof of Theorem N.C.1

We begin with the following lemma.

Lemma N.C.3. Let Assumptions 6.1-6.4 and N.C.13 hold. We have: (i) (N1,T (ŜT ), T −1/2N2,T (ŜT )) d→
(ζN1(S0), αN2(S0)) and (ii) (M1,T (ŜT ), T −1/2M1,2,T (ŜT ), T −1M2,T (ŜT )) d→ (ζN1(S0)′ζN1(S0), αN2(S0)′

ζN1(S0), αN2(S0)′αN2(S0)).

Proof of Lemma N.C.3. Part (i) for N1,T (ŜT ) follows from

N1,T

(
ŜT

)
= Σ̂−1/2

N1

(
ŜT

)
T −1/2Z

(
ĈT

)′
yb0

= Σ̂−1/2
N1

(
ŜT

)
T −1/2Z

(
ĈT

)′ (
Z (C0,T ) θa′

β + v
)

b0

= Σ̂−1/2
N1

(
ŜT

)
T −1Z

(
ĈT

)′
Z (C0,T ) θr + Σ̂−1/2

N1

(
ŜT

)
T −1/2Z

(
ĈT

)′
vb0

= Σ̂−1/2
N1 (S0) T −1Z (C0,T )′ Z (C0,T ) θr + Σ̂−1/2

N1 (S0) T −1/2Z (C0,T )′ vb0 + oP (1)

= Σ−1/2
N1 (S0) ΣZ (S0) θr + Σ−1/2

N1 (S0) T −1/2Z (C0,T )′ vb0 + oP (1)

⇒ Σ−1/2
N1 (S0) ΣZ (S0) θr + Σ−1/2

N1 (S0)
[
Iq : −Q12 (S0) Q−1

22

]
(b′

0 ⊗ Iq+p) G (S0)

∼ ζN1 (S0) ,

where the third and fourth equalities hold by Assumption N.C.13, the final equality holds by

Assumptions 6.1 and 6.4 and the convergence holds by Assumption 6.3. Under Assumptions 6.2

and N.C.13(iii), Σ̂v(ŜT ) P→ Σv by the same arguments as when S0 is known. Then, part (i) for

N2,T (ŜT ) holds using

T −1/2N2,T

(
ŜT

)
= Σ̂−1/2

N2

(
ŜT

) (
T −1Z

(
ĈT

)′
yΣ̂−1

v

(
ŜT

)
a0,β − T −1/2Σ̂N1N2

(
ŜT

)
Σ̂−1/2

N1

(
ŜT

)
N1,T

(
ŜT

))
(N.5)

= Σ̂−1/2
N2

(
ŜT

) (
T −1Z

(
ĈT

)′
yΣ−1

v a0,β − T −1/2Σ̂N1N2

(
ŜT

)
Σ̂−1/2

N1

(
ŜT

)
N1,T

(
ŜT

))
+ oP (1)

= Σ̂−1/2
N2 (S0)

(
T −1Z (C0,T )′ yΣ−1

v a0,β − T −1/2Σ̂N1N2 (S0) Σ̂−1/2
N1 (S0) N1,T (S0)

)
+ oP (1)

= Σ−1/2
N2 (S0)

(
T −1Z (C0,T )′ yΣ−1

v a0,β − T −1/2ΣN1N2 (S0) Σ−1/2
N1 (S0) N1,T (S0)

)
+ oP (1)

= Σ−1/2
N2 (S0)

(
T −1Z (C0,T )′

(
Z (C0,T ) θa′

β + v
)

Σ−1
v a0,β

)
+ oP (1)

= Σ−1/2
N2 (S0) ΣZ (S0) θa′

0,βΣ−1
v a0,β + oP (1) ,

where the third equality follows from Assumption N.C.13(iii), the fourth by Assumption 6.4, the
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fifth by part (i) for N1,T (ŜT ) and the final equality holds by Assumption 6.1. Part (ii) holds by

part (i) and the continuous mapping theorem. □

Proof of Theorem N.C.1. Parts (i) and (ii) of the theorem follow immediately from Lemma

N.C.3(ii). Part (iii) of the theorem is established as follows. Following the argument based on

a mean-value expansion of the LRT statistic in the proof of Theorem 9 in Andrews, Moreira, and

Stock (2004) (see eq. (14.50)-(14.53)) with references to Lemma 9-(b) there replaced by references

to Lemma N.C.3, we have

LRT (ŜT ) = 1
2

(
2M1,T

(
ŜT

)
− 2

(
M1,T

(
ŜT

)
− M1,2,T

(
ŜT

)2
/M2,T

(
ŜT

)))
+ oP (1) (N.6)

= M2
1,2,T (S0) /M2,T (S0) + oP (1)

= LMT (S0) + oP (1) ,

where we used Assumption N.C.13(iii). □

N.C.6.2 Proof of Theorem N.C.2

We begin with the following lemma.

Lemma N.C.4. (i) Under Assumptions 6.1-6.4 and N.C.14, (i) (N1,T (ŜT )/T 1/2, N2,T (ŜT )/T 1/2) P→
(φN1 (S0) , φN2 (S0)) and (ii) (M1,T (ŜT )/T, M1,2,T (ŜT )/T, M2,T (ŜT )/T ) P→ (φN1(S0)′φN1(S0), φN1(S0)′

φN2 (S0) , φN2 (S0)′ φN2 (S0)).

Proof of Lemma N.C.4. Part (i) of the lemma is established as follows:

T −1Z
(
ĈT

)′
yb0 = T −1Z

(
ĈT

)′ (
Z (C0,T ) θa′

β + Xη + v
)

b0

= T −1Z
(
ĈT

)′
Z (C0,T ) θa′

βb0 + T −1Z
(
ĈT

)′
vb0

P→ ΣZ (S0) θa′
βb0,

using Assumptions 6.1, 6.3, N.C.14(iii) and Z(ĈT )′X = 0. Hence, by Assumptions 6.1, 6.4 and
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N.C.14(iii), we have

N1,T

(
ŜT

)
/T 1/2 = Σ̂−1/2

N1

(
ŜT

)
T −1Z

(
ĈT

)′
yb0 (N.7)

= Σ̂−1/2
N1

(
ŜT

)
T −1Z

(
ĈT

)′ (
Z (C0,T ) θa′ + v

)
b0

= Σ̂−1/2
N1

(
ŜT

)
T −1Z

(
ĈT

)′
Z (C0,T ) θa′

βb0 + Σ̂−1/2
N1

(
ŜT

)
T −1Z

(
ĈT

)′
vb0

= Σ̂−1/2
N1 (S0) T −1Z (C0,T )′ Z (C0,T ) θa′

βb0 + Σ̂−1/2
N1 (S0) T −1Z (C0,T )′ vb0 + oP (1)

= Σ−1/2
N1 (S0) ΣZ (S0) θa′

βb0 + Σ−1/2
N1 (S0) T −1Z (C0,T )′ vb0 + oP (1)

= Σ−1/2
N1 (S0) ΣZ (S0) θ (β − β0) + oP (1) .

Similarly,

T −1/2N2,T

(
ŜT

)
= Σ̂−1/2

N2

(
ŜT

) (
T −1Z

(
ĈT

)′
yΣ̂−1

v

(
ŜT

)
a0,β − T −1/2Σ̂N1N2

(
ŜT

)
Σ̂−1/2

N1

(
ŜT

)
N1,T

(
ŜT

))
(N.8)

= Σ̂−1/2
N2

(
ŜT

) (
T −1Z

(
ĈT

)′
yΣ−1

v a0,β − T −1/2Σ̂N1N2

(
ŜT

)
Σ̂−1/2

N1

(
ŜT

)
N1,T

(
ŜT

))
+ oP (1)

= Σ̂−1/2
N2 (S0)

(
T −1Z (C0,T )′ yΣ−1

v a0,β − T −1/2Σ̂N1N2 (S0) Σ̂−1/2
N1 (S0) N1,T (S0)

)
+ oP (1)

= Σ−1/2
N2 (S0)

(
T −1Z (C0,T )′ yΣ−1

v a0,β − T −1/2ΣN1N2 (S0) Σ−1/2
N1 (S0) N1,T (S0)

)
+ oP (1)

= Σ−1/2
N2 (S0)

(
T −1Z (C0,T )′

(
Z (C0,T ) θa′

β + v
)

Σ−1
v a0,β

)
− Σ−1/2

N2 (S0) ΣN1N2 (S0) Σ−1/2
N1 (S0) φN1 (S0) + oP (1)

= Σ−1/2
N2 (S0) ΣZ (S0) θa′

βΣ−1
v a0,β − Σ−1/2

N2 (S0) ΣN1N2 (S0) Σ−1/2
N1 (S0) φN1 (S0) + oP (1)

= φN2 (S0) + oP (1) .

Part (ii) of the lemma follows from part (i) and Slutsky’s Theorem. □

Proof of Theorem N.C.2. Parts (i)-(iii) of the theorem hold by Lemma N.C.4 and simple calcula-

tions. In the case of LMT (ŜT ), the convergence only holds if β is such that φN2(S0) ̸= 0 because

φN2(S0) appears in the denominator. □

N.D Additional Monte Carlo Simulations

We consider the performance of the identification-robust tests under serial correlation in the errors.

Specifically, we examine DGP (S.C.2)–(S.C.3) and model the error terms as ut = ρuut−1 + vu,t and

et = ρeet−1 +ve,t, where vu,t and ve,t are jointly normally distributed with mean zero and covariance
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matrix Σue as in (S.C.4) with ρ ∈ {0, 0.25, 0.5, 0.75} and ρe = ρu ∈ {0.25, 0.5, 0.75}. We set the

significance level to 5% and number of Monte Carlo replications to 10, 000. Table 2 and Figure

1 report the null rejection frequencies and size-adjusted power of the tests, respectively. Under

strong serial dependence (ρe = ρu = 0.75) all tests exhibit rejection rates that exceed the nominal

significance level. Specifically, LMT (ŜT ) and CLRT (ŜT ) are a bit more oversized than LMT and

CLRT but similar to qLL-S. Under weak serial dependence (ρe = ρu = 0.25), the proposed tests

LMT (ŜT ) and CLRT (ŜT ) are only slightly more oversized than their full sample counterparts,

LMT and CLRT . Figure 1 shows that the size-adjusted power of the proposed tests is higher than

that of the existing tests, similar to the i.i.d. case.

Finally, we consider a model with multiple instruments:

Yt = βDt + ut, (N.1)

where

Dt =


θ1 (Z1,t + Z2,t) + θ̃1Z3,t + et, t ≤ ⌊T/4⌋

θ2 (Z1,t + Z2,t + Z3,t) + et, ⌊T/4⌋ + 1 ≤ t ≤ ⌊T/4⌋ + ⌊(1 − π0) T ⌋

θ3 (Z1,t + Z2,t) + θ̃3Z3,t + et, ⌊T/4⌋ + ⌊(1 − π0) T ⌋ + 1 ≤ t ≤ T,

(N.2)

Zi,t ∼ i.i.d. N (1, 1) for i = 1, 2, 3, and ut and et are i.i.d. jointly normal with mean zero and

covariance

Σue =
1 ρ

ρ 1

 , (N.3)

with ρ ∈ {0.25, 0.75}. Under the null hypothesis we set θ1 = θ2 = θ3 = θ̃1 = θ̃3 = 0. Under the

alternative hypothesis we set θ1 = θ3 = dT −1/2 with dß {2, 4, 8}, θ2 = 0 and θ̃1 = θ̃3 = 16/
√

T .

We set π0 ∈ {0.6, 0.8} and T = 200.
Table 3 reports the null rejection frequencies. The ART , ART (ŜT ), Split-S, qLL-S, ave-S and

exp-S are severely undersized across all values of d and ρ. LMT , LMT (ŜT ), CLRT , CLRT (ŜT ) lead
to quite accurate null rejection rates whereas Split-CLR displays null rejection rates substantially

beyond the nominal level. Figure 2 plots the power functions. LMT (ŜT ) and CLRT (ŜT ) are the

most powerful, followed by ART (ŜT ) and then by the full sample counterparts of these tests. qLL-S

displays the lowest power across all configurations. The power gains of LMT (ŜT ) and CLRT (ŜT )
are substantial across all configurations.
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Table 2: Finite-Sample Null Rejection Frequencies of Tests

ρ = 0.50 ρe = ρu = 0.25 ρe = ρu = 0.50 ρe = ρu = 0.75
T = 200, π0 = 0.8 d = 10 d = 16 d = 24 d = 10 d = 16 d = 24 d = 10 d = 16 d = 24

LMT 0.073 0.073 0.073 0.089 0.089 0.089 0.158 0.158 0.158

CLRT 0.079 0.077 0.076 0.096 0.094 0.093 0.179 0.169 0.166

LMT (ŜT ) 0.086 0.081 0.078 0.118 0.107 0.101 0.204 0.185 0.176

CLRT (ŜT ) 0.088 0.082 0.078 0.126 0.108 0.101 0.214 0.191 0.179

split − S 0.054 0.055 0.055 0.071 0.074 0.076 0.139 0.148 0.155

split − CLR 0.146 0.149 0.150 0.174 0.186 0.187 0.278 0.291 0.300

qqL − S 0.028 0.028 0.028 0.047 0.052 0.052 0.191 0.198 0.199

ave − S 0.047 0.046 0.047 0.068 0.071 0.070 0.153 0.161 0.171

exp − S 0.019 0.020 0.020 0.034 0.034 0.034 0.109 0.109 0.107

ρ = 0.50 ρe = ρu = 0.25 ρe = ρu = 0.50 ρe = ρu = 0.75
T = 400, π0 = 0.6 d = 10 d = 16 d = 24 d = 10 d = 16 d = 24 d = 10 d = 16 d = 24

LMT 0.061 0.061 0.061 0.074 0.074 0.074 0.124 0.124 0.124

CLRT 0.070 0.067 0.067 0.088 0.083 0.083 0.153 0.142 0.136

LMT (ŜT ) 0.076 0.068 0.068 0.109 0.091 0.091 0.174 0.158 0.142

CLRT (ŜT ) 0.081 0.070 0.069 0.106 0.093 0.093 0.190 0.166 0.145

split − S 0.046 0.044 0.043 0.060 0.059 0.059 0.113 0.113 0.113

split − CLR 0.133 0.134 0.134 0.150 0.154 0.154 0.234 0.240 0.243

qqL − S 0.042 0.043 0.039 0.042 0.063 0.063 0.169 0.177 0.180

ave − S 0.048 0.050 0.048 0.048 0.073 0.068 0.130 0.133 0.137

exp − S 0.0243 0.023 0.024 0.023 0.034 0.037 0.098 0.098 0.095
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Table 3: Finite-Sample Null Rejection Frequencies of Tests for the model (N.1)-(N.2)

ρ = 0.25 ρ = 0.50 ρ = 0.75
T = 200, π0 = 0.6 d = 2 d = 4 d = 8 d = 2 d = 4 d = 8 d = 2 d = 4 d = 8

ART 0.000 0.000 0.001 0.008 0.000 0.001 0.001 0.000 0.001

LMT 0.063 0.062 0.061 0.059 0.064 0.062 0.060 0.069 0.060

CLRT 0.070 0.070 0.056 0.070 0.073 0.068 0.066 0.076 0.067

ART (ŜT ) 0.002 0.001 0.001 0.001 0.000 0.001 0.001 0.001 0.001

LMT (ŜT ) 0.074 0.067 0.072 0.067 0.064 0.073 0.064 0.072 0.070

CLRT (ŜT ) 0.075 0.068 0.071 0.067 0.073 0.073 0.065 0.072 0.070

split − S 0.015 0.015 0.015 0.015 0.015 0.016 0.016 0.015 0.016

split − CLR 0.096 0.090 0.086 0.094 0.092 0.082 0.091 0.094 0.087

qqL − S 0.008 0.009 0.008 0.008 0.009 0.010 0.010 0.009 0.009

ave − S 0.020 0.025 0.023 0.020 0.024 0.023 0.021 0.027 0.023

exp − S 0.004 0.034 0.005 0.005 0.004 0.004 0.005 0.004 0.004

ρ = 0.25 ρ = 0.50 ρ = 0.75
T = 200, π0 = 0.8 d = 2 d = 4 d = 8 d = 2 d = 4 d = 8 d = 2 d = 4 d = 8

ART 0.000 0.000 0.000 0.001 0.004 0.001 0.001 0.000 0.001

LMT 0.061 0.063 0.058 0.056 0.066 0.059 0.060 0.066 0.059

CLRT 0.048 0.050 0.062 0.059 0.070 0.061 0.063 0.068 0.062

ART (ŜT ) 0.002 0.002 0.002 0.002 0.003 0.002 0.002 0.004 0.002

LMT (ŜT ) 0.064 0.061 0.065 0.067 0.072 0.067 0.070 0.079 0.055

CLRT (ŜT ) 0.064 0.062 0.065 0.067 0.073 0.068 0.069 0.079 0.054

split − S 0.020 0.017 0.021 0.022 0.019 0.021 0.018 0.018 0.020

split − CLR 0.102 0.098 0.086 0.103 0.100 0.098 0.103 0.108 0.098

qqL − S 0.009 0.074 0.009 0.010 0.008 0.011 0.010 0.008 0.009

ave − S 0.020 0.022 0.018 0.023 0.022 0.019 0.019 0.025 0.018

exp − S 0.004 0.026 0.004 0.005 0.003 0.005 0.005 0.005 0.004
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Figure 1: Size-adjusted power of identification robust tests for T = 400 and π0 = 0.6 and ρ = 0.25.

Figure 2: Size-adjusted power of identification robust tests for T = 200 for model in (N.1)-in(N.2).
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