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Abstract

This supplemental material is structured as follows. Section N.A describes the collection of articles
and specifications for the figure reported in the Introduction of the main article. Section N.B includes
the theoretical results about the estimators of the true sub-population proposed in Section 5. Section
N.C presents additional results on testing for full sample identification failure under homoskedasticity,
primitive conditions for the assumptions of Section 6, results on consistent covariance matrix estimation
for the tests introduced in Section 6 and results about identification-robust inference under strong IV
and local or fixed alternatives. Section N.D presents additional Monte Carlo simulations.

N.A Publication Selection Criterion

We select recent publications from the following five economics journals: American Economic
Review, Econometrica, Journal of Political Economy, Quarterly Journal of Economics and Review
of Economic Studies. We first identify articles published in these journals between January 2019
and December 2022 that contain the keyword “instrument” in their text. We then exclude articles
that do not estimate linear instrumental variables (IV) models or that are based solely on cross-
sectional data. This results in 18 articles, listed in Table 1. From these 18 articles, we collect all
IV specifications reported in their main text. Articles 1-3, 6-7, 9-12, and 14-16 use time series
data, while articles 4-5, 8, 13, and 17-18 use panel data. Since the F*statistic requires time series
data, for panel data applications we treat each cross-sectional unit separately. In cases where an
application includes thousands of cross-sectional units, we select only a subset to prevent a single
panel application from dominating the distribution of the F' statistics. The median cross-sectional

size across applications is 34, so for panel specifications with more than 34 units we randomly
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select 34 units, while for those with fewer than 34 units we include all available units. When a
specification involves multiple endogenous regressors, we run separate first-stage regressions for
each endogenous regressor. This yields a total of 214 time series specifications and 1,346 panel

data specifications.
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N.B Theoretical Results on Estimation of LATE and Sub-populations

In this section we establish theoretical results about the estimator §T7 rarns from which we deduce
the same results for QT,OLS as a special case with y = D and Q&s = Ir. We first rewrite the
model in matrix format as follows. We have 2 equations and T observations, excluding the initial
conditions if lagged dependent variables are included among the regressors. The number of regimes
that define the 7 sub-population is m, while the total number of regimes in the full sample is
m > m. For example, if 7 = 1 then m = m, else m > m. The break dates are denoted by the
m vector (T1,..., T;) and we use the usual convention that 7y = 1 and T, = T. A subscript
i indexes a regime (i = 1,..., m + 1), a subscript ¢ indexes a temporal observation (t =1,..., T)
and a subscript j indexes the equation (j = 1, 2) to which a scalar dependent variable y;; belongs.
According to our model in Section 5 y1; = Y; and yo = D;. ¢ + p is the number of regressors and
2 is the set that includes the regressors from all equations z; = (214, . . -, Zgips) = (Z1, X}). The

model considered in (5.1) can be written as
yr = (I ® ;) i + vy, (N.1)

where v; has mean zero and covariance matrix . The parameters in regime ¢ are the p + ¢ vector
a; = (B0, v + 0, 0, ), where §; = 6 for T, +1 < t < T, with t € Spr and 6, = 0 for
T,1+1<t<T,witht¢ Sor. Let a = (af,..., agﬁﬂ)’.

To ease notation, define the (¢ + p) x 2 matrix z; by z; = (I ® z;) and rewrite (N.1) as

Yr = Ty + vy, (N.2)

for T, 1 +1 <t < T, (i=1,...,m+1). We now express the model in matrix form. Let
Y = (y,,...,y;) be the 2T vector of dependent variables, let V = (v},..., v}) be the error
vector, and let the 27" x 2 (g + p) matrix of regressors be X = (z1,..., zp). For a given parti-
tion S with associated breaks (77,..., 1), we define the block partition of the matrix X as the
2T x 2(q+ p) (M + 1) matrix X (S) = diag(X1,..., X;.,), where X; (i=1,..., m+1) is the
2(T; — Ti—1) X 2(q + p) subset of X that corresponds to observations in regime i. We also define
the subvector V; of V similarly. Then the regression (N.2) can be written as ¥ = X (S)a + V.
The true values of the parameters are denoted with a 0 superscript so that the data generating
process is assumed to be Y = X (So1) g + V, where X (Sor) is the diagonal partition of X
using the partition Sor, i.e. (T7,..., T2). Let Qg be the rearrangement of {).g in the main text

corresponding to the rearrangement 7 of 7 We make the following assumptions.
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Assumption N.B.1. supg || X (S) Qg'"*|| = Op(TY/2), Supg g/ IX (S) Q5'X (S)/T|| = Op (1) and
sups ||V'Qs' X (S) || = Ox(T/?).

Assumption N.B.2. There exists an ly > 0 such that for all | > ly, the minimum eigenvalues

TO 41 TO41 A TO 41 TO41 ~_
of (1/1) Zt;;?—i—l Zsl:;;hrl 2 [Q5" .92l and (1/1) Zti;‘fﬂ ESZ:JTZOH 2[5 1,9y, are bounded away
from zero uniformly overi=1,..., m and S where [le](t,s) denotes the (t, s)-th element of le.

Assumption N.B.3. The matriz Y\, S'_, xt[ﬁgl](tvs)x’

% 1s wnvertible for | — k > ko for some

0< k() < Q.
Assumption N.B.4. We have 0 < X) < --- <AL <1 with T = |T\].

Assumption N.B.5. The minimization search is taken over all partitions that satisfy |Niy1 — A\i| > €,
M| > € [N\ <1—e

Assumption N.B.6. For O = E[VV'|X (Sor)], supgg 7' X (S') Qs —Q HX (S) = 0, supg T
X(S) (Q5' =YV 50 and T-V'/(Q5' — Q@ HV 5 0.

N.B.1 Consistency Under Fixed Shifts

Let A be the estimate of the break fractions Ay = (A2 A9, .., /\%) that corresponds to §T7FGL5.

The following proposition states the consistency of A for Ao.
Proposition N.B.1. Let Assumptions N.B.1-N.B.6 hold. Then, \; — Noi=1,...,m.
We now consider the rate of convergence of .

Proposition N.B.2. Let Assumptions N.B.1-N.B.6 hold, for every n > 0, there exists a C < o0,
such that for all large T,

P (7 (3 )

>C)<n, (i=1,...,m).

Let a(-) be defined in analogy with £pgrg(+) in the main text upon rearrangement of i/ to
Y. The T rate of convergence of i allows us to obtain the asymptotic equivalence between the
estimated slope coefficients with the estimated subpopulation &(grﬂ rors) and the estimated slope
coeflicients with known subpopulation @ (Sg 1) so that standard results feasbilbe generalized least
squares results implying /7' asymptotic normality for the latter also immediately apply to the

former.

Proposition N.B.3. Let Assumptions N.B.1-N.B.5 hold. We have ﬁ(@(gT,FGLS) —ap) = Op (1).
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N.B.2 Proofs
N.B.2.1 Proof of Proposition N.B.1

We first outline the main steps of the proof using a few lemmas that are proved below. By the

definition of §T, rars and Assumption N.B.6,

V'QTly, (N.3)

with probability approaching one, where V(g) =Y -X (g) Q (g) with S = §T7FGLS. Note that

v (S) 05'V (8) (N.4)
~ (V=X (8) (a(8) — ) - (X (8) - X Som) o) 0
(V=X (8) (a(8) ~ ) ~ (X () - X 501)) o)
VO (V05 -V Y) + (a(8) - a0) X (8) 85X () (a (8) — )
+ (Y <§) - X (SO,T))/ Qg (7 (g) — X (So T)) Qg
+2(a(8) —a0) X (8) 05" (X (8) - X (So))
2V'05'X (8) (a(8) — ap) — 2'05" (X (8) - X (Sox)) ag
=V'Q'V + zﬁj E;
=
The proof of Proposition N.B.1 uses (N.3)-(N.4) and the limit of E, ..., Fg. By Assumption

N.B.6, T 1E, £ 0 and we show that T-'E; £ 0 for J =5 and 6, in Lemma N.B.1 below. These
results combined with (N.3) imply that T~ (Ey + F3 + Ej) £ 0. The proof follows by showing
that the latter imply PR Ao via Lemma N.B.2. We proceed with a couple of lemmas.

Lemma N.B.1. Let Assumptions N.B.1 and N.B.3 hold. We have T~'E} 50 for 3 =5 and 6.
Proof of Lemma N.B.1. To prove the lemma, it suffices to show that
1 ~
sup - V'Q5'X (8) (@(S) — ao)| = Op (T71?) = 0p (1), (N.5)
S

sgp; ’V’le (7 (S)— X (SQT)) ao‘ =Op (T‘l/z) =op(1). (N.6)
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First consider (N.5). We can rewrite

V'Q5'X (S)a(S) — V'Q5' X (S) g

= V05X (8) (X <s>ﬂsﬁx<sn X (8) 05X (Sor) ag
+ V05X (S) (X (8) 05'X (8)) X (S O5'V
—V'Q5'X (S) .

Using Assumptions N.B.1 and N.B.3, the first term on the right-hand side is Op(T"/?) Op(T~)Op (T) =
Op(T*/?) uniformly over all partitions. The second term is Op(T/2)Op (T~1) Op(T"?) = Op (1)
and the third term is Op(7"/?), both uniformly over all partitions. Then, (N.5) follows. Next,
consider (N.6). Using Assumption N.B.1, we have

V'Os" (X (8) = X (Sor)) a0 = V'Q5' X (8) ao — V'O X (Sorr)
= Op (T"%) + 0 (T"?).
This implies (N.6). O

Lemma N.B.2. Let Assumptions N.B.2-N.B.5 hold. If i EA A\ for some i, then
lim infP (T (B2 + Es+ Ex) > ¢) > &

for some ¢ > 0 and €y > 0.

Proof of Lemma N.B.2. We have for T;,_1 +1 <t < T;,

. Y, 7', - X7 7104,
5, (S) _ |t Vil |8 Vs,
Dt

i A X7, Z16;
(2 (055, z)] N [Xt' (78 — 78)
z@i%) X (12 — )

B + 0
Z10; t

Xivs
Xé’Yz

| XA
X2

+Ut7

where a; = (054, 73, 0%, 75, &; = (é\ﬁ’g, Y8, HA;, A4) and 7 corresponds to a regime in S.

By Assumptions N.B.4 and N.B.5, if there exists a break, say A\?, which cannot be consistently
estimated, then with some probability ¢y > 0 there exists a n > 0 such that no estimated break
falls in the interval [T'(X} —7), T'(AJ +n)] for a subsequence of T'. Suppose this interval is classified
into the k-th regime, ie., Tp_1 < T(A0 —n) and T (N0 +17) < Ti. Let d, denote the difference

N-7
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between the fitted residuals and true errors. Then,

(2 (05— 05.)
a0
_Zt' (95,i+1 - éﬁ,k)
L Z (‘9i+1 — ék)

X{ (v — 9s)
X{ (72 — )
Xi (v —7s)
X{ (72— 2)

] fort € [T (N) —n), TN

2.
&
Il

fort € [TA?, T (\) +n)].

For t € [T(\0 —n), T\,

di =035 —Osp 0= O Zi+ |15 =35 12— 2] Xo

= a1 %,
where x; = (Z!, X})" while for t € [TA), T (AY + )],

d; = [95,i+1 — O i1 — ék} Zy + [’Yﬁ —V8 2 ’72} X

— 1/
= bﬁ7i7kwt-

We have

= Z Z d; {le}( 5) ds + Z Z d; [le}(t )d

t=T(\0—n) s=T(A0-n) t=TA0+1 s=TA0+1

X! X! -~ TO+n) TO+)
= CL/Ig,i,k Z Z x; {le}(t 3 xlapk+ b’ﬁlk Z Z T, [le}(t ) x.bs ik
t=T(X)—n) s=T(\0—n) ’ t=TA0+1 s=TA0+1 ’
(N.7)

> r |6 = Ba| + s =31l + 0 = Bl + o2 = %I

7 B = O]+ 175 — Aol + [|Bsr — B[+ 17z — %n?}

2 min (7, 153 ([0 = Bl + 0= Ol + [Bces = B+ s~ B)

> 27 min {yr, ¥3} (1055 — Op.a | + 116: — O1a[*)
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~

where D(S) = [d} d}, - - - d}]', yr and ~} are the smallest eigenvalues of the first and second matrices

on the left-hand side of the second inequality, and the last inequality follows from

(r—a)A(x—a)+ (x—b)A(x—b)>=(a—b) A(a—1D)

DN | —

for an arbitrary positive definite matrix A and for all . Now, the first matrix in (N.7) can be

written as

0 0
TX; TS

(Tn) Tln T(;ﬁ) S:T%,;n) T [le](t,s) w, = (Tn) Ar.

By Assumption N.B.2, the smallest eigenvalue of A7 is bounded away from zero. Thus, vz is of

the order (T'n). A similar argument can be applied to ;.. Therefore,

4
ST E; > Tneymin{||0s; — s [° 5 16 — 0t ||’} = TCmin{||05; — 0p,1]1% . 116: — Oia|1*},

j=2
for some C' = nc; > 0 with probability no less than ¢ > 0 as T' — oo. [

Proof of Proposition N.B.1. Using (N.4), T71E, 5 0 and Lemmas N.B.1-N.B.2, and under the

supposition that some break date is not consistently estimated, we have the inequality
SV (8) 05V (8) = 21V 4 C 4 op (1)
T S =T v

for some C' > 0 holding with probability no less than some ¢y as T' — oco. This is in contradiction

with (N.3). Hence, all break fractions are consistently estimated. [J

N.B.2.2 Proof of Proposition N.B.2

Without loss of generality, we assume there are only three regimes (m = 3) and provide an explicit
proof of T-consistency for Ao only. The analysis for A and A is virtually the same and is omitted.

By Proposition N.B.1, for each € > 0 and T large, we have ]ﬁ — T?| < €T with probability
approaching one. For each ¢ > 0, let T, = {(T}, Ty, T3) : |T; — T°| < €T fori = 1,...,3} so
that P({T}, Ty, T3} € T.) — 1. Therefore we only need to examine the behavior of the objective
function, Qr (T, Ty, Ty) = V (S) Qg'V (S), for those T} corresponding to S that are close to the

true breaks such that |T; —T?| < €T for all 7. Also using an argument of symmetry, we can without

N-9
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loss of generality, restrict attention to the case Ty < T%. For C' > 0, define

T (C) = {(Tl, Ty, Ts) : |T; = T7

<eT,1§i§3,T2—T20<—C’}.

Note that T, (C') C T.. Because Qr (T, Ty, Ts) < Qr(Ty, T?, Ty) with probability 1, to prove the
proposition it is enough to show that for each n > 0, there exist C' > 0 and € > 0 such that for

large T,
P (%néél) {Qr (Th, Ty, Ts) = Qr (Ty, T8, T3) } < 0) <, (N.8)
or equivalently,
P ({p(lg) {|Qr (Ty, T, T3) = Qr (Th, T, T3)| / (19 - To) } < o) <. (N.9)

That would imply that for a large C', global minimization cannot be achieved on T, (C). Thus
with probability approaching one, |Ty — T9| < C. Now denote

Qv = Qr (T, Tz, T3)
Qur = Qr (T, 1Y, T)
Qs = 1% (SB,T), leff (S3.7)

where S3 r is the partition based on (71, Ty, T3, T3). Subtracting and adding Q3 7, we have

Ql,T - Q2,T = Ql,T - QB,T - (Q2,T - Q3,T) .

This latter relation is useful because it allows us to perform the analysis in terms of two problems
involving a single break. Indeed, Q17 — @31 is the difference in the objective function allowing
an additional fourth break at time 7Y between the breaks T, and Ts. Similarly, Q21 — Q31 is
the difference in the objective function allowing an additional fourth break at time 75 between
the breaks T} and T3. Consider Qi r — Qs r first. Let (af, a3, @i, a5, aj) denote the estima-
tor of (¥, a9, a9, a3, a9). In particular, @; is an estimate of af associated with the regressors
0, ...0, xp 41, -, T, 0, ... 0)', @i is the vector of estimated coefficients associated with the

regressors Xa = (0, ...0, 27,41, .-, 9, 0, ...0).

N-10
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From the argument on p. 31 in Amemiya (1985),

Qir— Q31 = (Sl T) Qslv(sl T) — V(S3T)/Q§1‘7(S3,T)

5—1/2 5—1/2 PO
= (45 — L)) XAQs / M@;l/?y(sl )Q / Xa (a3 —aj),

where My = I — X (X’X)"" X' for a matrix X and &% is the vector of estimated coefficients

associated with the regressors (0, ...0, Tr941s-- -5 T13, 0, - 0)’. Similarly, we have for Q27— Qs r,
Qar = Qur = (@ = G1) Xa05" Mg vag(s, )05 X (@5 — 83).
Thus,
Ql,T - Qz,T > (&; - a*A)/ X/AQ;/QMﬁ;l/Qy(SLT)Q§I/2XA (&’5 - a*A) (N.lO)
— (@3 — ax) XAQ5" X4 (@5 — ak),
where we used
—1 2

~—1/2 ~—
52) 28 PXa < X005 XA,

From the definition of M§§1/2y(sl,T)7 we have

Q7 — Qa1 y / XlAﬁngA P
ﬂ > (Olg_OéA) W(ag_aA) (N.ll)

— (& —a )’ XlAﬁgly (Sl,T) X (Sl T) QS (Sl T)

’ 4 TQO — T T
X(Sir) Q' Xa ., .,
X T S (QB - @A)
. X4\Q5 XA
— (a3 — O‘A)%( an)+ Qa1 — Qar
= Ll — L2 — L3.

Consider the limiting behavior of L;. Note first that for small €, the estimates @ will be close to
af with high probability for large T given that, on the set T, (C), the distance between T; and T
can be made small by choosing a small e. Further, &} is estimated using observations from the

second true regime only and it is close to a9 in probability on T, (C) for a large enough C. Hence,
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for large C, large T" and small ¢, L; is larger than

ey XAO XA ' X005 Xa
(a3 —an) % (@5 —aj) = B (Oég - 048) ﬁ (Oég - 048)
with high probability.
Next consider Lo. It is easy to see that on T, (C), @ and aj are Op (1) uniformly. Also on

TE (C)7

and

by Assumption N.B.1 since X ’Aﬁg "X (Sy.7) involves less than Ty — Ty observations. Furthermore,

S EO]p (1) .

X (S1r) Q5' XA
T

X (S1r) QT XA TY T
B T9 — T, T

Thus Ly is no larger than ¢Op (1) . Consider finally Ls. Because both @3 and @’ are close to ad,

|as — a\|| < p with probability approaching one for any given small number p > 0. We also have

HX(SLT)/ WXl o, (1)

9 — T,

uniformly on T, (C). Thus Lj is no larger than pOp (1). In summary, the following inequality
holds with probability approaching one on T, (C):

Qur—Qr _ 1,4 o XAQ'Xa
ST, =5 (0 = a3) T, (af — af) — €Op (1) = pOp (1) . (N.12)

By Assumption N.B.2,

X505'X s
9 — T,

has its minimum eigenvalue bounded away from zero on T, (C). Thus, the first term on the right-

hand side of (N.12) is positive and larger in absolute value than the other two terms. Thus, we
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have

Qv — Qar <

0
9 — Ty

with probability approaching one. This proves (N.9) and the proposition. [J

N.B.3 Proof of Proposition N.B.3

Begin by noting that
05" (X (8) - X (Sor))

involves 21@1 |ﬁ —T?| = Op (m) nonzero observations by Proposition N.B.2 so that, after applying

Assumption N.B.1,
T'X (8) Q5'X (8) = T7'X (Sor) 05X (Sor) + Op (T12).
Similarly,
72X (S) 05'X (Sor) ap — ag = T7V2X (8) Q5" (X (Sor) — X (S)) ap = O (T712)

and

! ~

T12X (§) OV —T7V2X (Sor) Q5'V =T/ (Y (é) -X (SOVT)), Q5'V = Op (T‘1/2>

so that another application of Assumption N.B.1 yields

VT (@ (Srrazs) - @ (Sor)) = ((T7'X (Sor) 95'X (Sor)  +0x (1))

<712 (X (8)' 051X (Sur) a0 — ag + X (8) 05"V = X (Sox) Q'V) = 0 (T72). O

N.C Additional Results

N.C.1 Identification of Compliers for Continuous Instrument
N.C.1.1 Identification of Compliers

We say that observation t € So is a complier if and only if E(D; (z)|V}) is strictly increasing in

z almost surely. In the present case of a continuous instrument, the policy and control samples P

N-13
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and C need to be redefined relative to the simpler case of a binary instrument in the main text.
Let P C {1,...,T} and C C {1,...,T} satisfy PN C = ) and mingep Z; > maxec Z;. Let Zp
denote the values in Z such that Z;, € Zp is equivalent to ¢t € P and similarly for Zc. Construct
P and C such that zp = inf(Zp) > sup(Zc) = Zc. For example, a simple way to define the policy
and control samples is P ={t e {1,....,7}: Z; > 24+ e and C={t € {1,.... T} : Z, < Z — ¢}
for some Z and small € > 0. With these definitions, we impose the continuous instrument-analogs

of Assumptions 2.7 and 2.8 in the main text.

Assumption N.C.1. (i) For any t € C, D¢y B E(D(Z)|Z, € Zc) as n — 0o with n/|C| — 0.
(ii) For t € P, E[D,_(Zi_1)|Zi—1 € Z¢| = E[D,(Z,)|Z; € Zd).

Assumption N.C.2. (i) For anyt € P, Dp;, 5 E(Dy(Zy)|Z: € Zp) as n — oo with n/|P| — 0.
(ii) For t € C, E[Dy(Z;)|Z; € Zp| = E[Dg+)(Zs+1))| Zs+t) € Zp)|, where s*(1) = arg mingep |t — s|.

Proposition N.C.1. Let Assumptions 2.1, N.C.1 and N.C.2 hold and ng,ny — oo with ny/|C|,n,/|P| —
0. We have:

(i) if t € P is a complier, then Dpy,, — Doy1ng L ¢ where ¢ > 0.

(i) if t € C is a complier, then Dps(ty.n, — Dt ng 5 & where &> 0.

Proof of Proposition N.C.1. Consider first the policy sample. Suppose t € P is a complier. Then,
by Assumptions N.C.1(i) and N.C.2(i), as ng,n; — oo,

Dpiny — Detrng — B(Di(Z)| 2, € Zp) — B(Dy—1(Z4-1)| Zi—y € Zc)
= E(Dt(Zt)|Zt € Zp) — E(Dt(Zt)|Zt € ZC)

_ [E(Dt(Zt)|Zt € Zp, Vi = )dFy (7) - []E(Dt(Zt)|Zt € Zc, Vi = )dFy (1)

v v

_ / / E(Di(2)|Vi = 0)dF, 5,y 5,cz0 (2)AF5 (D)
v Jz2EZp
_ / / E(Di(2)|V; = 0)dF,, 5,_, 5 pe (2)4F5 (0)
0 Jz2€Zc
> / / Do)V = 0E 5 e (VAP (5)
v JzeLlp

_[/ . E(Dt(fc)ﬂz:f/)dFZt|‘~/t:ﬁ7Zthc(Z)dp‘z(f))
v J 2€ZLc

= E(Di(zp)) — E(Di(zc)) > 0,

where F\Z() is the distribution function of V;, F is the conditional distribution

Zt|‘7t:1~),Zt€Zp (>

function of Z, given V; = ¢ and Z; € Zp, F (+) is the conditional distribution function

Zt\‘7t=17,Zt€ZC
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of Z, given V, = ¥ and Z; € Zg, the first equality follows from Assumption N.C.1(ii), the third
equality follows from Assumption 2.1 and the inequalities follow from the definition of a complier.

The proof for the control sample is entirely analogous and therefore omitted. [
Assumption N.C.3. (Continuous Case Monotonicity) E(D; ()| V;) is monotonic in z almost surely.

Under Assumption N.C.3, assume without loss of generality that E(D; (z)|V;) is increasing
in z almost surely. We obtain the following characterization of compliers under monotonicity for

the continuous instrument case.

Corollary N.C.1. Let Assumptions 2.3 and N.C.3 hold. Then, the set of compliers coincides with
So.r-

Proof of Proposition N.C.1. Assumption N.C.3 rules out defiers, i.e., E(D, (z)|V;) being strictly
decreasing in z almost surely, so that non-compliers are characterized by E(D; (z) | V;) being con-
stant in z almost surely. Therefore, a non-complier cannot belong to Spr by definition. And any

complier belongs to Sp 1 by definition. U

N.C.2 Primitive Conditions on IVs, Exogenous Regressors and Errors for the

Assumptions of Section 6.2

Assumptions 6.1-6.3 of Section 6.2 are implied by any one of the following assumptions:

Assumption N.C.4. {(v;, wy) : t > 1} are i.i.d., E (v; @ wy) = 0, El|vg| > +E||we||* + E||v; @ wy||* <
00, B, = E(vv}) is positive definite, and uniformly in Sy,Sy € S, for S = limp_,oo T7'S7 and
S = limg_,oo TSy, TV L E(w; (Sz) wy (S5)) — Q(S,S') for some (q+ p) x (¢ + p) matriz
Q(S,S") for which Q(S,S) is positive definite and TSI E((v; ® wy (S7)) (v, @ wy (S))) —
U (S,S) for some 2(q+ p) x 2(q+ p) matriz ¥ (S,S’).

Assumption N.C.5. {(v;, wy) : t > 1} are independent, E (vy @ wy) = 0 for allt > 1, sup, (E||ve| [>T+
E||ws| [>T + E| v, @ wy|[>75) < 00 for some ¢ >0, TS L E (vv)) — %, for some positive definite

2 X 2 matriz ¥, and uniformly in St,Sh € S, for S = limy_,oo T7'Sy and S’ = limp_,, TS},
T-YSL  E(w (Sr) we (S5)) — Q(S,S') for some (q + p) x (¢ + p) matriz Q(S,S’) for which
Q(S,S) is positive definite and TS E((vy @ wy (St)) (v @ wy (Sh))) — W (S,S') for some
2(q+p) x2(q+p) matriz ¥ (S,S’).

Assumption N.C.6. {(v; ® wy, F;) : t > 1} is a martingale difference sequence, where %, = o(vy, wy, vy_1,

Wi, ...), {(vy @wy) : t > 1} is an ergodic sequence, sup,, (E||ve| >+ E||we| [?+E||v, @wy|[?) < o0,
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¥, = E(vwv}) is positive definite, and uniformly in Sy, Sy € S, for S = limp_,oo T 'St and S’ =
limy_yoo TS5, TS E(wy (S7) wy (S5)) — Q(S,S') for some (q+p) x (g+p) matriz Q(S, S’)
for which Q(S,S) is positive definite and TS 1_, E((v, @ w; (St)) (v: @ wy (S5))) — ¥ (S, )
for some 2 (q+ p) x 2 (q + p) matriz ¥ (S,S’).

Assumption N.C.7. {(v;, wy) : t = ...0,1,...} is a doubly infinite ergodic sequence with E(v, ®
we) = 0, supgs (Bl |vg|[* + Elfw]|* + E| v @ wi|[?) < 00, supysy 52 (B|[E(v, @ we| Fy)|[*)!/? < 00
where F, = o (v, wy, Vi1, Wy_1,...), TP E(vw)) — X, for some positive definite 2 x 2
matriz ¥,, and uniformly in Sp,Sy € S, for S = limr_oo T 'Sy and S’ = limp_ o TS,
TS E(w, (Sr)we (S5)) — Q(S,8') for some (q + p) x (¢ + p) matriz Q(S,S’) for which
Q(S,8S) is positive definite and T3, 32 E (v, @ wy (S1)) (vi—j ® we—j (S7)) — ¥ (S,8) =
fol U, (S,S') du, where W, (S,S') is the local long-run covariance matriz of vy @ wy (St) and v, ®
wy (S7T).

The random vectors {(vg, wy) : t =...0, 1,...} are uncorrelated under Assumptions N.C.4-
N.C.6, but are (possibly) correlated under Assumption N.C.7. Assumptions N.C.5-N.C.7 allow for
nonstationarity (i.e., time-varying moments). In particular, they are satisfied by segmented local
stationarity [see Casini (2024, 2023)].

If the errors are conditionally homoskedastic and {(v;, w;) : t > 1} are uncorrelated, the fol-

lowing assumption holds.

Assumption N.C.8. ¥ (S,S') =%, ® Q(S,S’), where Q(-) is defined in Assumption 6.1 and U (-)
is defined in Assumption 0.35.

This assumption is implied by any one of Assumptions N.C.4, N.C.5, and N.C.6 plus the

following.
Assumption N.C.9. E((vv]) ® (w; (St) we (S5)) = 8, ® Q (St, S%) for allt > 1 and Sy, S € S.

By iterated expectations, a sufficient condition for Assumption N.C.9 is E(vv;| wy (St) , wy (%)) =
E(vv;) = %, a.s. for all Sy, S’ € S and all £ > 1. Note that Assumptions N.C.6 and N.C.7 allow
for intertemporal conditional heteroskedasticity even when Assumption N.C.9 holds. The following

lemma summarizes the relations between the assumptions.

Lemma N.C.1. (i) Any one of Assumptions N.C.4, N.C.5, N.C.6 and N.C.7 implies Assumptions
6.1-6.53;

(i) Any one of Assumptions N.C.4, N.C.5, N.C.0 plus Assumption N.C.9 imply Assumption
N.C.8.
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Proof of Lemma N.C.1. Although w (St) is a function of the partition S, we do not need to rely
on laws of large numbers for partial sum processes or functional central limit theorems. The reason
is that Assumptions 6.1-6.3 and N.C.9 involve full-sample averages. Thus, the lemma follows from
Lemma 4 in Andrews, Moreira, and Stock (2004). These authors required stationarity in their
Assumptions INID, MDS and CORR but this is not required for the lemma to hold. [J

N.C.3 Consistent Covariance Matrix Estimation

Let Vi (St) = vjboZ, (Cr) and V., (St) = v;X rag s Z; (Cr). We have

Sy, (S) = lim T~ XT; XT; E (Vi (S7) Vor (S1)')

T—o0 =1 r—1

T T
Svin, (8) = lim T 373 E (Vi (S1) Vs (S1)')

t=1r=1

T T
S, (8) = Jim T 3737 E (Vi (S1) Vs (S2))
t=1r=1
Let Viy (Sr) = 0 (S1) 00 Z; (Cr) and V,, (s) = o, (ST)'i;lao,Bzf (Cr). We consider both HAC
and double-kernel HAC (DK-HAC) estimators of ¥ - (S). Here we discuss the HAC estimators of
Newey and West (1987) and Andrews (1991). The DK-HAC estimator was recently proposed by
Casini (2023). It is consistent under both the null and the alternative so that tests based on it do
not suffer from power losses induced by nonstationarity [cf. Casini, Deng, and Perron (2025)].
The HAC estimators are defined as
T T-1

S Ky (biok)Tw (k, St),
T'—q—p,- 7,

T! ZthkH ‘7b,t (St) ‘7b,,t7k (Sr), k=0
T 5, i Vi (S7) Vi (S7), k<0

iNl (ST> =

with fbb (k‘, ST) =

and i}‘VQ (Sr) and )y NN, (St) are defined analogously to 3 N, (S7) after replacing Ty (k, St) with

analogous quantities T,. (k, St) and T, (k, St), respectively. We consider the following class of
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kernels

Klz{Kl(-): R—[-1,1]: K;(0) =1, Kl(:v):Kl(—as),VxE]R,/_oo | K (2)| dr < oo

0

(N.1)
/ K} (v)dr < oo, K;(-) is continuous at 0 and at all but a finite number of points} :
The class K; was considered by Andrews (1991) and Casini (2023). Examples of kernels in K

include the Truncated, Bartlett, Parzen, Quadratic Spectral (QS) and Tukey-Hanning kernels.
The DK-HAC estimators are defined as

N T T-1 .
k=—T+1
. ny [(T—nr)/nr]
I'pk (k, S7) = T nr > Gw(rng/T, k, St),
r=0

where np — oo satisfies the conditions given below, and

Cop\TN /L, Ky, O1) = )
(sz,TY1 ZtT:_kH K (WH)nTb (Hk/Q))/T) Vbt+k: (ST) V! bt (ST) k<0
(N.2)

with K being a kernel and by p is a bandwidth sequence. The DK-HAC estimators S}‘VQ (S7) and
S v, (S7) are defined analogously to Sy, (Sy) after replacing éy (rnp /T, k, S7) with analogous
quantities o (rnr /T, k, St), and ¢y (rnr/T, k, St), respectively. Casini (2023) considered the
following class of kernels

K, = {Kg(-) R = [0, 00]: Ky (2) =Ky (1 —1x), /KQ([L‘)dZEZ 1, (N.3)

Kﬂ@zObrm%MlL/m

— o0

| Ky (z)]| dx < 00, Ky(+) is continuous}.

The QS kernel was shown to be optimal in the class K; for HAC estimators under the mean-
squared error (MSE) criterion by Andrews (1991) and for DK-HAC estimators under a sequential
and global MSE criterion by Casini (2023) and Belotti, Casini, Catania, Grassi, and Perron (2023).
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The QS kernel is defined as

25 sin (672 /5)
K® (z) = 3252 ( ey cos (6mt/5)> :

Casini (2023) showed that the optimal kernel in the class K is a quadratic-type kernel, K3 (1) =
6r(l—x),0<z<1.
For both HAC and DK-HAC estimators, define

ivf (ST) =

i\]Nl (ST) i]\th (ST),
Ynn, (S7) X4, (Str)

We now provide sufficient conditions under which the HAC and DK-HAC estimators are uniformly
consistent for ¥ (S), and therefore £y, (S), over S € S. Let V; (St) = v ® w; (St) where w; (St)

is the tth row of w = [CrZ : X| written as a column vector.

Assumption N.C.10. ((i) {V; (St)} satisfies

> sup sup [[E(V; (S7) V/"; (S1))l| < oo,

oo t>1 S7€ES

and for all conformable ay, ag, az, ay € Zy, 3071 32521 01 SUDy>q |m$;’a2’a3’a4) (n, j, m,Sr)| <

oo where /ﬁ%’”’%’a“) (n, j, m, St) is the time-t fourth-order cumulant of

(V) (1) Vi) (S2), Vi) (S1) ., Vs (80).

(1) supys, sups,.es B[V (S1) ||* < o0.

Assumption N.C.11. by — 0 with Tb; » — oo and K, (-) € K.

Assumption N.C.10 imposes conditions on the temporal dependence of the instruments and
errors. It is a standard assumption in the literature, see Andrews (1991) and Casini (2023). Note
that Assumption N.C.10 allows for nonstationary random variables (i.e., time-varying moments).
The condition on the bandwidth in Assumption N.C.11 is from Andrews (1991). Assumptions
N.C.10-N.C.11 are sufficient for the consistency of HAC estimators.

Assumption N.C.12. bl,T7 b27T — O, nr — 09, TLT/T — O, 1/Tb1,Tb27T — 0, \/Tbl,T — 00,
Kl () € Kl and K2 () S KQ.
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The conditions on the bandwidths by 7, bo 7 and on ny are from Casini (2023). Assumptions
N.C.10 and N.C.12 are sufficient for the consistency of the DK-HAC estimators.

Lemma N.C.2. Let Assumptions 6.1-6.3 hold. We have: ¥ (St) 5 Y7 (S) for S = TSy
uniformly in Sy € S under Assumptions N.C.10-N.C.11 for the HAC estimator and under As-
sumptions N.C.10 and N.C.12 for the DK-HAC estimator.

The proof of Lemma N.C.2 is omitted. For the HAC estimator the proof follows from the
discussion in Section 8 in Andrews (1991) who extended the consistency result in Theorem 1 in
Andrews (1991) to nonstationary random variables. See also Casini (2022) who provided a solution
to some issues in Section 8 in Andrews (1991). The proof for the DK-HAC estimator follows from
Theorem 4.2 in Casini and Perron (2024). O

N.C.4 StrongIV and Local Alternative (SIV-LA) Asymptotics for Identification-
Robust Tests

We analyze the strong IV asymptotic properties of the tests considered above for local alternatives.

Under strong IV asymptotics, 6 # 0 is fixed. For local alternatives, 3 is local to .

Assumption N.C.13. (SIV-LA) (i) B = By + r/T"? for some constant v € R; (ii) 0 is a fized

non-zero q-vector; (iii) There exists an estimator St such that T'Sy 5 S,.

Under strong I'Vs, part (iii) is satisfied by, for example, Srin (6.5), gT,OLS and §T7 raLs wWhere
the optimization is over Zc y m, 7. Under SIV-LA asymptotics, Ny 7 (Sz) and Nor (Sr) depend
asymptotically on (n, (S) ~ A (an, (S), 1), an, (S) = E;,i/Q (S)X5(S,Sp) Or, and an, (S) =
Sn/? (S) T (S, So) 0 ()2 ag) 2.

We now determine the asymptotic distributions of the LR, LM and AR test statistics.

Theorem N.C.1. Let Assumptions 6.1-6.4 and N.C.13 hold. We have: (i) ART(éT) N ¢y (So) Cvy (So) ~
X2(an, (So) an, (80)); (1) LMx(Sr) % (o, (S0)' ¢ (S0))*/llen, (So) [1* ~ X3 ((a, (So)" ey, (S0))?
/lleeny (So) II2); (iii) LRr(St) = LMr(So)+op (1) % (a, (So)' ¢, (80))2/[ln, (So) II2 ~ x3 (e, (So)’
an; (S0))?/ e, (So) [17)-

Since T-'S; 5 Sp under strong IVs, the test statistics above are evaluated at Sy asymp-
totically. Akin to the case of known partition, the LM and LR test statistics are asymptotically
equivalent under SIV-LA asymptotics for any value of g. When ¢ = 1, ARr (So), LMz (Sp) and

LRt (So) are the same and so the three tests are asymptotically equivalent.
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Under SIV-LA asymptotics and i.i.d. normal errors with unknown covariance matrix >, and
known Sy, the model for y is a regular parametric model in the sense of standard likelihood the-
ory. Hence, LR7(Sy) and LM (So) are asymptotically efficient. This means they have standard
large-sample optimality properties such as uniformly maximizing asymptotic power among asymp-
totically unbiased tests. Adapting the proof of Theorem 7 in Andrews, Moreira, and Stock (2006)
while using T*1§T L Sy it follows that LMT(gT) and LRT(gT) are asymptotically efficient under

SIV-LA asymptotics and i.i.d. normal errors.

N.C.5 StrongIV and Fixed Alternative (SIV-FA) Asymptotics for Identification-
Robust Tests

We now consider strong IV-fixed alternative (SIV-FA) asymptotics to determine the consistency,
or lack thereof, of the tests.

Assumption N.C.14. SIV-FA. (i) B # Py is fized; (ii) 0 is a fived non-zero q-vector; (iii) There

exists an estimator St such that T—'St i So.

Let 27 (So) = E? (SO7 So) . Define N, (So) = 2&1/2 (So) E? (So) 0 (5 — 60),

e, (So) = B? (So) (27 (S0) 053, "an s — Sy, (So, So) St (S0)), sq ~ A (0, ).
(N.4)

We now determine the asymptotic behavior of the test statistics under SIV-FA asymptotics.
Theorem N.C.2. Let Assumptions 6.1-6.4 and N.C.14. We have: (i) ARr(St)/T S on, (So) ¢n, (So) >
07 (ZZ) LMT<§T)/T E} ((PN1 (SO)/ PN, (SO))2/()0N2 (SO)/SONQ (SO) >0 p’f’OUZd@d PN, (SO) # O; (Z“’)

2LRr(S7)/T = ¢n, (S0) e, (So) — e, (So) e (So)

- \/(WNI (So)' @ (So) — o, (S0) o, (S0))? — 4 (o, (o)’ o (So))Z-

The theorem shows that the test ART(gT) is consistent against any alternative 5 # [y,
LMT(QT) is consistent against any alternative 5 # [y such that ¢y, (So) # 0, and LRT(gT) is

consistent against any alternative for which the limit value given in the theorem is non-zero.
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N.C.6 Proofs of Section N.C.4 and N.C.5
N.C.6.1 Proof of Theorem N.C.1

We begin with the following lemma.

Lemma N.C.3. Let Assumptions 6.1-6.4 and N.C.13 hold. We have: (i) (N17(St), T-Y*Nyr(St)) N
(Cvi (S0), any(S0)) and (ii) (My 7(St), T-Y2 My 07(St), T~ Mar(S1)) < (¢ (S0)'C, (So), aw, (So)’
CNI (80)7 aNz(SO)/aN2 (SO))

Proof of Lemma N.C.3. Part (i) for Ny (Sy) follows from

~

Niz (Sr) =53 (8r) 727 (Cr ) ybo

=50 (Sr) 1727 (Cr ) (Z (Cor) bajy +v) by

= 532 (Sr) T2 (Cr) Z (Cor) 0r + 37 (S7) T712Z (Cr) who

= S (S0) TV Z (Cor) Z (Cor) Or + Sx " (So) TV*Z (Co ) who + 06 (1)
(S0) B3 (So) Or + a2 (So) T~Y2Z (Co 1) wbo + 08 (1)

= 3% (S0) X7 (S0) 0r + 331" (So) [y - —Qu2 (S0) Q3] (0 © 1,4) 9 (So)

~ (n; (So)

where the third and fourth equalities hold by Assumption N.C.13, the final equality holds by
Assumptions 6.1 and 6.4 and the convergence holds by Assumption 6.3. Under Assumptions 6.2
and N.C.13(iii), £,(Sz) % %, by the same arguments as when Sy is known. Then, part (i) for
szT(gT) holds using

TN (81) = £33 (8r) (TZ (Cr) v (8r) a0 — TS, (81) S307% (81) Mur (8r) )
(N.5)
= S50 (8r) (177 (Co) 45 a0 — TS, (1) S22 (81) N (81) ) + 08 (1)
(T7Z (Cor) y5, a0 — TSy, (So) S (So) Nur (So) ) +
(177 <00T>’yz:v Yag.s — T™*Sx,w, (So) B’ (So) Nir (S0)) + 02 (1)
(172 (Cony (2
Y

~—

(Cor)bajy + v) Z;law) +op (1)
(SO) 9%,,32@ ao,p + op (1) )

where the third equality follows from Assumption N.C.13(iii), the fourth by Assumption 6.4, the
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fifth by part (i) for Ny (Sy) and the final equality holds by Assumption 6.1. Part (ii) holds by

part (i) and the continuous mapping theorem. [J

Proof of Theorem N.C.1. Parts (i) and (ii) of the theorem follow immediately from Lemma
N.C.3(ii). Part (iii) of the theorem is established as follows. Following the argument based on
a mean-value expansion of the LRy statistic in the proof of Theorem 9 in Andrews, Moreira, and
Stock (2004) (see eq. (14.50)-(14.53)) with references to Lemma 9-(b) there replaced by references

to Lemma N.C.3, we have
~ 1 ~ ~ ~ \2 ~
LRr(Sr) = (2M1,T (Sr) -2 (MLT (Sr) = Miaz (Sr) /Moy (ST)>) +op(1)  (N.6)
= M? 7 (So) /Mo (So) + 0p (1)
= LMT(S()) + op (1) s

where we used Assumption N.C.13(iii). O

N.C.6.2 Proof of Theorem N.C.2

We begin with the following lemma.

Lemma N.C.4. (i) Under Assumptions 6.1-6.4 and N.C.14, (i) (Ny.7(Sz)/T2, Nyp(Sy)/T?) i
(¢ (S), @, (S0)) and (i) (Myr(S7)/T, Miaz(Sr)/T, Mar(Sr)/T) = (on,(S0) em (So). @ (So)’
o, (S0) 5 @, (S0) @, (So)).

Proof of Lemma N.C.4. Part (i) of the lemma is established as follows:

T_lZ (CA’T)/ybO = T_17 (6]‘)
=177 (Cr)

(Cor) 0a5+Xn+v)b

Z (Co T) Qaﬁbo + 1 1Z (CA'T) Ub() E) 27 (So) GaZBbo,

using Assumptions 6.1, 6.3, N.C.14(iii) and Z(CA’T)’X = 0. Hence, by Assumptions 6.1, 6.4 and
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N.C.14(iii), we have

Nir (Sr) /T = 53,7 bo (N.7)

(So)
= 20" (S0) 27 (So) falzby + Syt"* (So) T7Z (Cor) who + 0p (1)
(So) X% (S0) 0 (B — Bo) +op(1).

~

T'Z (CT>/?/§;1 (QT) aos — T/ * S, (QT) 2&1/2 (§T> Nir <§T>>

(N.8)
717 (Cr) y%; a0s = TS, (81) S307% (81) Nur (S1) ) + 02 (1)
=52 (80) (T7'Z (Cox) y53 a0s — T™/2Sy,w, (So) Sna’? (S0) Nur (So) ) + 0z (1)
= 5% (80) (T2 (Cor) y= a0,5 — TS, (S0) B (S0) Nur (So) + 0r (1)
= 2;72/2 (So) (TAZ (Coxr)’ (7 (Co.r)baj; + U) 2;1%,5)

— 52 (S0) Ens (S0) Ext”? (So) e (So) + 0r (1)
= 22 (S0) S5 (So) 0a55, Mao s — Snt’? (S0) Eas (S0) Ean’? (So) o, (So) + op (1)
= ¢n, (So) +op(1).

Part (ii) of the lemma follows from part (i) and Slutsky’s Theorem. [J

Proof of Theorem N.C.2. Parts (i)-(iii) of the theorem hold by Lemma N.C.4 and simple calcula-
tions. In the case of LMz (Sr), the convergence only holds if £ is such that oy, (Sg) # 0 because

©n,(So) appears in the denominator. [

N.D Additional Monte Carlo Simulations

We consider the performance of the identification-robust tests under serial correlation in the errors.
Specifically, we examine DGP (S.C.2)—(S.C.3) and model the error terms as u; = p,u¢—1 + vy, and

€t = Pe€i—1+ ey, Where v, and v, are jointly normally distributed with mean zero and covariance
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matrix 2, as in (S.C.4) with p € {0, 0.25, 0.5, 0.75} and p. = p, € {0.25, 0.5, 0.75}. We set the
significance level to 5% and number of Monte Carlo replications to 10,000. Table 2 and Figure
1 report the null rejection frequencies and size-adjusted power of the tests, respectively. Under
strong serial dependence (p. = p, = 0.75) all tests exhibit rejection rates that exceed the nominal
significance level. Specifically, LMT(gT) and C’LRT(gT) are a bit more oversized than LM and
C LRy but similar to qLL-S. Under weak serial dependence (p. = p, = 0.25), the proposed tests
LMT(QT) and CLRT(QT) are only slightly more oversized than their full sample counterparts,
LMyp and CLRy. Figure 1 shows that the size-adjusted power of the proposed tests is higher than
that of the existing tests, similar to the i.i.d. case.

Finally, we consider a model with multiple instruments:
K:ﬁDt—i_ut) (Nl)
where

b1 (Z14+ Zay) + §1Z3,t +e, t<|(T/4]
Dy =465 (Zv1 s+ Zoy + Zsy) + e, |T/4] +1<t<[T/4] + [(1 —mo) T (N.2)
Os (214 + Zoy) + 0325y + e, |T/A] 4+ (1 —m)T)+1<t<T,

Ziy ~iid. A (1,1) for i =1, 2, 3, and u; and e, are i.i.d. jointly normal with mean zero and

covariance
1
N, = [ p] : (N.3)

with p € {0.25, 0.75}. Under the null hypothesis we set 6, = 0y = 03 = 0, = 05 = 0. Under the
alternative hypothesis we set 6, = 03 = dT~/2 with dB{2, 4, 8}, 6, = 0 and 0, = 65 = 16//T.
We set m € {0.6, 0.8} and T" = 200.

Table 3 reports the null rejection frequencies. The ARy, ART(gT), Split-S, qLL-S, ave-S and
exp-S are severely undersized across all values of d and p. LM, LMT(QT), CLRr, CLRT(gT) lead
to quite accurate null rejection rates whereas Split-CLR displays null rejection rates substantially
beyond the nominal level. Figure 2 plots the power functions. LMy (Sy) and CLRy(Sy) are the
most powerful, followed by ART(gT) and then by the full sample counterparts of these tests. qLL-S
displays the lowest power across all configurations. The power gains of LMT(gT) and CLRT(QT)

are substantial across all configurations.
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Table 2: Finite-Sample Null Rejection Frequencies of Tests

p =0.50 Pe = pu = 0.25 Pe = pu = 0.50 pPe = py = 0.75
T=200,17=08 d=10 d=16 d=24 d=10 d=16 d=24 d=10 d=16 d=24
LMy 0.073  0.073  0.073  0.089  0.089  0.089  0.158 0.158  0.158
CLRr 0.079  0.077  0.076  0.096  0.094 0.093 0.179 0.169 0.166
LMT(gT) 0.086  0.081  0.078 0.118 0.107 0.101  0.204 0.185  0.176
C’LRT(gT) 0.088 0.082 0.078 0.126  0.108 0.101 0.214 0.191  0.179
split — S 0.054  0.055  0.055  0.071  0.074  0.076  0.139  0.148  0.155
split — CLR 0.146  0.149  0.150  0.174  0.18  0.187 0.278  0.291  0.300
qqL — S 0.028  0.028 0.028 0.047 0.052 0.052 0.191  0.198  0.199
ave — S 0.047  0.046  0.047 0.068 0.071  0.070 0.153 0.161 0.171
exp — S 0.019 0.020 0.020 0.034 0.034 0.034 0.109 0.109 o0.107

p = 0.50 Pe = pu = 0.25 Pe = pu = 0.50 Pe = pu = 0.75
T=400,17=06 d=10 d=16 d=24 d=10 d=16 d=24 d=10 d=16 d=24
LMr 0.061  0.061  0.061  0.074 0.074 0.074 0.124 0.124  0.124
CLRr 0.070  0.067  0.067  0.088 0.083 0.083 0.153 0.142  0.136
LMT(gT) 0.076  0.068  0.068  0.109  0.091 0.091 0.174 0.158  0.142
CLRT(§T) 0.081  0.070  0.069  0.106 0.093 0.093 0.190 0.166  0.145
split — S 0.046  0.044 0.043  0.060  0.059 0.059 0.113 0.113 0.113
split — CLR 0.133 0.134 0.134  0.150  0.154  0.154  0.234  0.240 0.243
qqL — S 0.042  0.043 0.039 0.042 0.063 0.063 0.169 0.177  0.180
ave — S 0.048  0.050  0.048 0.048 0.073 0.068 0.130 0.133  0.137
exp — S 0.0243 0.023 0.024 0.023 0.034 0.037 0.098 0.098  0.095
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Table 3: Finite-Sample Null Rejection Frequencies of Tests for the model (N.1)-(N.2)

p =025 p = 0.50 p=0.75
T=200,m=06 d=2 d=4 d=8 d=2 d=4 d=8 d=2 d=4 d=38
ARy 0.000 0.000 0.001 0.008 0.000 0.001 0.001 0.000 0.001
LMy 0.063 0.062 0.061 0.059 0.064 0.062 0.060 0.069 0.060
CLRy 0.070 0.070 0.056 0.070 0.073 0.068 0.066 0.076 0.067
AR (S7) 0.002 0.001 0.001 0.001 0.000 0.001 0.001 0.001 0.001
LM (Sy) 0.074 0.067 0.072 0.067 0.064 0.073 0.064 0.072 0.070
CLRr(S7) 0.075 0.068 0.071 0.067 0.073 0.073 0.065 0.072 0.070
split — S 0.015 0.015 0.015 0.015 0.015 0.016 0.016 0.015 0.016
split — CLR 0.0906 0.090 0.086 0.094 0.092 0.082 0.091 0.094 0.087
qql — S 0.008 0.009 0.008 0.008 0.009 0.010 0.010 0.009 0.009
ave — S 0.020 0.025 0.023 0.020 0.024 0.023 0.021 0.027 0.023
exp— S 0.004 0.034 0.005 0.005 0.004 0.004 0.005 0.004 0.004
p =025 p = 0.50 p=0.75

T=200,m=08 d=2 d=4 d=8 d=2 d=4 d=8 d=2 d=4 d=
ARy 0.000 0.000 0.000 0.001 0.004 0.001 0.001 0.000 0.001
LMy 0.061 0.063 0.058 0.056 0.066 0.059 0.060 0.066 0.059
CLRy 0.048 0.050 0.062 0.059 0.070 0.061 0.063 0.068 0.062
AR (S7) 0.002 0.002 0.002 0.002 0.003 0.002 0.002 0.004 0.002
LM (St) 0.064 0.061 0.065 0.067 0.072 0.067 0.070 0.079 0.055
CLRr(S7) 0.064 0.062 0.065 0.067 0.073 0.068 0.069 0.079 0.054
split — S 0.020 0.017 0.021 0.022 0.019 0.021 0.018 0.018 0.020
split — CLR 0.102 0.098 0.086 0.103 0.100 0.098 0.103 0.108 0.098
qql — S 0.009 0.074 0.009 0.010 0.008 0.011 0.010 0.008 0.009
ave — S 0.020 0.022 0.018 0.023 0.022 0019 0.019 0.025 0.018
exp — S 0.004 0.026 0.004 0.005 0.003 0.005 0.005 0.005 0.004
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Size-Adjusted Power with Serial Correlation
p=0.25 p=0.75

Figure 1: Size-adjusted power of identification robust tests for T' = 400 and w9 = 0.6 and p = 0.25.

Size-Adjusted Power for Identification-Robust Tests
7o = 0.60 m = 0.80

® CLR/(Sy)
LMy(Sr)

A ARr(Sr)

m CLRy (AMS)
LMy (AMS)

w AR (AMS)

*gLL—S

0.4

0.4

Figure 2: Size-adjusted power of identification robust tests for T = 200 for model in (N.1)-in(N.2).
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