Prewhitened Long-Run Variance Estimation Robust to

[ ] [ ] >|<
Nonstationarity
ALESSANDRO CASINI! PIERRE PERRON?
University of Rome Tor Vergata Boston University

27th September 2023

Abstract

We introduce a nonparametric nonlinear VAR prewhitened long-run variance (LRV) esti-
mator for the construction of standard errors robust to autocorrelation and heteroskedasticity
that can be used for hypothesis testing in a variety of contexts including the linear regres-
sion model. Existing methods either are theoretically valid only under stationarity and have
poor finite-sample properties under nonstationarity (i.e., fixed-b methods), or are theoretically
valid under the null hypothesis but lead to tests that are not consistent under nonstationary
alternative hypothesis (i.e., both fixed-b and traditional HAC estimators). The proposed esti-
mator accounts explicitly for nonstationarity, unlike previous prewhitened procedures which
are known to be unreliable, and leads to tests with accurate null rejection rates and good
monotonic power. We also establish MSE bounds for LRV estimation that are sharper than
previously established and use them to determine the data-dependent bandwidths.
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1 Introduction

Heteroskedasticity and autocorrelation robust (HAR) inference requires estimation of the relevant
asymptotic variance or simply the long-run variance (LRV). A large literature has considered this
problem. In econometrics, Andrews (1991) and Newey and West (1987; 1994) extended the scope of
kernel-based autocorrelation and heteroskedastic consistent (HAC) estimators of the LRV [see also
de Jong and Davidson (2000) and Hansen (1992)]. Test statistics normalized by HAC estimators
follow standard asymptotic distributions under the null hypothesis under mild conditions.

It was early noted that classical HAC estimators lead to test statistics that do not correctly
control the rejection rates under the null hypothesis when there is strong serial dependence in the
data. A vast literature has considered this issue. Kiefer, Vogelsang and Bunzel (2000) and Kiefer
and Vogelsang (2002; 2005) introduced the fixed-b LRV estimators for stationary sequences which
are characterized by using a fixed bandwidth [e.g., the Newey-West /Bartlett estimator including all
lags]. The crucial difference relative to HAC estimators is that the LRV estimator is not consistent
under fixed-b asymptotics and inference is nonstandard. Test statistics under the null hypotheses
asymptotically follow nonstandard distributions whose critical values are obtained numerically.
This has limited the use of fixed-b in practice. The advantage of the fixed-b framework is that it
yields test statistics with more accurate null rejection rates when there is strong dependence.’

There is widespread evidence that the processes governing economic data are nonstationary.
By nonstationary we mean non-constant moments. As in the literature, we consider processes
whose sum of absolute autocovariances is finite. That is, we rule out processes with unbounded
second moments (e.g., unit root). The latter can be handled by taking first-differences or applying
some de-trending technique. Nonstationarity can occur for several reasons: changes in the moments
induced by changes in the model parameters that govern the data (e.g., the Great Moderation
with the decline in variance for many macroeconomic variables or the effects of the COVID-
19 pandemic); smooth changes in the distributions of the processes that arise from transitory
dynamics; and so on. HAR inference requires the estimation of the LRV of some relevant process,
V; say.? We first analyze the case with E(V;) = 0 for all ¢, since it is the leading case that applies
under the null hypothesis. This will allow us to derive useful properties to construct bandwidths
(and so on) to have tests with the correct null rejection rates. Thus, under the null hypothesis,
nonstationary occurs through time-varying autocovariances E(V;V;_x). We recognize that in some

cases, the null hypothesis may involve a non-constant mean (e.g., when the model is misspecified).

1See Jansson (2004) and Sun, Phillips and Jin (2008) for theoretical results based on asymptotic expansions.
2For example, in the linear regression model V; = z;e; where x; is a vector of regressors and e; is a disturbance.
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As in the literature, we do not address this case since the results can only be obtained on a case
by case basis. Under the alternative hypothesis, E(V;) # 0, and E(V;) as well as E(V;V;_x) can
be time-varying. In most HAR inference problems the leading case is with a non-zero mean. The
literature has so far not properly addressed this leading case. Our aim is to devise a method for
this leading case that delivers useful estimates such that the tests have good power. Hence, we
shall also consider the properties of our estimator when the mean of V; is non-zero and show that
it leads to test having good monotonic power, unlike what is available in the literature.

The objective of this paper is to propose an estimator of the LRV that has the following
properties: (i) it can be used for any hypothesis testing problem both within and outside the
linear regression model and is valid under both stationarity and nonstationarity; (ii) it can be used
without the need to develop further asymptotic analyses to determine the null limiting distribution
of the test statistics; (iii) it leads to tests that have accurate null rejection rates even with strong
dependence; such tests are consistent in any hypothesis testing problem, and in particular, in
testing problems characterized by a nonstationary alternative hypothesis.®> None of the existing
procedures satisfies all three properties. Fixed-b methods rely on nonstandard limit theory and
require one to derive the null limiting distribution on a case-by-case basis.* Casini (2023a) showed
that the original fixed-b methods are not theoretically valid under nonstationarity since the null
limiting distribution of the test statistics is then not pivotal. More recently, a variant of the
fixed-b approach [see, e.g., Sun (2014) and Lazarus, Lewis, Stock and Watson (2018)] considered
the use of small-b asymptotics (i.e., small-bandwidths) in conjunction with fixed-b critical values.
In general, the latter methods do not satisfy (i)-(ii) since they use fixed-b critical values, and we
show below that they may not lead to consistent tests under nonstationary alternative hypothesis.
Traditional HAC estimators satisfy (i)-(ii) since they are consistent for the LRV so that a test
statistic studentized by an HAC estimator follows asymptotically a standard distribution. A long-
lasting problem with HAC estimators is that they lead to HAR tests that can be oversized when
there is strong dependence. To address this issue, Andrews and Monahan (1992) proposed the
prewhitened HAC estimators which substantially reduce the oversized problem under stationarity
with HAR tests having null rejection rates similar to those of recent methods based on fixed-b [e.g.,
the EWP and EWC methods of Lazarus et al. (2021) and Lazarus et al. (2018), respectively].

However, we show theoretically that existing prewhitened and non-prewhitened LRV estimators

3By nonstationary alternative hypothesis we mean alternative hypothesis such that E(V;) is time-varying.

4Lazarus, Lewis and Stock (2021) pointed out the usefulness for empirical work of having test statistics that
follow asymptotically standard distributions rather than nonstandard distributions whose critical value has to be
obtained by simulations.
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lead to HAR tests that are not consistent in contexts characterized by nonstationary alternative
hypotheses. This has been a recurrent problem in the time series econometrics literature.® It
occurs, for instance, when using tests involving structural breaks based on estimating the model
under the null hypothesis; e.g., tests for forecast evaluation [e.g., Diebold and Mariano (1995),
Giacomini and White (2006) and West (1996)], tests for forecast instability [cf. Casini (2018),
Giacomini and Rossi (2009, 2010) and Perron and Yamamoto (2021)], CUSUM tests for structural
change [see, e.g., Brown, Durbin and Evans (1975) and Ploberger and Kramer (1992)] tests and
inference in time-varying parameters models [e.g., Cai (2007) and Chen and Hong (2012)], tests
and inference for regime switching models [e.g., Hamilton (1989) and Qu and Zhuo (2020)].

To improve the power properties of HAR tests based on HAC estimators, Casini (2023b)
proposed to modify the HAC estimators by adding a second kernel which applies smoothing over
time. Such double kernel HAC estimators (DK-HAC) satisfy properties (i)-(iii) except that they
can be oversized when there is high serial correlation. We introduce a novel nonparametric non-
linear VAR prewhitening procedure to apply prior to constructing the DK-HAC estimators. The
key property is that our prewhitening procedure is applied locally in time through nonparametric
time smoothing. This allows us to account flexibly for the time-varying second-order proper-
ties of the data and to reduce the asymptotic bias arising from nonparametric estimation. Our
prewhitening is robust to nonstationarity unlike previous prewhitened procedures [e.g., Andrews
and Monahan (1992), Preinerstorfer (2017), Rho and Shao (2013) and Xiao and Linton (2002)].
The latter are sensitive to estimation errors in the whitening step when there is nonstationarity in
the autoregressive dynamics. For example, with AR(1) prewhitening the resulting LRV estimator
is given by jHAQpW = jHAC,V*/ (1 — @,)? where @, is the estimated parameter in the regression
Vi = a1Vi—1 + V;* involving the process of interest {V;} and JAHAC’V* is a classical HAC estimator
applied to the prewhitened residuals {V,*}. Under nonstationarity in {V;}, @; is biased toward one,
[cf. Perron (1989)]. This makes the recoloring step unstable as (1 —a;)? approaches zero and more
so as the nonstationarity increases. Hence, jHAc,pw is inflated and test statistics lose power.

The consistency, rate of convergence and MSE of the new prewhitening procedure are estab-
lished under nonstationarity using the segmented locally stationary framework. We then establish
the consistency, rate of convergence and minimax MSE bounds for the DK-HAC estimator un-

der general nonstationarity (i.e., unconditionally heteroskedastic processes) and discuss how these

®Simulation evidence of serious (e.g., non-monotonic) power problems was documented by Altissimo and Corradi
(2003), Casini (2018), Casini and Perron (2019, 2021a, 2020), Chan (2022b), Chang and Perron (2018), Crainiceanu
and Vogelsang (2007), Demetrescu and Salish (2020), Deng and Perron (2006), Juhl and Xiao (2009), Kim and
Perron (2009), Martins and Perron (2016), Otto and Breitung (2021), Perron and Yamamoto (2021), Shao and
Zhang (2010), Vogelsang (1999) and Zhang and Lavitas (2018) among others.
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results can be used to show that the prewhitened DK-HAC estimators are valid under general
nonstationarity. The new minimax MSE bounds generalizes the MSE bounds in Andrews (1991)
as follows. Andrews (1991) expressed the bounds in terms of the distributions of two different
second-order stationary processes. The two distributions provide upper and lower bounds, respec-
tively, to the autocovariances of the nonstationary processes in some class. We show that this class
can be enlarged substantially if the two distributions are taken to be those of some nonstationary
processes that satisfy segmented locally stationarity. This allows for more variability of E(V,V,_)
and serial dependence of {V;}. Thus, our bounds apply to a richer class of processes. The new
bounds also provide information on how nonstationarity influences the estimation bias.

The prewhitened DK-HAC estimators lead to HAR tests with null rejection rates close to the
nominal even with strong dependence. Furthermore, we show theoretically that the prewhitened
DK-HAC estimators lead to HAR tests that are consistent even under nonstationary alternative
hypotheses whereas existing HAC-based and fixed-b-based HAR tests are not consistent with their
power converging to zero as nonstationarity increases. The simulations demonstrate that these
theoretical results provide accurate predictions about the finite-sample behavior of the tests.

The paper is organized as follows. Section 2 introduces the nonlinear VAR, prewhitening pro-
cedure and its asymptotic results are established in Section 3. Section 4 establishes the theoretical
validity of the DK-HAC estimators under general nonstationarity and presents new minimax MSE
bounds. Section 5 presents some theoretical results about the power of HAR tests under nonsta-
tionary alternative hypotheses. Section 6 presents the simulation results. Section 7 concludes. The

supplemental materials [cf. Casini and Perron (2021b)] contain all mathematical proofs.

2 The Statistical Environment

HAR inference requires the estimation of asymptotic variances of the form J 2 limy_, oo Jp where

= ZZ Vi(Bo)Vi(Bo)"),

with V;(5) a random p-vector for each § € © C RP% and E(V;(fy)) = 0 for all ¢t under the null
hypothesis provided that the underlying model is correctly specified. We allow for E(V;) # 0 in
Section 5 when we analyze the theoretical properties of the power of the tests. For the linear

regression model y; = x}0y + e;, we have V;(8y) = xie;. More generally, in nonlinear dynamic
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models, we have under mild conditions,
(BrJrBr)YAVT(B — o) % (0, Iy,),

where Br is a nonrandom pg X p matrix. Often it is easy to construct estimators Br such that
BT — Br Eo. Thus, one needs a consistent estimator of J = limy_, o, J7 to construct a consistent
estimator of limy_,o, BrJrB/.. Our goal is to consider the estimation of J under nonstationarity.

Under nonstationarity the autocovariance of V; depends on the calendar time at which it is
computed in addition to the lag. That is, [, (k) = E(Vy, V4, 1) where u = t/T for some lag
k € Z. The rescaled time index u € [0, 1] is introduced because under nonstationarity we use
the infill asymptotics. We now define the local spectral density of V; at time u and frequency w,
f (u, w). It is an important quantity because it summarizes the second-order properties of V;. It
is defined as the squared modulus of the transfer function A (u, w) where the latter appears in the
spectral representation of V; [see eq. (S.1) in the supplement]. That is, f (u, w) = |A (u, w) %
The local spectral density can also be defined implicitly from the definition of ¢ (u, k) which is the

approximation to the local autocovariance I';, (k) where

clu, k) = /7T e“F f (1, w) dw, (2.1)
and i = y/—1. In fact, Lemma S.A.1 in Casini (2023b) showed that, under the assumptions we
introduce below, T, (k) = ¢ (u, k) 4+ O (T~') where O (T') is the error due to the infill asymptotic
approximation. Eq. (2.1) relates the local autocovariance of {V;} at rescaled time u and lag k
to its local spectral density at w. Thus, the nonstationary properties of {V;}, which are reflected
in the time-varying behavior of the autocovariance function I, (k), depend on the smoothness
properties of f (u, w) in u. For example, if {V;} is stationary, then T, (k) = " (k) for all u, ¢ (u, k)
is constant in u, f (u, w) = f (w) and (2.1) reduces to I' (k) = ["_e™* f (w) dw. These coincide with
textbook definitions used under stationarity [see, e.g., Brillinger (1975)]. If f (u, w) is continuous
in u then {V;} is locally stationary [cf. Dahlhaus (1997)].° For example, consider a time-varying
AR(1) Vi = a(t/T) V-1 + us where u; is a zero-mean i.i.d. process with unit variance and a (+)
is continuous with a (t/T) € (—1, 1) for all £. Then V; is a locally stationary AR(1) with a local
spectral density f (u, w) that is continuous in u. We impose restrictions on the smoothness of

f (u, w) in w which allow for considerable forms of nonstationarity in {V;} including most of the

5In econometrics, locally stationary processes are often referred to as time-varying parameter processes.
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nonstationary models used in econometrics.”

Assumption 2.1. (i) {V;} is zero-mean with local spectral density f (u, w) that is piecewise Lips-
chitz continuous with mq discontinuity points; (ii) f (u, w) is twice continuously differentiable in
w at all continuity points with bounded derivatives (9/0u) f (u, -) and (0*/0u?) f (u, -), and Lip-
schitz continuous in the second component; (1) (0?/0u?) f (u, -) is Lipschitz continuous at all
continuity points; (iv) f(u, w) is twice left-differentiable at all discontinuity points with bounded

derivatives (0/0_u) f (u, -) and (0%/0_u?) f (u, -) and has piecewise Lipschitz continuous deriva-

tive (0%/0_u?) f (u, -).

Assumption 2.1 implies that {V;} is segmented locally stationary (SLS) (see Definition S.A.1
in the supplement). It is similar to Assumption 3.1 in Casini (2023b) where the latter imposes
smoothness conditions on the transfer function A (u, w) whereas here we directly make assumptions
on the local spectral density f(u, w). The class of SLS processes allows for relevant features
such as structural change, regime switching-type and threshold model and includes general time-
varying parameter processes, locally stationary processes and stationary processes.® Assumption
2.1 requires f (u, -) to be twice differentiable at the continuity points and left-differentiable at
the discontinuity points. The zero-mean assumption holds under the null hypothesis. To focus
on the main intuition, we first consider the case of SLS processes and then extend the results to
general nonstationarity processes in Section 4.° The latter require more technical notations and
assumptions. In Section 2.1 we present the prewhitening DK-HAC estimator while in Section 2.2

we discuss its data-dependent bandwidths.

2.1 Prewhitening DK-HAC Estimator

Under Assumption 2.1, the argument at the beginning of Section 2.1 in Casini (2023b) suggests
that J = 27 fol f (u, 0) du. The right-hand side can be seen as a function, say f (w), evaluated at
the zero frequency w = 0. The intuition behind prewhitening is simple, though the mechanics under
nonstationarity are quite different. Suppose one is estimating f (0) nonparametrically by averaging

asymptotically unbiased estimators of f (w) at a number of points w in a neighborhood of 0. The

TA function g (-) : [0, 1] = R is said to be piecewise (Lipschitz) continuous if there exists a finite subdivision
{zo, z1,..., xp} of [0, 1] where zyp = 0 and x,, = 1, such that for all i € {1, 2,..., n} g is (Lipschitz) continuous
on (x;—1, ;).

8For general time-varying parameter processes we mean linear and nonlinear processes whose parameters can
change smoothly as well as abruptly. See Example 2.1 in Casini (2023b) for some examples.

9For general nonstationarity we mean a process with a time-varying spectral density that does not satisfy
piecewise Lipschitz continuity.
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flatter is the function f(w) around 0, the smaller the estimation bias. The idea is to transform
the data such that the function of the transformed data, say f*(w), is flatter in the neighborhood
of w = 0. Then, using the transformed data one can estimate f*(O) by averaging asymptotically
unbiased estimators of f*(w) at points w in the neighborhood of 0. The resulting bias should
be less than that incurred by estimating f (0) since f*(w) is flatter than f(w). Finally, one can
apply the inverse of the transformation from f (w) to f*(w) to obtain an estimator of f (w) from
the estimator of f*(w). This is how it works under stationarity. However, under nonstationarity
one applies both the transformation and the inverse transformation locally in time, otherwise the
prewhitening procedure may be unreliable as nonstationarity induces an additional source of bias
in both the transformation and its inverse.

The proposed prewhitening procedure is based on the following three steps:

Step 1 (whitening step): Divide the sample in |7'/nr]| blocks, each with ny observations. Let
V, = Vt(B), where 3 is a v/T-consistent estimator of 8,. For each block 7 = 0,. .., |T/nr|, run
the following VAR(p4),

pA
Vi=> A Vi + V) for t=rnr+1,..., (r+1)ns, (2.2)
j=1
where /Alm- for j =1,..., psa are p X p least-squares estimators and ‘A/t* =V (B) are the prewhitened

residuals. The VAR in (2.2) is used to “soak up” some of the serial dependence in V;* and to leave
one with residuals {‘7{"} that are closer to white noise.’” That is why it is called “whitening step”.

Step 2 (recoloring step): Take the prewhitened residuals Vt*, transform them by applying an
inverse transformation ‘71:* > ‘A/[";Vt = Btf/t* where D, = (I, — X524, ﬁD,m)*l with ﬁpm = Am- for
t=rnp+1,..., (r +1)ngp. This implies that the transformed residuals V3 ; have been “recolored”
(i.e., the dependence has been added back). Note that the matrix D, is the same for all ¢ in a given
block. In this way the appropriate amount of dependence is added back, i.e., no contamination
from possibly different strengths of dependence occurring in other blocks.

Step 3 (prewhitened DK-HAC estimation): Construct the prewhitened DK-HAC estimator

0Since the residuals {\A/t*} are closer to a white noise process, they have a flatter spectral density at w = 0 than
{V4} because a white noise process has a flat spectral density.
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~ L o
Jr,pw using Vp 4

T Tx T T = T T
Jow,T ( LT 2,T> —T_, Z Ky (bl,Tk) I (k) (2.3)
Dr="111
N nr [(T—nz)/n7]
where [, (k) £ > Cprng/T, k),
T — nr —0 ’

with K (+) a real-valued kernel in the class K3 defined below, BT’T is a data-dependent bandwidth

sequence to be discussed below, ny — 0o, and

% -1 % r nyr—(s—k T\ \rsx Trx
<T62 T) Zf:m K3 <(( +1) ng(T /2))/ ) VD,SVD/,s—ka k>0

—1 —~ ~
(Thsr) STy Ky (e G <
2,T
K3 being a kernel, 5§T a data-dependent bandwidth sequence to be defined below.

In order to guarantee positive semi-definiteness, one needs to use a data taper or, e.g., for
k>0,

1/2
K ((r + 1)nTA— (s — k/Z)) _ (K2 ((7’ + 12nT — s) K, ((7’ + l)nz— (s — k:))) |
TV 1 Tbs r 103 1

see Casini (2023b).
In Step 1 the the last block is ¢t = |T/ny|ny 4+ 1,..., T. The order of the VAR, py, can

potentially change across blocks but, for notational ease, we assume it is the same for each r.

The choices of ny and how to optimally split the sample depend on the property of the spectrum
of {Vi(B)}. A test for breaks versus smooth changes in the spectrum of {V;} is introduced in
Casini and Perron (2023). The latter could be employed here to efficiently determine the sample-
splitting. This would result in the sample being split in blocks with the property that within each
block {V;(3)} is locally stationary. However, this is not required for the theoretical validity. The
least-squares estimation within blocks yields consistent estimators /Alm- for some A, ; even when
the fitted VAR is not the true model. The fitted VAR is used only to yield residuals {V,*} that are
closer to white noise so that their spectral density at zero is flatter, implying less asymptotic bias
when estimating it nonparametrically.

Below we assume that ﬁm L1 A, ; for some A, ; € RP*P for all » and j which follow from
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standard arguments. For K; we suggest using the Quadratic Spectral (QS) kernel

sin (67z/5)

6725 — cos (6mrx/b)| ,

K (z) = (25/ (127%2%)) [
and for K, a quadratic-type kernel [cf. Epanechnikov (1969)] given by K (z) = 6z (1 —z), 0 <
x < 1. These kernels are optimal under an MSE criterion [see Casini (2023b)].

There has been some recent works on LRV estimation in statistics that relate to ours. Kawka
(2020) studied the asymptotic properties of classical spectral estimators for a linear time-varying
AR process where the AR coefficients can have a finite number of discontinuities. Since classical
spectral estimators do not involve any local smoothing over time, and since he focused on linear
processes and did not consider data-dependent bandwidths, his framework required simpler as-
sumptions. He also considered an estimate of the spectrum profile which is defined similarly to
the variance profile of Cavaliere and Taylor (2007). That is based on a recursive estimate of the
spectral density which is, however, different from applying local smoothing. The local smoothing
is important to better account for nonstationarity as shown in Casini, Deng and Perron (2023).
Potiron and Mykland (2020) showed that in the context of estimation of higher powers of volatility
for high frequency data the local smoothing can lead to substantial efficiency gains. Although
our setting is complicated by serial dependence and the fact that the class of estimators has a
slower rate of convergence than the parametric v/T-rate, the theoretical results on the power of
the HAR tests below suggest that the local smoothing yields more powerful tests. In addition,
Casini et al. (2023) showed that under nonstationarity the sample autocovariance can be upward
biased asymptotically relative to the integrated local sample autocovariance, both for fixed lag &
and for k — co. An alternative way to deal with a time-varying mean has been considered by Chan
(2022a, 2022b) who proposed a LRV estimator which uses difference-based statistics that combine
local smoothing and lagged differences of the series. His results confirmed that the local smoothing
is important to enhance efficiency. However, he required covariance stationarity and did not study

the theoretical properties of HAR tests normalized by the proposed LRV estimator.

2.2 Data-Dependent Bandwidths

For data-dependent bandwidths, we use plug-in estimates of the optimal value that minimizes
some MSE criterion, see Section 4 and Casini (2023b). Let I'p,, (k) = Cov(V} 1y, Vi ry_x) and

Cpp = Z§:1 Sy ® LlL;-, where ¢; is the i-th elementary p-vector. The notation W and W are
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used for some p? x p? weight matrices. Let F(K5) £ fol K2 (x)dx, H (K,) = (fol 22Ky (x) dz)?,

Dy (u) £ vec (82073 (u, k) /auz)/ W vec (8263 (u, k) /8u2) ,
Dy (u) & te[W (e + Cpp) Y- ¢ (u, 1) @ [2¢ (u, D],

l=—00

where ¢}, (u, 1) = COV(‘/B,TW VB,Tu—l)’ VD*,t = DV,

pa
Vt*:V}—ZA,«,th_j fort =rnp+1,..., (r+1)nr,

J=1

pa
Dy = (1, — ZADM)’I, Aptj=Arj fort =rnp+1,..., (r+1)np.
=1

The optimal by 1 is given by [see Casini (2023b)]
opt,* o -1/5 1/5 n—1/5
by (u) = [H (Ky) Dy (w)]77 (F (Ky) (D2 (w)) " T,
Let

K, = lim (1 - K, (z))/ |z for g €0, 00); (2.4)

x0

K1, < ooif and only if K7 (z) is ¢ times differentiable at zero. Let f}, (u, w) = 322 ¢ (u, k) e ™*
and define the index of smoothness of f}, (u, w) at w = 0 by fo? (u, 0) £ (27) " S kT en (u, k).
Let

vec (fol 29 (4, 0) du)l Wvec (fol 29 (4, 0) du)
tr [W (L2 + Cpp) (fol b (u, 0) du) ® (fol b (v, 0) dv)} .

¢p (q) =

The optimal by r given the optimal value bgf’}’* is given by [see Casini (2023Db)],
b = (2qK7 6 () Thy'r/ (1 K7 (y) dy [ K3 (x) da)) /24D,

with B;ZE’* = fol b3 (u) du. For the QS kernel, ¢ = 2, Ky, = 1.421223, and [ K7 (z) dz = 1. For
the optimal K, we have H(K5"") = 0.09 and F(K5™) = 1.2.
The bandwidths (b‘f%’*, Engt*) are optimal under a sequential MSE criterion that determines

the optimal b; as a function of the optimal by (u). Thus, the latter influences the former but not

10
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vice-versa. However, this has the advantage that the optimal b (u) is allowed to change over time.
Belotti et al. (2023) proposed an alternative criterion that determines the optimal b; and by that
jointly minimize the global MSE. The latter yields an optimal by that does not depend on u and
so it does not perform as well as the sequential method when the data is far from stationary.

In order to construct a data-dependent bandwidth for be 1 (u), we need consistent estimators
of Dy p(u) and Dy p (u). We set W = p~! for all » which corresponds to the normalization
used below for W. The estimator of Dy p (u) is then,

Dip(u) 215, > {(3/7T) (14 0.8 (cos 1.5 + cos 4mu) exp (—iw,)) " (0.8 (—4m sin (47u))) exp (—iws)

SGSw

—77 11 + 0.8 (cos 1.5 4 cos 4mu) exp (—iw,)| (0.8 (—167r2 cos (47Tu))) exp (—z’ws)} :

where [S,] is the cardinality of S, and wsy1 > w, with w1 = —7m, wis,) = 7. We set S, =
{—m, =3, =2, =1, 0, 1, 2, 3, 7}. The estimator of Dy p (u) is given by

|_T4/25

- P *,(r,T 2
Dop(u) 220> > (@5 (o, 1),

r=1;__ LT4/25J

where the number of summands grows at the same rate as the inverse of the optimal bandwidth

b, Hence, the estimator of the optimal bandwidth b3% is given by

R \T/nr)-1

bQ,T = (nr/T) Z A;,T (ur), (2.5)
r=1
where b5 (u,) = 1.7781(Dy p (u,)) /> (Do p (u,))/°T%,  w, = rng/T. (2.6)

The data-dependent bandwidth parameter ET,T is then defined as follows. First, one specifies
p univariate approximating parametric models given by {Vg(: )} for » = 1,..., p. Second, one
estimates the parameters of the approximating parametric model by least-squares. Third, one
substitutes these estimates into ¢p (¢) with the estimate denoted by bp (). This yields the data-
dependent bandwidth parameter

i = (20t 50 0 Ty ( [ K2 0o 1 3 (0)ac) | /0, 27
For the QS kernel, we have 5’{7T = 0.6828(¢p (2) TEQT)_U 5. The suggested approximating para-
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metric models are locally stationary first order autoregressive (AR(1)) models given by ng{ ) =
(t/T) t)l +u” r=1,...,p Leta!” (u) and (6™ (u))? be the least-squares estimators of

the autoregressive and innovation variance parameters computed using data close to u = t/T"

~(r) mtong g1 VD VD,] 1 () ! S (1) 2\
ay’ (u) ; ’ ) \2 " (u) = Z (VD:j ( )VD,J 1) )
j=t—na p+1 ( D,j—l) J=t—nar+1

where ny 7 — 00.!! These are simply least-squares estimators based on rolling windows. Then, for

q = 2, we have

2

P |_T/n3 TJ -1 (~( . 9
6 jnsr +1) /T)ay” ((jnsr +1) /T
b @) =y we |1 [y (5 (Gnar ())/ )l ((nsr +1) /7))
. =0 (1-a"” ((nar+1) /T))
2
T/nzr|—1 ~(r) ({3 2
i e | 1T L] (60 ((Gnszr +1) /1)) RN
r=1 T =0 (1 _ a(r) ((jn?»,T i 1) /T))
where W(r,r), r =1,..., p are pre-specified weights and n3r — co. The usual choice for W) is

one for all r except that which corresponds to an intercept in which case it is zero.

3 Large-Sample Results When E (V;) = 0

In this section, we analyze the asymptotic properties of ij,T for the case with E (V;) = 0 for all ¢,
which is relevant under the null hypothesis provided that the model is correctly specified. Let

K; = {Kl(-) R—=[-1,1], (1) K1 (0) =1, K (z) = Ky (—x), /

—00

K ()] da / K2 (z) dz < oo

(i) | Ky (z)] < Cy |2 " withb > max (1 +1/q, 4) for |2| € [T, DrhrTy],
T_l/th — 00, Dy > 0,7, Ty € R, 1 <7, <7y, and withb > 1 + 1/(]

for |z| ¢ [Tr, DrhrTy] and some C < oo, whereq € (0, 0o) issuch that K , € (0, 00),

(173) | K1 () — K1 (y)| < Cy|x — y| YV, y € Rforsome costant Cy < 00, and (iv) ¢ < 34/4}.

HSee, for example, Dahlhaus and Giraitis (1998) for a discussion about nonparametric local parameter estimates
in the context of locally stationary time series.
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K3 contains commonly used kernels, e.g., QS, Bartlett, Parzen, and Tukey-Hanning, with the
exception of the truncated kernel. For the QS, Parzen, and Tukey-Hanning kernels, ¢ = 2. For
the Bartlett kernel, ¢ = 1.1 The condition ¢ < 34/4 in part (iv) is a technical condition needed
to control the deviation |E’1‘T — by, 7|, where by, 7 is defined similarly to EiT [cf. (3.1) below| but
with ¢p (¢) replaced by some ¢y such that ¢g — ¢p (¢) (see Assumption 3.5 below).

We consider the same class of kernels Ky as considered by Casini (2023b):

KQI{KQ('>I R-}[O, OO] . KQ(x):Kg(l—x),/Kg(x)da::L
1
/ Ky (z)dx < oo, Ky (x) =0, for x ¢ [0, 1]
0
| Ky () — K (y)| < Cylz —y| forall z, y € Rand some constant Cy < oo}.

We define
MSE(Tby by, Jp, Jp, W) = Tby pby g E[vec(Jp — Jp) Wec(Jp — Jp)].

We need to impose conditions on the temporal dependence of {V;}. Let

(a1,a2,a3,a4)

Ky (u, v, w) £ @299 (¢ ¢4y 4o, t+w) — K9 (¢t pu o, W)
2 E(‘/t(al V a2)‘/;+3)v; ) EV V/(ic/lzt—i—uv/;i)—i-vv/i/ t+w?

where {V,} is a Gaussian sequence with the same mean and covariance structure as {V;}.
/@%’@’%a“) (u, v, w) is the time-¢ fourth-order cumulant of (V;“", V(%) V(@) (a4)y while 5 (10295.04)
(t, t+u, t+v, t+w) is the time-t centered fourth moment of V; if V; were Gaussian. Let Aypax (A)

denote the largest eigenvalue of the matrix A.

a1,a2,a3,04)

Assumption 3.1. (i) 3237 Sup,e(o 1) Ilc(u, k)|| < oo and o327 3272 Y2 sup, ’KV )

(k, 7, )| < oo for all aj,as,a3,a4 < p. (i1) For all ay,as,a3,a4 < p there exists a function
Ray.as.as.as |05 1] X Z X Z X Z — R that is piecewise continuous in the first argument such that
SUD,e[0, 1] ]m‘ftﬁifw“) (k, 8, 1) — Rayapas.ay (U, K, 8, 1) | < KT™t for some K < 00; Ray ap.a5.0,(Us K,
s, 1) is twice differentiable in u at all continuity points with bounded derivatives (0/0U) Ra, ay.as.a4
(u,+,++) and (0%/0u?) Fay an.ag.as (Us*++), and twice left-differentiable in u at all discontinuity

points with bounded derivatives (0/0-u) Ray a.as.as (Uy ) and (0?/O_u*)Ray ag.az.a0 (W55 ), and

12Recall that K7 , is defined in (2.4).
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piecewise Lipschitz continuous derivative (02 /0_u?) Fay.ap.az.as (U 5+ )

If {V,r} is stationary then the cumulant condition of Assumption 3.1-(i) reduces to the
standard one used in the time series literature [see, e.g., Assumption A in Andrews (1991)]. We
do not require fourth-order stationarity but only that the time-t = Tu fourth order cumulant is
locally constant in a neighborhood of a continuity point u. As explained in Casini (2023b), using
an argument similar to that used in Lemma 1 in Andrews (1991), one can show that a-mixing
and moment conditions imply that the cumulant condition of Assumption 3.1-(i) holds. Part (ii)
essentially requires that the approximating cumulant function Re, 4y 4.4, (4, k, s, 1) satisfies similar
smoothness restrictions as f (u, -) (i.e., twice differentiability at the continuity points and twice

left-differentiable at the discontinuity points).

Assumption 3.2. (i) \/T(B — Bo) = Op (1); (i) sup,ep, 1) BV ||* < oo; (i) SUPyep0,1] E SUDPgeo
1(0/08") Viru) (B) [|* < o0.

Assumption 3.2-(i,iii) is an extension of Assumption B in Andrews (1991) to a nonstationary
setting. Part (i) follows from asymptotic normality of vT'(5 — fy). Part (ii)-(iii) are common
conditions used to obtain the asymptotic normality of \/T(B — Bp) under nonstationarity. In order

to obtain rate of convergence results we shall replace Assumption 3.1 with the following assumption.

Assumption 3.3. (i) Assumption 3.1-(i) holds with V; replaced by

(V[Tup vec ((;ﬁ,v\ju] (50)> —E (aaB,VLTuJ (50)>>,>/-

(i1) 50D,ct0.1y Elsubce || (02/0508) Vigly (B) )7 < o0 for all v =1,...., p
Assumption 3.4. Let Wy denote a p* x p? weight matriz such that Wy Lw.

Assumption 3.5. (i) ¢p (q) = Op (1) and 1/ép(q) = Op(1); (i) inf{T/nsr, /izr}(dp (q) —
¢g+) = Op (1) for some ¢g- € (0, 00) where nor/T + ngr/T — 0, ng/;i/T — [cg, 00), né?T/G/T —
[c3, 00) with 0 < ¢z, ¢3 < 00; (i) SUD,e(p 1) Amax(L, (k) < Csk™ for all k > 0 for some Cs < 0o
and some | > max{2, (4¢+2)/(2+¢q), (11+6q) /(11 +4q), (234 34q) / (234 10q)}, where q
is as in Ks; () uniformly in v € [0,1], Dy (u), Dy (u), 1/Dy (u) and 1/Dy(u) are Op(1);
(V) Wepr — ws — 0, [Su] ™" = o0 at rate O (T™Y) and O (T), respectively; (vi) /Tbo.r (u)(Dy (1)
=Dy (u)) = Op (1) for allu € [0, 1].
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Assumption 3.3 is needed to show that the effect of using B rather than §y when constructing
Jowr is at most op (1); it is an extension of Assumption C in Andrews (1991). Parts (i)-(ii) of
Assumption 3.5 are the nonparametric analogue to Assumption E-F in Andrews (1991). Part (iii)
is satisfied if {V;} is strong mixing with mixing numbers that are less stringent than those sufficient
for the cumulant condition in Assumption 3.1-(i). Part (iv) and (vi) extend (i)-(ii) to D; and Ds.
Part (v) is needed to apply the convergence of Riemann sums. Under Assumption 3.5 the effect
of using the bandwidths BT,T and 5§7T rather than by, 7 and by, 7 (defined below in (3.1)) when

constructing Jpy. 7 is at most op (1).

Assumption 3.6. ,/nT(ﬁm- — A, ;) = Op(1) for some A,; € RP*P for all j = 1,..., pa and all
r=0,..., |T/nr].

Given the restrictions below on np, Assumption 3.6 is satisfied by standard nonparametric
estimators. For the consistency of jTpr, Assumption 2.1, 3.1-3.2, 3.5-(i,iv) and 3.6 are sufficient.

For the rate of convergence and asymptotic MSE results additional conditions are needed. Let

3 1 —1/(2q+1)
boy (2inq¢a»«TbeQ,T/ ( [wwa [ & d)) | (3.1
0

where by, 7 = fol [H (K3) Dy (u)]™Y/5 (F (K3) Dy (u))*® T=1/5du. Recall that the bandwidths E;T,
BE,T and BTI are defined by (2.5), (2.6) and (2.7), respectively.

Theorem 3.1. Suppose K; (-) € K3, q is as in K3, K () € Ko, || fo "9 (4, 0)|| < co. Then, we
have:

(i) If Assumption 2.1, 3.1-3.2, 3.5-(i,iv) and 3.6 hold, \/EBTT — 00, and q > 1/2, then
T (0 7, by.p) = J = 0.

(i) If Assumptwn 2.1, 3.1-(ii), 3.2-3.3, 3.5-(ii,iti,v,vi) and 3.6 hold, and nT/(TbTT) — 0,
nr/(T (bT,T)q) — 0, sz T/(nTbik T) — 0, sz Tbl T/nT — 0, then \/TbelyTbGQ»T(JPW T(b1 T bz T)
Jr) = Op (1),

(11i) Let yi.q = 2¢K7 0o+ /(| K3 (y dyfol K2 (z)dx). If Assumption 3.2-3./ and 5.5-(ii,iii,v,vi
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hold, then

A~

Jim MSE(T*°C0) oy (5 7, byr), . W)

= 472 [vainqvec ( /0 1 Fi9 (4, 0) du)lVVvec < / 1 £ (4, 0) duﬂ
+/K12(y)dy/K22(x)dxter(Iz— - (/ 15 (u, 0) du> (/ 15 (u, 0) du)].

A result corresponding to Theorem 3.1 for non-prewhitened DK-HAC estimators is established
in Theorem 5.1 in Casini (2023b) under the same assumptions with the exception of Assumption
3.6. Note that for u a continuity point, £}, (u, w) = D (u, w) f* (u, w) D (u, w)’, where D (u, w) =
(I, — X204, Apj (u) e%)~! with Ap; (u) = Apru; +O(T7") and f* (u, w) is the local spectral
density of {V;*}. Since D (u — k/T, w) = D (u, w) + O (T~') by local stationarity, we have

q/2 ﬂ
dw1

-1
fE(Q) (u, 0) = (—) D (u, w)fl f(u, w) (D (u, w)/) } lw=0 + O (T_l) , @ even.
A meaningful comparison between prewhitened and non-prewhitened DK-HAC estimators Jr can
be made only if reasonable choices of the bandwdiths b; 7 and by 7 are made. When the optimal
bandwidths for jpwj and jT are used we find that jT,pw has smaller asymptotic MSE than jT if

and only if (assuming p = 1, i.e., the scalar case, with w;; = 1)

/ F29 (4, 0) duﬁ(/ol fo (u, 0) du) 2q < /01 9 (u, 0) du </01 f (u, 0) du>2q_ (3.2)

squared bias variance squared bias variance

A numerical comparison would be tedious since the condition depends on the true data-generating
process of {V;} and the VAR approximation for V, = Vt(B) Under stationarity, Grenander and
Rosenblatt (1957) and Andrews and Monahan (1992) considered a few examples. We can make a
few observations on the difference between the condition (3.2) and an analogous condition for the
case with {V;} second-order stationary and Dy = D = (1 — 374, A;)~" for all s [cf. Andrews and
Monahan (1992)]. The condition in Andrews and Monahan (1992) is then

[f@(0)[D* < [f7(0) ], (3.3)

where the quantities f7(0) and £*( (0) do not depend on u by stationarity. The main difference
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between the two conditions (3.2)-(3.3) is that the part involving the asymptotic variance is missing
in (3.3). The quantities |f*@ (0)|D? and |f?(0)| are from the asymptotic squared bias. This is
a consequence of the fact that prewhitened and non-prewhitened HAC estimators have the same
asymptotic variance under stationarity when the optimal bandwidths are used. This property
does not hold when {V;} is nonstationary. The condition (3.2) suggests instead that, in general,
both the asymptotic squared bias and asymptotic variance of prewhitened and non-prewhitened
HAC estimators can be different. Simulations in Andrews and Monahan (1992) showed that this is
indeed the case even under stationarity: the variance of the prewhitened HAC estimators is larger
than that of the non-prewhitened HAC estimators—this feature is consistent with our theoretical
results but not with theirs.

Both the smoothing over lagged autocovariances and over time influence the bias of jPW’T.
The contribution to the bias due to smoothing over lagged autocovariances is O(bf ) while the
contribution due to smoothing over time is O(b;T). Note that the continuity points and the
discontinuity points here induce a bias of the same order b3 ;.. For the continuity points, O(b%,T)
follows from the usual argument. In the neighborhood of a discontinuity point [)\? —bar, )\9 +ba1],
the bias of the local smoothing is O(by ). However, when averaging over blocks or equivalently
integrating over u € [0, 1], this bias becomes O(b3 ;) since there are only a finite number of
discontinuity points and so each discontinuity point contributes O(b%}T) to the integrated bias.
For Jowr we have (AE;T)Q / (BT’T)‘I — 0 since ¢ = 2. Thus, the bias due to smoothing over lagged

autocovariances dominates the bias due to smoothing over time.

4 Extension to General Nonstationary Random Variables

In this section we discuss the case where {V;} is unconditionally heteroskedastic and establish
new MSE bounds which we compare to existing ones. To focus on the main intuition and for
comparison purposes, we consider the non-prewhitened DK-HAC estimator

T-1

Jr(bvr, bar) = > Ki(birk)T (k),

k=—T+1
where T (k) is defined analogously to I'% (k) but with V; in place of ‘75’# We use the new MSE
bounds to show that the data-dependent bandwidths for the DK-HAC estimator are minimax MSE-
optimal also under general nonstationarity. Corresponding results for the prewhitened estimator

~

Jpw,r can be obtained by using the results of Section 3, though the proofs are more lengthy with
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no special gain in intuition.

We provide theoretical results under the assumption that {V;} is generated by some distribu-
tion &. E4 denotes the expectation taken under 2. We establish lower and upper bounds on the
MSE under & and use a minimax MSE criterion for optimality. Define the sample size dependent

spectral density of {V;} as
T-1
for(w) = (27r)_1 > Ty (k)exp(—iwk), for we [—m, 7,
k=—T+1
where

T Z?:kﬂ E»(V:V}), fork >0

Tor (k) = |
Ty i Ex(VisrVy)), fork <0

The estimand is then given by
JorE Y. Tor(k). (4.1)

The theoretical bounds are derived in terms of two distributions &,,, w = L, U, under which
{V;} is zero-mean SLS with my+1 regimes and satisfies Assumption 2.1 and 3.1 with autocovariance
function {T s, /7 (k)}. Then, {a’V;} has spectral density fs, ,(w) = fol 2.0 (u, W) du, where

fona(u, w) 2 @2m)~" > dTy, . (k)aexp (—iwk), foralla € RP.

k=00

Let kg qvi (k, j, m) denote the time-t fourth-order cumulant of (a'V;, a'Vigk, a'Viij, a’'Vigsn) under
Z. Define

Py £ {,@ : Loy r (k) S Toyr (k) < Toyyr (k), and |kp vy (K, 5, m)| < |s5 (K, 5, m)|

Vt>1,k, j,m>—t+1, a€RPthatsatisfies > > > supk;(k, j, m) < oo}7
t

k=—00 j=—00 mM=—00
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and P, 2 {9 :0< Ty, yr (k) <Topyr(k), Vt>1, k> —t+1landkp vy (k, 4, m)
satisfies the same condition asin Py } .

To derive the MSE bounds for a given class of general nonstationary processes one needs to impose
restrictions on the autocovariance function of the processes in the class relative to the autocovari-
ance function of some process whose second-order properties are known. This approach was also
used by Andrews (1991) who, however, relied on stationarity. Py includes all distributions such
that the autocovariances of {V;} are bounded above by those of some SLS process with distri-
bution Zy, thereby allowing considerable variability of I' s /1 (k) for given ¢ and k. The set Py,
requires the autocovariances of {V;} to be bounded below by positive semidefinite autocovariances
of some SLS process with distribution ;. Let cg, (u, k) = [ €“*T'», ., (k) dw denote the local

autocovariance associated to the distribution &, w = L, U. Let
K, = {Kl() R — [—1, 1] Kl(O):l, Kl(l') :Kl(—I),VZEGR
/ K} (r)dr < oo, K; () is continuous at 0 and at all but finite number of points}.

Note that K3 C K. In particular, K includes also the truncated kernel.

4.1 Consistency, Rate of Convergence and MSE Bounds

Consider the following generalization of Assumption 2.1 and 3.1:

Assumption 4.1. {V;} is a mean-zero sequence and satisfies Y32 supysy [|[Ex(ViV/ || < oo and

ai,as,as,a .
forall ay, az, az, as < p, 3202, 3252, Do SUP;> |/{F@fwt2 24 (k j,m)| < 0.

Let MSE (-) denote the MSE of - under &2 and let K, , = {K; (-) € K;: K, (z) > 0Vz}.
K . is a subset of K; that contains all kernels that are non-negative and is used for some results

below. The QS kernel is not in K ;. The smoothness of f», ., (u, w) at w = 0 is indexed by

FO o (u, 0)=@21)7" S Jk|"dT s, (k) a, forge 0, 00), w=0L,U.

k=—0oc0

We first consider the MSE bounds for Jy which is constructed using V;(fp) rather than YA/t
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Theorem 4.1. Suppose Assumption 4.1 holds, K () € Ko, by, bor — 0, np — oo, np/T — 0
and 1/(Tbypbyr) — 0. If ng/(T] 1) — 0, b35/0{ 7 — 0 and Tb??;lsz“ — v € (0, c0) for some
q € [0, 00) for which K 4, |f01 f!(;fl’a (u, 0)du| € [0, 0), w= L, U, a € RP, then we have:

(i) for all K () € K,

PePy

+2/K12 () dy/o1 K2 (z) da (/Olf%,a (u, 0) du>2] |

(i) for all Ky () € K 4,

1 2
. 7N g2 2 (9)
M Tby by sup MSE (a’JTa) = 47 [’yKLq (/0 fon . (u, 0) du)

1 2
) . = ) 2 (9)
}E‘;oTblvang}Q]@LMSEW (a’JTa) =47 [’yKLq (/0 f,}]ba (u, 0) du)

w2 [ Kty | K3 (2) d ( / e (w,0) du)] |

The theoretical bounds in Theorem 4.1 are sharper than the ones in Andrews (1988; 1991)
which are based on stationarity (i.e., the autocovariances that dominate the autocovariances of
any & € Py are assumed by Andrews (1991) to be those of a stationary process).'® Given that
stationarity is a special case of SLS, our bounds apply to a wider class of processes. Furthermore,
they are more informative because they change with the specific type of nonstationarity unlike
Andrews’ (1991) bounds that depend on the spectral density of a stationary process.

The theorem is derived under bg,T /bl — 0 (i.e., the bias due to smoothing over time is of
smaller order than that due to smoothing over lagged autocovariances). When instead b%jT /bl —

v € (0, 00), there is an additional term in the bound. For example, in part (i) this term is

2
1
(WV/ 2Ky (z) da:/~ (82/8u2) foy.a(u, 0)du+2mvAy, (O)) + &,
0

Coy

13There are a couple of technical issues in Section 8 in Andrews (1991). In particular, the MSE bound is not
correct. See Casini (2022) for details.
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where C 2, 1s the set of continuity points under &y,

mo 1 a 1-s a 1
Aty o (W) = 2; i (%f%]’a (Ag, w) /0 x Ky (x) dx + @f%’“ ()\?, w) /1 r Ky () dx) ds,
j= -3

with {/\?}@1 being the discontinuity points, mg being a finite integer,
j:

ag_f%,a (N, w) = lim

0
Mﬁ%,a (Ag, w) = lim

and = depends on the cross-products of the bias terms due to smoothing over time and lagged
autocovariances. Some of the results of this paper are extended to the case b3 /b , — v € (0, o0)
in Belotti et al. (2021). Thus, our bounds show how nonstationarity influences the bias-variance
trade-off. They also highlight how it is affected by the smoothing over the time direction versus the
autocovariance lags direction. These are important elements in order to understand the properties
of HAR tests normalized by LRV estimators.

We now extend the results in Theorem 4.1 to the estimator .J; that uses V;(3). The following
assumptions extend Assumption 3.2-3.3 to the distribution 2.

Assumption 4.2. Assumption 5.2 holds with & replaced by E .

Assumption 4.3. (1) Assumption 4.1 holds with V; replaced by (V|p,,, vec(((0/0B")V 1) (Bo))— Ez(
(0/08) Viru) (50 (i6) 50D,y Eir(supsee 02/050) V{2 (5)I17) < oo (r =1, p).
To show the asymptotic equivalence of the MSE of a Jra to that of @’ Jra we need an additional

assumption which was also used by Andrews (1991). Define

T-1
Hl,T S bl,T Z Ky (bl,Tk)‘
k=—T+1
[T/nr| T
n _ L+ D)np—(s—k/2)/T\ 0 , ,
X or Z (TbQ,T) 1/2 Z K2 (( ) T ( / )) / —a ‘/s (/60) a Vs—k: (BO) 7
T r=0 s=k+1 b27T 86
R T-1 ny [T/nr| ) T
H2,T = bl,T Z K, (bl,Tk) sup ? Z (TbQ,T)_ Z
k=—T+1 peo r=0 s=k+1
((r+Dnr—(s—=k/2)/T\ & , ,
K3 _ .
X 2 < b2,T aﬁaﬁ/a%(ﬂ)avs ]f(ﬁ)

21



ALESSANDRO CASINI AND PIERRE PERRON

Let H")., B and 8" denote the r-th elements of H, 1, B and Sy, respectively, for r = 1,.... p.
17 0 :

Assumption 4.4. For all v = 1,..., p, imsup;_, Supzcp, Eg(Hff%\/T(g(’") — B5)2 < 0o and
lim supyp_, o SUpPp zep,, E@(\/T(B - BO)IHZT\/T(B - BD))z < Q.

Theorem 4.2. Suppose K, () € Ky, Ks(-) € Ko, bip, bor — 0, np — oo, np/T — 0 and
1/Tby rber — 0. We have:

(i) If Assumption 4.1-4.2 hold, \/Tbl;_p — 00, then Jp — Jo T 50 and Jr — Jr 50 where
Jor is defined in (4.1).

(ii) If Assumption 4.1-4.8 hold, ny/(Tbyr) — 0, np/(Tb{;) — 0 and bef’ffle,T — v €
(0, 00) for some q € [0, 00) for which K 4, |f01 fé%fu,a (u, 0)du| € [0, 00), w=U, L, a € RP, then
Ty 1bsr(Jr — 1) = O (1) and /Thy1(Jr — Jr) = 05 (1) .

(#ii) Under the assumptions of part (ii) and Assumption 4.4,

lim sup Tby by r|MSEs(a'Jra) — MSEu(d Jra)| = 0

T—o0 PePy

for all a € R? such that ]fol fg[)]’a (u, 0) du| < o0.

Theorem 4.2 extends the consistency, rate of convergence, MSE results of Theorem 3.2 in
Casini (2023b). The asymptotic equivalence of the MSE implies that the bounds in Theorem
4.1 apply to Jr as well. The MSE equivalence is used to show that the optimal kernels and
bandwidths results below apply to Jr as well as to Jp. Similar results can be shown for the
prewhitened estimator ijpW. For this case, the sets Py and P would need to be defined in
terms of the autocovariance function of Vp, = D;V;*. The distributions &% and &, that form an

envelope for the autocovariances of Vp;, may depend on different prewhitening models.

4.2 Optimal Bandwidths and Kernels

We use the sequential MSE procedure that first determines the optimal by 7 (u) and then determines
the optimal b; 7 as function of the integrated optimal B2,T7 see Casini (2023b). The results for the
global MSE criterion can easily be extended using similar arguments as those used in this section.

We consider distributions &2 € Py s where Pyo C Py is defined below. We need to restrict
attention to a subset Pypo of Py for technical reasons related to the derivation of the optimal
bandwidth bg% (u). The distributions in Py restrict the degree of nonstationarity by requiring
some smoothness of the local autocovariance. This is intuitive since the optimality of bg%‘i (u) is

justified under smoothness locally in time. We remark, however, that the optimality of b;  and
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K determined below holds over all distributions & € Py. We show that the resulting optimal
kernels are K{*" (-) and K5 (-) from Section 3.
Let C, denote the set of continuity points u € (0, 1) under ;. For any a € R? and

Uug € é,% consider the following inequality,

62
a (MCyU (uo, k)) a

which essentially requires that the distribution &7y has locally a larger degree of nonstationarity

than that of the distribution &?. We consider the following class of distributions,

< , (4.2)

(9
a <82u09z (ug, k:)) a

Py, 2 {2 : P c Py, my=0, and (4.2) holds Yk € Rand Vu, € (0, 1)}.

Let

2 2
D1,U,a(UO) £ <a’ <8 C’@gizoj k>) a) )

[e.e]

Do 17,0 (ug) £ Z d' (e, (ug, D[cay, (uo, 1) + co, (o, L+ 2k)])a.

l=—o00

Proposition 4.1. Suppose Assumption J.1-4.4 hold and uy € é{o;;U. For any sequence of bandwidth

parameters {bar} such that by — 0, we have

sup MSE g (a'er (ug, k)a) = sup Egu (d'er (ug, k) a — d'cp (ug, k) a)2 (4.3)
,@GPU’Q ,WGPU,Q
1 1 (o2 ?
< Zbg’T (/0 2Ky () d:c) <82ua’c@U (ug, k) a)
1 1 00
+ / K; (z)dz > d (ngU (uo, 1) [cay, (uo, 1) + coyy (ug, 1+ Qk)}') a
Tb27T 0 l=—00

1 o
+ Thor / Ki(x)de Y Y Kopavruw (P, 0, hae) +0 (b;{T) + 0 (1) (byrT)),
) 0 h1

=—00 hg=—00

which is minimized for

1/5

035 (o) = [H (K5™) Dyva (o)) ™ (F (K5™) (Dawa (o) + D (uo))) " T,
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where

D3 i (uo) Z Z Ky.avTuo (M1, 0, ha),

hi=—00 hg=—0c0

and K3* (1) = 62 (1 —2), 0 <z < 1. In addition, if {V;} is Gaussian, then Dz (ug) = 0 for all
Uy € (0, 1)

We now obtain the optimal K () and by 7 as a function of ES’T fo by (u) du and K5 (-).
For some results below, we consider a subset of K, defined by K; = {K,(-) € K| K (w) >
0Vw € R} where K (w) = (2r)"" [* K, (2) e ™dx. The function K (w) is referred to as the
spectral window generator corresponding to the kernel K7 (+). The set K 1 contains all kernels K
that generate positive semidefinite estimators in finite samples. K, contains the Bartlett, Parzen,
and QS kernels, but not the truncated or Tukey-Hanning kernels.

We adopt the notation jT(bl T) = jT(bl T, bar, Kap) for the estimator Jr that uses Koo (-) €
Ky, by and by = ngTt - (T‘1/5) where bng = fo bo%y (u) du. Let J3°(byr) denote the estimator
based on the QS kernel K9 1 ( ). We then compare two kernels K using comparable bandwidths
by which are defined as follows. Given K (-) € K, the QS kernel K& (.), and a bandwidth
{b1.r} to be used with the QS kernel, define a comparable bandwidth {b; 7k, } for use with K (-)
such that both kernel /bandwidth combinations have the same maximum asymptotic variance over

& € Py when scaled by the same factor T'b; pby . This means that by p g, is such that

hm sup Tbl Tbg TMSE}( (jjgs(blyT) — ]E(jjgs(blj)) + JT)CL)

T—o0 PePy

= lim sup Tb1 Tbg TMSEJ( (jT(bLT,KJ — E(jT(bl,T,Kl)) + JT)CL).

T—o0 PePy
This definition yields by 7k, = b1r/(f K7 (z)dz). Note that for the QS kernel, K B (1), we have
bl,T,QS = bl,T since f K?S ))de =1.

Theorem 4.3. Suppose Assumption 4.1-4.4 hold, fol |f((]2()z (u, 0) |[du < oo, and by — 0, b3 ;T —
n € (0, 00). For any bandwidth sequence {byr} such that bor/byr — 0, nT/TbiT — 0 and
TH pbor — v € (0, 00), and for any kernel Ky (-) € K, used to construct Jp, the QS kernel is
preferred to Ky (+) in the sense that for all a € RP,

lim inf7'by 7by 7 ( sup MSE» (a’jT (b17.x,) a) — sup MSE (a'jjgs (bir) a))
T—o0 PePy PePy

4

— iy ( | o>du) | (o (@) o x [K%,2 ( [ <y>dy) - (k%)
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The inequality is strict if K (x) # K (x) with positive Lebesque measure.

We now consider the asymptotically optimal choice of by r for a given kernel K (-) for which
Ki, € (0, 00) for some ¢, and given K5** and Bgf’}. We continue to use a minimax optimality
criterion. However, unlike the results of Proposition 4.1 and Theorem 4.3, in which an optimal
kernel was found that was the same for any dominating distribution Py and Py, respectively,
the optimal bandwidth b; 7 depends on a scalar parameter ¢ (¢) that is a function of Z; and g.

Let w,, r = 1,..., p, be a set of non-negative weights summing to one. We consider a

weighted squared error loss function

L(Jr. Jox) = D wn(J7 (brr) = T30
r=1
A common choice is w, = 1/p for r =1,..., p. For a given dominating distribution &, define

:szjlwr ( / am (u, 0) du> Zwr ( /0 1 foa (u, 0) du>2, (4.4)

where a(") is a p-vector with the r-th element one and all other elements zero. For any given
¢ (q) € (0, 00), let Py (¢) denote some set Py whose dominating distribution &7y satisfies (4.4).

Theorem 4.4. Suppose Assumption 4.1-4.4 hold. For any given K (-) € Ky such that 0 < K; , <

oo for some q € (0, 00), and any given sequence {by 1} such that byr/byr — 0, szq+1

(0, ), the bandwidth defined by

b(l)gg _ <2qK opt (/ K2 dy/ K2 )) 71/(2q+1)’

1s optimal in the sense that,

bQ’T — Y€

1iminfT8q/5<2q+1>< sup EoL (Jp(bir), Jor) — sup EuL(Jp (65%), ng,T)> > 0,
T=ro0 PEP(9) PEPy(9)

provided [y, > 0 and f o) > 0 for some r for which w, > 0. The inequality is strict unless
blT — bopt + O(T 4/5(2q+1))
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4.3 Data-dependent DK-HAC Estimation

We now show that the DK-HAC estimators based on data-dependent bandwidths with similar form
as B’QT and EZT (cf. Section 2) have the same asymptotic MSE properties as the estimators based
on optimal fixed bandwidth sequences b'f:ﬁ and Engt that depend on the unknown distribution 2.

We consider the data-dependent bandwidths blT and bQT from Casini (2023b) which are
defined as b 17 and bQT, repetitively, with V; in place of VD +- We choose a parametric model for
{a (r)r Vi, r =1, ..., p, where a') is a p-vector with the r-th element one and all other elements

zero. We use the same locally stationary AR(1) models as in Section 3, i.e.,
V" =a” (¢/T) VO + )",

with estimated parameters a\" () and ™) (). Let

§ = (/01a§1> () du, /01 (v (u))2du,...,/01agp> () du, /01 (6% (u)) 2du>/,

and 6%, denote the probability limit of §. We only consider distributions & for which 6%, exists.
We construct ¢ (q) = op (q) as in Section 2 but using the estimate f. The probability limit of qg(q)
is denoted by ¢y« (q). Let ¢% (+) be the value of ¢ (-) from (4.4) obtained when &y is given by the
approximating distribution with parameter ¢%,. For some ¢, ¢ such that 0 < ¢ < ¢ < 00, define

Pys = {,@ € Py: (i) A 07, for some 6%, € O such that ¢» (q) € [¢, @] for any g,

(ii) sup |@'T o, (k)a] < Cs|k|™ fork =0, £1,..., forsome Cs < oo,
u€(0,1]

for somel > max{2, (4¢+2)/(2+q)}, foralla € RP with ||a|| = 1,

where ¢ isasin K3 and satisfying 8/¢ — 20g < 6, and ¢ < 11/2,

(i) ig}fvar%(a'f (k) a) = O(1/Tb3%), and

T Ser i3

So 4
(iv) limsup E » ( S JT0% |aT (k) a — a'Tpp (k) a’) < Cy

for some Cy < cowith So 7 = {(bip})_rJ somer € S(q, b, l)},
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where

S(q, b, 1) = (max{(b—3/4—q/2)/(b—1), ¢/ (I - 1),
min {(6 + 4q) /8, 15/16 + 3¢/8}),

with b > 14 1/q. The class of distributions Py 3 corresponds to the class P ; used by Andrews
(1988). The lower bound 0 < ¢ < ¢» (¢) in part (i) eliminates any distribution for which ¢ (-) =

0. For example, white noise sequences do not belong to Py 3 since then ¢ (¢) = 0. We discuss
these cases at the end of the section. Part (ii) imposes a condition on the temporal dependence
of the distribution Z; and is similar to Assumption 3.5-(iii). Part (iii) is satisfied by a wide class
of SLS processes as shown by Casini (2023b). Part (iv) was also used by Andrews (1988), though

the interval S (g, b, 1) is tighter as it takes into account of the time smoothing.

Let
b1.95,1 = <2QK12,q¢9* Tbngt ( / K2 (y)dy / K2 (x >> —1/(20+1)

denote the optimal bandwidth for the case in which &7, equals the approximating parametric

model with parameter 67%,. Let

|_T4/25J
/D\Q’a (U) £ 2 Z a’&T (UQ, l) 6T (U(), l)/ a,
I=— LT4/25J

where ¢r is defined as ¢}, p with V; and be 7 in place of V5, and b5 ,, respectively,

-1

A s (Tgﬂ) T K <((T+1)nTb2(; k/2)) /T) VL k>0
er (rnr /T, k) = T\ T « [ ((r+D)np—(s+k/2))/T :
(TblT) D B3 T VoVl k<0

~ 4
int {7/ s, 1,z } (30 G —gp G0V
P
B(q)t/ et

Assumption 4.5. (i) We have sup Eu
,@EPUQ

oo, where q is as defined in K3, ¢(q) < ¢ < 0o, and nyr/T + ngr/T — 0, n10/6/T — [cg, 00),

g JT — [e3, 00) with 0 < ¢, ¢5 < 00; (ii) \/Thor (u)(Dag (w) — Dapra (1)) = Op (1) for all
u € [0, 1]; (i) Assumption 3.5-(v) hold.

=0(1) as T —

Any estimator ¢ based on kernel nonparametric estimators of a\” () and &) (-) satisfies
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Assumption 4.5-(i). Assumption 4.5-(ii) extends Assumption 3.5-(vi) to the distribution & and is
are useful to show that the effect of using 517T and EQ,T rather than b; 9, 7 and ng; when constructing
Jr is at most op (1). The following result shows that jT(ELT, /B\QyT) has the same asymptotic MSE
properties under & as the estimator jT(bng,,T, ES?). Since the asymptotic MSE properties of the
estimators with fixed bandwidth parameters have been determined in Section 4.2, from this result

follows the consistency of jT(gLT, be.r) and its asymptotic optimality properties.

Theorem 4.5. Consider any kernel K, (-) € Ks, q as in K3 and any Ky (-) € K. Suppose
Assumption 4.1-4.5 hold. Then, for all a € RP,

T8 sup IMSE (' Jr(by 1, bor)a) — MSEu(a'Jr(big. 1, By)a)| = 0.
PePys
Theorem 4.5 combined with Theorem 4.1 and Theorem 4.2-(iii) establish upper and lower
bounds on the asymptotic MSE. Results on asymptotic minimax optimality for data-dependent
bandwidths parameters can be obtained using Theorem 4.1, Theorem 4.2-(iii) and Theorem 4.4-4.5.
It remains to consider the case ¢ () = 0. When this occurs, ¢~ () is O ((T/nsr)? +nar).
Under the additional condition ((T/n3r)? + nar)/T*® — ¢ € [0, 00) in Assumption 4.5-(i) we
have BLT = O (1). Thus, jT(BLT, EQ,T) —Jor 20 also when the series is white noise. This is
important in applied work because often researchers use robust standard errors even when they

are not aware of whether any dependence is present at all.

5 Theoretical Results About the Power of HAR Tests Under Gen-
eral E (1)

A long-lasting problem in time series econometrics is the low /non-monotonic power of HAR infer-
ence tests under nonstationary alternative hypotheses. The problem involves HAR tests outside
the regression model that can be characterized by an alternative hypothesis involving E (V;) =
with p; # 0 for at least one ¢t. The process p; can be any piecewise continuous function of . For ex-
ample, tests for structural breaks, tests for regime switching and tests for time-varying parameters

can be framed in this way. To see this, consider a linear regression model,

yt:x;ﬁt—l—eb tzl,..., T. (51)
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The null hypothesis of no break in the regression coefficient of x, is written as Hg : 3 = [ for all
t for some [y € RP [see, e.g., Andrews (1993)]. The alternative hypothesis may be of several forms.
Let Hgy @ By = B(t/T) (t=1,...,T) for some piecewise continuous function /5 (-). Estimating
(5.1) by least-squares yields y, = 3 + & for all ¢ where [ is the least-squares estimate and {&,}
are the least-squares residuals. Letting V; = x€;, the null hypothesis Hg( can be rewritten as
Hy : E(V;) =0 for all ¢ while the alternative hypothesis Hg; can be rewritten as Hy : E(V;) =
where u; # 0 for at least one t. Structural break tests are based on an estimate of the LRV of
V; = xy;. While under Hy V; is zero-mean, under H; the mean of V; is time-varying. Under the
alternative hypothesis, it is required for consistency of the test that the LRV estimator converges
to some positive semidefinite matrix since the numerator of the test statistics diverges to infinity.
However, time-variation in the mean of V; severely biases upward traditional LRV estimators which
then lead to tests with non-monotonic power. Casini et al. (2023) established analytical results
for this phenomenon, which they referred to as low frequency contamination. We show that the
proposed nonlinear prewhitened DK-HAC estimator accounts for nonstationarity also under the
alternative hypothesis and leads to consistent tests with good monotonic power. Although the
main theoretical result of this section is presented for a particular HAR test and a particular form
of Hy, this result is general enough to provide guidance for most cases discussed in the literature.

We present theoretical results about the power of a popular forecast evaluation test, namely
the Diebold-Mariano test [cf. Diebold and Mariano (1995)], which can be also framed as above.
We focus on the Diebold-Mariano test for ease of the exposition. Similar results hold for the other
HAR inference tests that can be framed as above, though the proofs change slightly depending on
the specific test statistic. Suppose the goal is to forecast some variable y;. Two forecast models are
used: y, = Y+ (2)x£?1+et where xgi)l is some predictor and ¢ = 1, 2. That is, each forecast model
uses an intercept and a predictor. The parameters 5 and f® are estimated using least-squares
in the in-sample t = 1,..., T,, with a fixed forecasting scheme. Each forecast model generates
a sequence of 7 (= 1)-step ahead out-of-sample losses Lgi) =12 fort =T, +1,....,T — .
Then d, £ L§2) — Lgl) denotes the loss differential at time t. Let d; denote the average of the loss
differentials. The Diebold-Mariano test statistic is defined as tpy = T,}/ 2d;/ j;g ?T, where jdL;p is
an estimate of the LRV of the loss differentials and 7,, is the number of observations in the out-of-
sample. Throughout, we use the quadratic loss. The true model is y; = (()1) + 5(()2)m§0_)1 + e; where
x,@l is a predictor and e; is a zero-mean error. We assume that the conditions for consistency and

asymptotic normality of the least-squares estimates of 5(()1) and 6&2) are satisfied.
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In this setting, V; = d,. The hypothesis testing problem is given by

Hy : E(f/t) =0, forallt, (5.2)
H : E (f/t) = pg, with g, # 0 for at least oneft.

Hy corresponds to equal predictive ability between the two forecast models while H; corresponds
to the two forecast models performing differently.

Since we want to study the power of tpy, we need to work under the alternative hypothesis.
The two competing forecast models are as follows: the first model uses the actual true predictor
(i.e., x,gl_)l = xg(i)l for all t) while the second model differs in that in place of x§0_)1 it uses x§2_)1 =
x,@l +ux, for t <7Tj and :E,@l = 5—|—x§0,)1 +ux, for t > Ty, with Ty, > T),,, and uy, + is a zero-mean
error term. Evidently, the null hypotheses of equal predictive ability should be rejected whenever
0 > 0. We consider tpy normalized by different LRV estimators. The HAC estimator is defined as

T—1 T
Japmacr = Y. Ky (brk)T (k), C(k)y=T"" > ViVi,
k=—T+1 t=k|+1

where K () is a kernel (e.g., the Bartlett and QS) and by a bandwidth. Kiefer et al. (2000)

T
s=1

proposed to use a LRV estimator that keeps b at a fixed fraction of T, i.e., jKVB’T =Ny
(1 — |t — 5| /T) V;V, which is equivalent to the Newey-West estimator with by = 7.

We present theoretical results about the power of tpy. Let tpy; = Té/QEL/ jdL,i’T denote
the DM test statistic where ¢ = DK, pwDK, KVB, EWC, A91, pwA91, NW8&7 and pwNW&7.
j\dL,AgLT and jdewng are jdL,HAC,T where K (+) is the Bartlett and QS kernel, respectively.'
jdL pwAol,r and jdL,prwng are the prewhitened HAC estimators using the QS and Bartlett kernel,
respectively, and the prewhitening procedure of Andrews and Monahan (1992). “DK” refers to the
DK-HAC estimator from Casini (2023b) with the MSE-optimal kernels and bandwidths whereas
“pwDK” refers to the prewhitened DK-HAC estimator jpwj in (2.3). Define the power of tpyr;
as Ps(|tpmi| > za) where z, is the two-sided standard normal critical value and o € (0, 1) is the
significance level. To avoid repetitions we present the results only for : = DK, pwDK, KVB, NW87
and pwNWS87. The results concerning the EWC estimator are the same as those for the KVB’s
fixed-b estimator. The results pertaining to Andrews’ (1991) HAC estimator (with and without
prewhitening) are the same as those corresponding to Newey and West’s (1987) estimator (with and

without prewhitening, respectively). For the HAC and DK-HAC estimators we report the results

4 Gince {XA/t} is only observed in the out-of-sample, the LRV estimators use a sample of T;, observations.
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for the MSE-optimal bandwidth [see Andrews (1991), Casini (2023b) and Whilelm (2015)]."> We
set ny = nyr = ngr = T3 which satisfy the growth rate bounds [see Casini (2023b) for details].
Let ng =T — T, — 2 denote the length of the regime in which x§2) exhibits a shift ¢ in the mean.
The alternative hypothesis depends on the shift magnitude 6 and on how long the shift lasts for.

Here the latter is ns. More generally, this is the set of time points such that ]E(‘A/t) = py # 0 holds.

Theorem 5.1. Let {d; — E(d;)} be a SLS process satisfying Assumption 2.1 and 3.1, and ns =
O(T/?+¢) where ¢ € (0, 1/2) such that Tgble — 0 and TE(ET’T)UQ — 0. Then, we have:

(i) If by — 0, then Ps(|tpmnwsr| > za) — 0. If by = O(T~Y3), then |tpymnwsr| = Op(TS5V/0)
and Ps([tpmnwsz| > 2a)— 0.

(ii) If by — 0, then Ps(|tpppwnwsr| > 2a) — 0. If by = O(T~Y3), then |tpampwnwsr| =
Op(TS™Y9) and Ps(|tpm.pwnwsr| > 2a)— 0.

(iii) If by = T, then |tpmxvs| = Op(TS™Y2) and Ps(Jtpmxvs| > 2a)— 0.

(iv) Under Assumption 3.2-(i-iii), [tpmpx| = 620p(T5) and Ps(|tpmpx| > 24)— 1.

(v) Under Assumption 3.2-(i-iii), 3.5-(i,iv) and 3.6, |tpapwpk| = 620p(TS) and Ps(|tpm pwpk| >
Zo)— 1.

Note that by = O(T~'/3) in parts (i)-(ii) refers to the MSE-optimal bandwidth for the Newey
and West’s (1987) estimator. The conditions TS$by? — 0 and TS (b 7)"/2 = 0 mean that the length
of the regime in which x?) exhibits a shift § in the mean increases to infinity at a slower rate
than 7. Theorem 5.1 implies that when the (prewhitened or non-prewhitened) HAC estimators
or the fixed-b LRV estimators are used, the DM test is not consistent and its power converges to
zero. The theorem suggests that prewhitened and non-prewhitened HAC estimators suffer from
this problem in a similar way. The theorem also implies that the power functions corresponding
to tests based on HAC estimators lie above the power functions corresponding to those based on
fixed-b/EWC LRV estimators. An additional feature is that [tpv nws?|, |[tom pwNwsr| and [ty kvs|
do not increase in magnitude with 0 because § appears in both the numerator and denominator.
The results concerning the DK-HAC estimator and the prewhitened DK-HAC estimator jPW’T show
that these issues do not occur when these estimators are used. In fact, the test is consistent and
its power increases with ¢ and with the sample size. We provide finite-sample evidence in support

of these theoretical results in Section 6.

15For the HAC estimators we also report the result for any bandwidth choice by — 0 such that Tby — 0o, which
is sufficient for the consistency of the estimator.
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6 Small-Sample Evaluations

We now show that the prewhitened DK-HAC estimators lead to HAR inference tests that have
accurate null rejection rates when there is strong dependence and have superior power properties
relative to those based on traditional LRV estimators. We consider HAR tests in the linear regres-
sion model as well as applied to the forecast evaluation literature, namely the Diebold-Mariano
test and the forecast breakdown test of Giacomini and Rossi (2009).

The linear regression models have an intercept and a stochastic regressor. We focus on
the t-statistics ¢, = vT(B® — ")/ Jx. ") where Jxr is a consistent estimator of the limit
of Var(\/T(B — o)) and r = 1, 2. t; is the t-statistic for the parameter associated to the intercept
while ¢4 is associated to the stochastic regressor. Two regression models are considered. We run a
t-test on the intercept in model M1 whereas a t-test on the coefficient of the stochastic regressor

is run in model M2. The models are,
= B8 46+ Pz, + e, t=1,.... T, (6.1)
for the t-test on the intercept and
ye = B + (B + 8)x, + ey, t=1,...,T, (6.2)

for the t-test on 662) where 0 = 0 under the null hypotheses. In model M1 we set 6[()1) =
BP =1, 2, ~iid A (1, 1) and e; = per_y + ug, p = 0.4, 0.9, uy ~ i.id. .4 (0, 0.7). Model M2
involves segmented locally stationary errors: 5(()1) = 5(()2) =0, 2y = 0.6 + 0871 + Ugy, Ugy ~
iid. .4 (0,1) and e; = pres—1 + uy, pr = max {0, 0.8 (cos (1.5 — cos (5t/T)))} for t < 4T/5 and
e = 0.5e1 + uy, uy ~ iid. A (0, 1) for t > 4T/5. Note that p, varies smoothly between 0 and
0.7021. Then, Jxr = (X'X/T)" ' Jr(X'X/T)" where X = [X1,..., X7]' and X; = [1, z]'.

Next, we move to the forecast evaluation tests. The Diebold-Mariano test statistic is defined
as in Section 5, tpy = T)V/2d o/ J4l 1/ . In model M3 we consider an out-of-sample forecasting exercise
with a fixed scheme where, given a sample of T" observations, 0.57 observations are used for the
in-sample and the remaining half is used for prediction. To evaluate the empirical size, we specify
the following data-generating process and the two forecasting models that have equal predictive
ability. The true model for y; is given by y; = 6(1 + B(Q)xt 1+ e Where :EE )1 ~ iid. A (1, 1),
e; = 0.8¢;-1 + uy with uy ~ ii.d. .4 (0, 1) and we set 6 =0, 50 = 1. The two competmg
models differ on the predictor used in place of x%o). The first forecast model uses xt ) while the

second uses :v§2) where xgl) and a:iQ) are i.i.d. A4 (1, 1) sequences, both independent from x,g . Each
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forecast model generates a sequence of 7 (= 1)-step ahead out-of-sample losses Lgi) (1=1,2) for
t=T/2+1,..., T—7. Thend, = L,@ — L,El) denotes the loss differential at time ¢. The test rejects
the null of equal predictive ability when (after normalization) d, is sufficiently far from zero.

Next, we specify the alternative hypotheses for the Diebold-Mariano test. The two competing
forecast models are as follows: the first model uses the actual true data-generating process while
the second model differs in that in place of x@l it uses x§2_)1 = a:‘@l + ux, for t < 37'/4 and
2P =642 + ux,+ for t > 3T/4, with ux,; ~ i.i.d. .4 (0, 1). The null hypotheses of equal
predictive ability should be rejected whenever § > 0.

Finally, we consider model M4 which we use for investigating the performance the t-test
for forecast breakdown of Giacomini and Rossi (2009). Suppose we want to forecast a variable
y; which follows y; = 681) + 562)J:t_1 + 0z 1 1{t > T?} + e¢; where x; ~ iid. A (1.5, 1.5) and
e, = 0.3e,_1 + ugp with uy ~ i.i.d. 4 (0,0.7), B = B =1 and TO = TA? with \? = 0.85. The
test detects a forecast breakdown when the average of the out-of-sample losses differs significantly
from the average of the in-sample losses. The in-sample is used to obtain estimates of ﬂél) and
5(()2) which are in turn used to construct out-of-sample forecasts 3, = Bél) + 3(()2)%,1. The test is
defined as tOR £ TV/2GL /] where SL 2 TV T8 SLyyy, SLyi, is the surprise loss at time
t + 7, i.e., the difference between the time ¢ + 7 out-of-sample loss and in-sample-average loss,
SLyyr = Liyr — Ly,. Here T}, is the sample size in the out-of-sample, T}, is the sample size in the
in-sample and Jsr is a LRV estimator. We consider a fixed forecasting scheme and 7 = 1.

We consider the following DK-HAC estimators: JAT,pW,SLS = jT,pw as discussed in Section 2,
Jrpw.1 Which uses prewhitening with a single block [ny = T in (2.2)] (i.e., stationary prewhitening),
jT,pwysLsyu which uses prewhitening involving a VAR(1) with time-varying intercept [i.e., with [
in (2.2)]. The asymptotic properties of jT7pW7SLS7u are the same as those of jﬂpw,SLs since [l
plays no role in the theory given the zero-mean assumption on {V;}. However, it leads to power
enhancement under nonstationary alternative hypotheses. The asymptotic properties of jT7pW71
follows as a special case from the properties of jT7pW7SLS. We set np = nopr =ngr = T2/3. For the
test of Giacomini and Rossi (2009) we do not report the results for jT,pW,l because the stationarity
assumption is clearly violated under the alternative. We compare tests using these estimators to
those using the following estimates: Andrews’ (1991) HAC estimator with automatic bandwidth;
Andrews’ (1991) HAC estimator with automatic bandwidth and the prewhitening procedure of
Andrews and Monahan (1992); Newey and West’s (1987) HAC estimator with the automatic
bandwidth as proposed in Newey and West (1994); Newey and West’s (1987) HAC estimator with
the automatic bandwidth as proposed in Newey and West (1994) and the prewhitening procedure;
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Newey-West with the fixed-b method of Kiefer et al. (2000); the Empirical Weighted Cosine (EWC)
of Lazarus et al. (2018). We consider the following sample sizes: T = 200, 400 for M1-M2 and
T = 400, 800 for model M3-M4. We set T}, = 200, 400 for M3 and T,, = 240, 480 for M4. The
nominal size is a = 0.05 throughout.

Table 1-2 report the rejection rates under the null hypothesis for model M1-M4. We begin
with model M1 with medium dependence (p = 0.4). The prewhitened DK-HAC estimators lead
to tests with accurate rejection rates that are slightly better than those obtained with Newey-
West with fixed-b and to EWC. In contrast, the classical HAC estimators of Andrews (1991) and
Newey and West (1987) are less accurate with rejection rates higher than the nominal level. The
prewhitening of Andrews and Monahan (1992) helps to reduce the size distortions but they still
persist for the Newey-West estimator even for 7' = 400. For higher dependence (i.e., p = 0.9),
using EWC and jTpr75LS7M yield oversized tests, though by a small margin. The best size control
is achieved using the Newey-West with fixed-b (KVB), Jrpw1 and Jrpwsis.

For model M2, Newey-West with fixed-b and the prewhitened DK-HAC (jT,pw,h JATypw,SLS,
JAT,pW,M) allow accurate rejection rates. In some cases, tests based on the prewhitened DK-HAC
are superior to those based on fixed-b (KVB). The tests with EWC are slightly oversized when
T = 200 but close to the nominal level when 7" = 400. The classical HAC of Andrews (1991) and
Newey and West (1987), either prewhitened or not, imply oversized tests with 7" = 200.

Turning to the HAR tests for forecast evaluation, Table 2 report some striking results. First,
tests based on the Newey-West with fixed-b (KVB) have size essentially equal to zero, while those
based on the EWC and prewhitened or non-prewhitened classical HAC estimators are oversized.
The prewhitened DK-HAC allows more accurate tests. For model M4, many of the tests have size
equal to or close to zero. This occurs using the classical HAC, either prewhitened or not and EWC.
The prewhitened DK-HAC estimators and Newey-West with fixed-b (KVB) allow controlling the
size reasonably well. Overall, Table 1-2 in part confirm previous evidence and in part suggest
new facts. Newey-West with fixed-b (KVB) leads to better size control than using the classical
HAC estimators of Andrews (1991) and Newey and West (1987) even when the latter are used
in conjunction with the prewhitening device of Andrews and Monahan (1992). The new result is
that several of the LRV estimators proposed in the literature can lead to tests having null rejection
rates equal to or close to zero. This occurs because the null hypotheses involves nonstationary
data generating mechanisms. These LRV estimators are inflated and the associated test statistics
are undersized. This is expected to have negative consequences for the power of the tests, as we

will see below. The estimators proposed in this paper perform well in leading to tests that control
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the null rejection rates for all cases. They are in general competitive with using the Newey-West
with fixed-b (KVB) when the latter does not fail and in some cases can also outperform it.

Table 3-4 report the empirical power of the tests for model M1-M4. For model M1 with
p = 0.9 and M2 we see that all tests have good and monotonic power. It is fair to compare tests
based on the DK-HAC estimators relative to using Newey-West with fixed-b (KVB) since they have
similar well-controlled null rejection rates. Tests based on the Newey-West with fixed-b (KVB)
sacrifices power more than using the DK-HAC estimators and the difference is substantial. The
classical HAC estimators have higher power but it is unfair to compare them since they are often
oversized. A similar argument applies to using the EWC.

We now move to the forecast evaluation tests. For both models M3 and M4 we observe
several features of interests. Essentially all tests proposed previously experience severe power
issues. The power is either non-monotonic, very low or equal zero. This holds when using the
classical HAC estimators of Andrews (1991) as well as Newey and West (1987) irrespective of
whether prewhitening is used, with the EWC and the Newey-West with fixed-b (KVB). The only
exceptions are tests based on the Newey and West’s (1987) and Andrews’ (1991) HAC estimator
with prewhitening in model M4 that display some power but much lower compared to using the
prewhitened DK-HAC estimators. The latter have excellent power. The reason for the severe
power problems for the previous LRV-based tests is that models M3 and M4 involve nonstationary
alternative hypotheses. The sample autocovariances become inflated and overestimate the true
autocovariances. The theoretical results about the power in Theorem 5.1 suggest that this issue
becomes more severe as 0 increases, which explains the non-monotonic power for some of the
tests, with tests based on fixed-b methods that include many lags suffering most. The double
smoothing in the DK-HAC estimators allows to avoid this problem because it flexibly accounts for
nonstationarity. The key idea is not to mix observations belonging to different regimes. Simulation
results for additional data-generating processes involving ARMA, ARCH and heteroskedastic errors

are not, discussed here because the results are qualitatively equivalent.

7 Conclusions

We introduce a nonparametric nonlinear VAR prewhitened long-run variance (LRV) estimator
for the construction of standard errors robust to autocorrelation and heteroskedasticity that can
be used for hypothesis testing both within and outside the linear regression model. HAR tests

normalized by the proposed estimator exhibit accurate null rejection rates even when there is strong
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dependence. We show theoretically that existing estimators lead to HAR tests that have low/non-
monotonic power under nonstationary alternative hypotheses while the proposed estimator has
good monotonic power thereby addressing a long-lasting problem in time series econometrics.
The proposed method is theoretically valid under general nonstationary random variables. We
also establish mean-squared error bounds for LRV estimation that are sharper than previously

established and use them to determine the data-dependent bandwidths.

Supplemental Materials

The supplement for online publication [cf. Casini and Perron (2021b)] presents the proofs of the

results in the paper.
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A Appendix

A.1 Tables
Table 1: Empirical small-sample size of t-test for model M1-M2
M1, p = 0.4 M1, p = 0.9 M2
a=0.05 T=200 T=400 T =200 T =400 T =200 7T =400
Jr, QS, prew 0.054 0.045 0.085 0.065 0.061 0.053
jT7 QS, prew, SLS 0.052 0.043 0.086 0.051 0.065 0.054
Jr, QS, prew, SLS, u 0.040  0.048  0.103  0.092 0063  0.054
Andrews 0.082 0.065 0.162 0.118 0.095 0.050
Andrews, prew 0.063 0.057 0.104 0.083 0.077 0.048
Newey-West 0.114 0.090 0.351 0.272 0.138 0.057
Newey-West, prew 0.075 0.064 0.110 0.077 0.090 0.059
Newey-West, fixed-b (KVB) 0.058 0.056 0.091 0.066 0.069 0.052
EWC 0.058 0.055 0.149 0.113 0.071 0.048

Table 2: Empirical small-sample size for model M3-M4

M3 M4
a =0.05 T=400 T =800 T =400 T =800
jT, QS, prew, SLS 0.065 0.060 0.071 0.066
fT, QS, prew, SLS, u 0.065 0.061 0.077 0.067
Andrews 0.082 0.073 0.000 0.000
Andrews, prew 0.080 0.074 0.005 0.000
Newey-West 0.080 0.074 0.000 0.000
Newey-West, prew 0.078 0.073 0.000 0.000
Newey-West, fixed-b (KVB) 0.002 0.002 0.074 0.061
EWC 0.080 0.074 0.018 0.022
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Table 3: Empirical small-sample power of ¢-test for model M1-M2

M1 M2
a = 0.05, T = 400 0=05 =1 =2 =01 6=02 §=04
qu QS, prew 0.344  0.807 1.000 0.387 0.889 1.000
jT7 QS, prew, SLS 0.378  0.787 1.000  0.330 0.813 1.000
fT, QS, prew, SLS, i 0.463  0.849 1.000  0.347 0.833 1.000
Andrews 0.430 0.864 1.000 0.450 0.922 1.000
Andrews, prew 0.360 0.812 1.000 0.433 0.911 1.000
Newey-West 0.630 0.958 1.000 0.511 0.938 1.000
Newey-West, prew 0.363  0.811 1.000 0.443 0.911 1.000
Newey-West, fixed-b (KVB)  0.274  0.655 0.980  0.329 0.758 0.990
EWC 0.436  0.886 1.000  0.392 0.890 1.000

Table 4: Empirical small-sample power for model M3-M4

M3 M4
a =0.05, T = 400 §=05 6=2 =6 6=05 d=1 6=2
Jr, QS, prew, SLS 0.495 0.920 1.000 0.613 0.923 1.000
Jr, QS, prew, SLS, x 0.498  0.940 1.000 0.663 0.957 1.000
Andrews 0.158  0.014 0.000 0.000 0.043 0.073
Andrews, prew 0.224  0.056 0.000 0.351 0.942 0.952
Newey-West 0.179  0.302 0.587 0.019 0.821 1.000
Newey-West, prew 0.137  0.014 0.000 0.003 0278 0.722
Newey-West, fixed-b (KVB) ~ 0.059  0.008 0.000  0.000  0.000 0.000
EWC 0.087  0.018 0.000 0.062 0.000 0.000
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S.A Preliminaries

In this section we present a formal definition of SLS processes which is implied by Assumption 2.1 on
flu,w). Let 0 = Ay < A1 < ... < Ay < Amo41 = 1 where mg may be fixed or grow to infinity.
A function G (u, -) : [0, 1] x R — C is said to be piecewise (Lipschitz) continuous in u with mgy + 1
segments if for each segment j = 1,..., mg + 1 it satisfies sup,, |G (u, w) — G (v, w)| < Kl|u — v|
for any w € R with Aj_1 < u, v < Aj for some K < oo. We define G; (u, w) = G (u, w) for A\j_1 <
u < Aj. A function G (-, -) : [0, 1] x R — C is said to be left-differentiable at ug if G (ug,w) /0_u =
limuﬁua (G (ug, w) — G (u, w)) / (up — u) exists for any w € R.

Definition S.A.1. A sequence of stochastic processes Vi (t =1,..., T) is called segmented locally sta-
tionary (SLS) with mq + 1 regimes, transfer function A? and trend p. if there exists a representation,

T

Viir =y (0/7) + [ exp iwt) A3 () d€ (), (f=Tli+1..1f), (8

—Tr

for j =1,..., mg+ 1, where by convention T{) = 0 and Tﬁlo 41 = T and the following holds:

(i) £ (\) is a stochastic process on [—m, 7] with £ (w) = £ (—w) and

J=1

cum {d€ (w1), ..., d{ (wy)} = (Z wj) gr (W1, .oy wp—q)dwy ... dw,,

where cum {-} denotes the cumulant spectra of r-th order, g1 = 0, g2 (w) = 1, |gr (w1,..., wr—1)| < M,
for all » with M, being a constant that may depend on r, and ¢ (w) = 3272 6 (w + 27j) is the period
27 extension of the Dirac delta function 4 (-).

(ii) There exists a constant K and a piecewise continuous function A : [0, 1] x R — C such that, for
each j = 1,..., mg + 1, there exists a 2m-periodic function A; : ()\?_1, )\9] xR — C with 4; (u, —w) =
Aj (u, w), A = T9/T and for all T,

A(u, w) = Aj (u, w) for )\?_1 <u< )\?, (S.2)

sup sup ‘Ag‘),t,T (w) — A; (t/T, w)‘ < KT~ (S.3)
I<jsmo+1T) | <t<TP,w

(iii) pj (t/T) is piecewise continuous.

In the context of HAR inference E (V;) = 0 and so p (t/T") = 0 for all ¢ in Definition S.A.1. In view
of Definition S.A.1, Assumption 2.1 also holds with f (u, w) replaced by A (u, w) and this property is
used in some parts of the proofs. In Assumption 3.1-(ii), the continuity points are those u € [0, 1] such
that u # /\9 (j =1,..., mo+ 1) whereas the discontinuity points are those u € [0, 1] such that u = )\9
(G=1,..., mo+1).

S.B Proofs of the Results in Section 3

In some of the proofs below 3 is understood to be on the line segment joining B and [y. We discard the
degrees of freedom adjustment 7'/ (T — p) from the derivations since asymptotically it does not play any
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role. Similarly, we use T'/nr in place of (I' — nr) /nr in the expression for fE (k) and T (k). We collect
the break dates in 7 = {17, ..., To }.

S.B.1 Proof of Theorem 3.1
Let

T-1

Tp=T5 (boyr boyr) 2 S Ky (g k) T (R),
k=—T+1

where I (k) 2 (ng/T) S & (g /T, k) and

E* (Tn /T k) . (TbQ,T)_l Zz:k+1 K; (((T+1)nTb9 (S k)/2))/T) ‘7*‘7*/ k 2 0 (S 1)
e (Thor) ' ST, 01 K5 (<<r+1>nTbe (s;k/?))/T) 7T k<0 :
2

with V = V() where 3 is elongated to include A i (G=1,..., pa). Define J3 as equal to Ji but with
Vi =V, =304, A Vi in place of V. and define JT as equal to Jp but with V;* in place of V; (5y). The
proof uses the following decomposition,

~ ~

Towi = Jv = (Towr = T3 5) + (V2.5 = Jp) + (J5p = Jr), (5.2)

where JI. , = —iyT —patl pora —pat1 DsSE(VIVY) Dy, and J 5 Is equal to Jr p but with D, in place of
Ds.

Lemma S.B.1. Under the assumptions of Theorem 3.1-(i), we have
J7 (b, 1, bo,) — J7 = op (1). (S.3)

Proof. Under Assumption 3.1, || fol ) (u, 0) || < oo, where f* is defined analogously to fp but with
Dy =1 for all s. In view of K;¢ = 0, Theorem 3.1-(i,ii) in Casini (2023b) [with ¢ = 0 in part (ii)]
implies JT J7 = op(1). Note that the assumptions of the aforementloned theorem are satisfied by
{V;*} since they correspond to Assumption 2.1 and 3.1 here. Noting that JT JT = op (1) if and only
if o’ JTa dJra = OP( ) for arbitrary a € RP. We shall provide the proof only for the scalar case. We
show that /nrbe, 7(J7 — J%) = Op (1). Let J& (B) denote the estimator that uses {V;* (3)} where 3 is
elongated to include A.; (j =1,..., pa). A mean-value expansion of j}‘(ﬁ)(: Ji) about Sy (elongated
toinclude A.; (7 =1,..., pa)) yields

VT (T = T3) = boyzr o 31 B) (B — o)
T-1
=bo,r Y. Ki(bg, k) TB’F*( ) |g—gv/n(B = Bo), (S.4)
k=—T+1

for some /3 on the line segment joining B and By. Note also that c*(rnp /T, k) depends on 8 although we
have omitted it. We have for £ > 0 (the case k < 0 is similar and omitted),
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H o /T k>H’ﬂ:B (S.5)

|Tb92T Z K2<T+1)nT_(8+k/2)>

s=k+1 Tb92’T

< (V2 00) g5V en (8) 4 Vs (B)V'a (69

1/2
(TbegT ZKg ( 0 n]j:bg_ ;Hkm) blgp (v (B))Q)

(r+1)nr—(s+k/2) .
(TbegT ZK2< Tho, 1 H@,@”V

=0Op (1),

Markov’s inequality to each term in parentheses; also sup,s; Esupg ||V (8 ) B ? < oo under Assumption

(Tbg, 7)™ Z K3 ((r 4+ Dng — (s + k/2)) /Tha, 1) %/ K2 (2) dz < . (S.6)
s=k+1

Then, (S.4) is such that

bt S K (i) aﬁ, I (k) |s_gv/nr (B — o)
k=T+1
T-1 T/”T
=bor Y. Ki( (bg, k) =L Z Op (1
k=—T+1
=0p(1),

where the last equality uses by, 7 Z;;F:_ETH |K1(bg, k)| — [|K1(x)|dz < oo. This concludes the proof of
the lemma because \/nrbg, 7 — oo by assumption. [

Lemma S.B.2. Under the assumptions of Theorem 3.1-(i), we have
T5-(boy 0, Yoy, 1) = T (B s D) = 0p (1). (8.7)
Proof. Let Sp = {b;l TTJ and

r € (max {(12b — 10g — 5) /12(b—1), (b—1/2—¢q) /(b—1), ¢/ (I — 1)}
min {(10q + 17) /24, (3 + 2q) /4, 5¢/6 + 5/12, 1}).
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We will use the following decomposition,

T (50 B5.0) = T (bou 10 b0, 0) = (T3 (50 B2) = T (bou7 B3r) ) (S.8)
+ (7 (borr Bor) — T (bo iz bos.1)) -

Let Ny 2 {-Sp, =Sr+1,...,—1,1,..., 87 —1,8r},and No = {-T +1,..., =Sy — 1, Sp+1,..., T —1}.
Let us consider the first term above,
i (B0 B5.7) = Ir (bos,r, B3r) (8.9)
= > (K1 (Bipk) = Ko (b, rk)) T (k)
keNy
+ 30 Ky (bi k) T (k) = 3 K (by, k) T (k)
keNa keNa

£ Ayr+ Ao — Asr.
We first show that Ay 7 0. Let Aq,1,7 denote Ay 7 with the summation restricted over positive integers

k. Let ny = inf {T/TL&T, . /ng,T}. We can use the Liptchitz condition on K () € K3 to yield,

St
A <D0y ’bT,T - bel,T‘ k
k=1

<C ‘¢ 1/ 2g+1) ¢é1(2q+1)’ (%D (q) ¢9*)*1/(2q+1) (TEZT) 1/(2q+1) Z k

I (k)‘ (S.10)

I‘\*

for some C' < co. By Assumption 3.5-(i),

‘<$D (q)l/(2q+1) _¢1/(2q+1 ‘ (¢ (g )%*) 1/(2g+1) —0p(1).

Using the delta method, it suffices to show that By 7 + Bor + B3 E) 0, where

BLT _ (TE;T) /(2¢+1)

Z k
Byr = (1837) " Zk

ZkIFT

T* (k) — T* (k:)’ (S.11)

£ (k) = T (k)|

B37T _ (Tb ) /(2¢+1)
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with T4 (k) £ (ngp/T) Zg{)nﬂ c* (rnp /T, k). By a mean-value expansion, we have

St
~ —1/(2g+1
Bir < (Thsr) RS % Sk (S.12)
k=1

(558" |5:ﬁ) vir (B - )

nr S

<C (TB;T)_I/ (et (b

*F* k) o= 5H \/ﬁ”ﬁ Boll»

0> 1

since 7 < (10q + 17) /24, and supy>, || (9/95) I (k) |5=5ll = Op (1) using (S.5) and Assumption 3.2-(ii,iii)
(the latter continues to hold for {V;*}). In addition,

I (k) = T (k)

k=1j=1

E(Bjy) <E ((TBz,T) S SRS B (j) - T <j>\) (8.13)

< (TE;T)_” G 64 sup T o Var )
k>1
< (TA;T) /e (TEQQ’T)M/(%H) zup T62 TVar( (k))
>1
< (BE’T)—z/(qu)—lT 1-2/(2¢+1)16r/5(2q+1) Supr TVar( (k:)) -0,

k>1

given that r < (3 + 2¢) /4 and supy>, TB;TVar(f*(k)) = O (1) by Lemma S.A.5 in Casini (2023b) that
also holds with T* (k) in place of T (k). Next,

~, \—1/(2¢+1) >
B3r < <Tb2,T) Sr Y |07 (k)| (S.14)
k=1
N\ (r—1)/(2¢+1
< (185,)" 7" 0, 1) 0

using Assumption 3.1-(i) since r < 1. This gives Ajr . Next, we show that Ag 7 £ 0. Let
Aoy =Lir+ Lo + L3 1, where

T-1

Lir= Y Ki(bizk) (T (k) - " (k)), (S.15)

kZST+].

Loz = Tf Ky (b ok) (T* (k) = T3 (k)) . and
k=S7+1
T-1

Lyr= > Ki(bizk) T3 (k).

k=S7+1

We apply a mean-value expansion and use \/n7(53 — o) = Op (1) as well as (S.5) to obtain

(S.16)

T—
P SRACTON (E ) lopvr (3 - o)

k:ST+1
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7 1/3+4b/5(2q+1) Ch kb
E 1
k=Sr+1

(555" ) Lo (5 - )

0 - -
(86’F (k)> |s=g VT (5 - ﬁo)
_ T—1/3+4b/5(2q+1)+4r(1—b)/5(2q+1)O (1) Op (1) ’

— p—1/3+4b/5(2q+1)+4r(1-b) /5(2q+1)

which converges to zero since r > (12b — 10g — 5) /12 (b — 1). Next,

T-1
~ —b |~
Logl= Y Ci(birk) [T (k) =I5 ()] (S.17)
k=Sp+1
2 7 b/Q2a+1) r2g41)—1/2 (7% ) b/(2q+1)—1/2 - x| *
= C1 (ak? 00 (0)) /(20 (B3.1) S k| 0 [T (k) — T (R)|.
k=St+1
Note that,

T—-1
E (Tb/(2q+1)—1/2 (g;vT)b/@qH)*l/? Z k_b\/jT;,T

k=St

2
T* (k) — T (k)‘) (S.18)

k=Sr
— 72b/(2q+1)~1 (BS,T) 2b/(2q+1)—1S:2F(1—b)O (1) = 0,

2
< T2b/(2¢+1)—1 (g; )2b/ 2g+1)—1 ( Z k- ) (1)

since r > (b—1/2 — q)/(b— 1) and Tb} TVar(f*(k:)) = 0O (1), as above. Equations (S.17)-(S.18) combine
to yield Lo 1 5 0, since ép (g) = Op (1) by Assumption 3.5-(i). Let us turn to Lg 7. We have,

T-1 % T—1 nr | T/nr]
S>> Ei(bigk) TRk < X T Y 1¢ (/T K)] (8.19)
k=57+1 k=S7+1 r=0

T-1

< Z sup |c* (u, k)| — 0.
k=Sr+1 uG[O, 1]

Equations (S.16)-(S.19) imply As 7 £ 0. An analogous argument yields As 7 £ 0. It remains to show
that (jT(bel,T, %T) - j\T(behT, by, 1)) 5 0. Its proof is the same as in Theorem 5.1-(i) in Casini (2023b)

which can be repeated given the conditions n;lﬂ/(@{j) — 0,7 < 5¢/6+5/12,and r > (b—1/2—q)/(b—1).
g

Lemma S.B.3. Under the assumptions of Theorem 3.1-(ii), we have

\/ Tbo, o, v (T3 (bay 1, by 1) = J7) = Op (1).
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Proof. Write

\/Tbo, 1bo, T (j% (bg, 75 bo, 1) — J%) = \/Tbg, Tbo, T (j% (boy., T, bos.1) — Iy + Jp — JEF) :

Applying Theorem 3.1-(ii) in Casini (2023b) with V" in place of Vi, we have VTbg, 7bg, 7(J5 — J5) =
Op (1). Thus, it is sufficient to show /Tbg, Tbg, T(JT(bel,% b, ) — JT) =op (1). A second-order Taylor

expansion gives

\/ Tho, rbo, v (5 = J7) =

51)2’ bg, T o7 JT (50)] vnr (B - 50)
V'bgy T = (5 >
T Ve aﬁa,@/J (Bﬂ vir (8= o)

+%\/7TT<B_/BO)
:%V@@F%MGWE@—%)mWﬁ@—%)

Using Assumption 3.3-(ii),

Haﬁaﬁf (rn /T k‘H

r+1)nr—(s+k/2))/T 0? . .
(Thoyr §K2< Y )(aﬁaﬁ,n w)vs_k(m)

and thus,

2

1/2 _
Tbg, Tbe, T /2o
oBop’

Z | K1 (bg, 7k)| Sup
k=—T+1

T (k)H

Tbg, 7bo, T V2o
< (221> > K1 (be,rk) Op (1)
nr k=—T+1

Ty, 7 1/2 T—1
S( = ) bo, 7 Y. K1 (b, rk)| Op (1) =0p (1),

)
nrbe,, 1 k=—T+1

since Tby, 7/(n3bg, 7) — 0. Next, we want to show that G = op (1). Following Andrews (1991) (cf. the

last paragraph of p. 852), we apply the results of Theorem 3.1-(i,ii) in Casini (2023b) to j} where the
latter is constructed using (V;*, oV;*/0p" — E(0V;*/0B’))" rather than just with V;*. The first row and
column of the off-diagonal elements of this JT (written as column vectors) are now

T-1 nr T/nr 1
A2 > Kilbook) = >
k=—T+1 =0 Lo, 1
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y i KS(((T—Fl)nT—(s—Fk:/Z))/T) - (aaﬁvs* E(;;V:))

s=k+1 beQ’T
T-1 nr T/nr 1
Ay 2 Ky (b, 7k) —
2 k=;+1 1 (bey,Tk) T 7;) Thor
T
s=k+1 bos. 85 86
By Theorem 3.1-(i,ii) in Casini (2023b) each expression above is Op (1). Given,
T/nr
A /Tbg27 w/TbQZ, nr 1
Gr < \/bo, 7 (A1 + Ag) + \/ Do, Tk_zT:H Ky (bg, 7k) — T go Tbo, x
1 — k/2)) /T 0
s=k+1 bo, op
VTh
£ 02T bo,, 7 (A1 + A2) +<A3SUP ( )
op -’
and the fact that Tbg, 7bg, 7/n7 — 0 it remains to show that Az is op (1). Note that
Tbg, 1 T-1 T—1 o2 T/nr T/nT
E(Ag)ﬁi% oY K b61Tk)K1(b01T]‘4< ) >
nr h=— T+1]——T+1 r=0 b=0
ZZK (r+1)np—(s+k/2)/T
Tb92 T Tb¢927 s=11=1 2 b02,T
K( - E ;).
2,

and that E (V*V;*) = ¢* (u, h) + O (T~') uniformly in h = s — [ and u = s/T" by Lemma S.A.1 in Casini
(2023b). Since -5 sup,epo,1] I (u, h)| < oo,

N

) -1
2
IE(A3) = rber (bel,T > K1 (boy,Tk) ) / K3 (v da:/o hi_oo (u, h)|du=o0(1).

k=—T+1
This implies G = op (1) which concludes the proof. [J

Lemma S.B.4. Under the assumptions of Theorem 3.1-(ii), we have

Voo zbo,r (73 (Bl By ) = T (boy s baoy1)) = 0 (1)

Proof. Let
€(max{{{(—10+4q+24b) /24(b— 1)}, {(b—1/2) /(b—1)} forb > max (1 4+ 1/q, 4)},
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{{(8 —4)/(b—1)(10g +5)}, {(b—2/3—q/3)/ (b—1)}forb > 1+1/q}, ¢/ (I = 1)},
min {16¢/48 + 44/48, 46/48 + 20q/48, 2/3 + q/3}),

and St = [b, " |. We will use the following decomposition

~

J5 (AT,T, b;,T) — J; (bo, 5 bop.7) = (j? (AT’T, AE,T) — Tk (b@l,T, AS’T» (S.20)
+ (j; <b91,T’ BE,T) - ji*“ (bel,T, ng,T)) .
Let

Ny 2{=Sp, —Sp+1,...,—1,1,..., Sp— 1, Sp}
No & {-T+1,...,=Sp—1,Sp+1,...,T—1}.

Let us consider the first term above,

T8/ (T (5 7 Byr) - T (boy . Bir)) (521

= 78/ S (K (B k) — K (bgy k) ) T (R)
keNy

4 T8q/10(2q+1) Z Kl (ET’T]C) f\* (k)
ke Ny
o T8q/10(2q+1) Z K (b91,Tk) f* (k)
kEN2
£ Ayr+ Ao — Az

We first show that Aq 7 0 Let Ay 1,1 denote Ay 7 with the summation restricted over positive integers
k. Let np = inf{T'/ns r, \/Aa7}. We can use the Liptchitz condition on K (-) € K3 to yield,

St
|A171,T < T8q/10(2q+1) Z 02 ‘bT,T _ b91,T‘ kIT* (k‘)‘ (822)
k=1
N ~ —1/(2¢+1)
< Ciir |op (@) = %V (95 (a) 00

L™ (k)

)

St
~ —1/(2 1
(bé,T) /(2q+ )T(Bq—10)/10(2q+1)ﬁ%1 Z )
k=1

for some C' < oo. By Assumption 3.5-(ii), (7ix|ép (¢) — dg+] = Op (1)) and using the delta method, it

suffices to show that Byt + Bar + B3 L 0, where
T (k) = T* (k)

St
~ \—1/(2¢+1
Bir - (b;’T) /(24+ )T(8q710)/10(2q+1)ﬁ;1 Sk ’ (S.23)

k=1

(k) —T%(k)|, and

St
~ \—1/(2q+1) _ —
Bor = (sz) T(8q 10)/10(2q+1)nT1 Z k
k=1
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St
. \~1/(24+1) B o i}
Bsr = (bQ,T) T® 10)/10(2%1)”71 Z kL7 (k)|
k=1

By a mean-value expansion, we have

St
~ —1/(2q+1 _
Bir < (@,T) /(2 )T(Sq—IO)/10(2q+1)ﬁ%lnTl/z Zk (S.24)
k=1

(55F" 915 v (5 - )

N —1/(2q+1 2r/(2+1 _
<C (@T) /T (84-10)/10(2q+1) (Tbaw) /(2q )ﬁ;lnTlp sup

555 )5 v |3 - o

~ —142r)/(2q+1
<c (b§,T)( T2/ Qa1 (8-10)/10(2g+1) 42/ (2g+1)

‘;ﬂf* (k) ‘ﬂ:ﬂH vz B =] 50,

—1/3~-1
/nT sup
E>1

since fip/TY? — oo, r < 16q/48 + 44/48, \/n7||B — Bo|| = Op (1), and supy>1 || (9/08) I (k) |55l =

[ (k) = Iy (k)|

St S
o (B%T) < E ((/637T> —2/(2q+1) T(Sq—lo)/5(2q+1)ﬁ52 zT: XT: k']
k=1j=1

I (j) - T% <j>\> (8.25)

» —2/(2¢+1)—1 T
< (Bsr) [ 1(80-10) /52040 -2/3-1 64 Gy Ty 1 Var (T (k)

k>1
~ —2/(2¢+1)—1 ~
< (@,T) /(2¢+1) 7(8¢-10)/5(2+1)~2/3-1 (TbZ’T)4r/(2q+1) ingTbZTVar (F* (k))
< T1/572/5(20+1) (8¢—10)/5(2¢+1) ~2/3—1pdr /(2q+1) p—4r/5(2q+1) sup Tby 7' Var (f* (k:)) -0,
E>1

given that sup, Tbg,TVar(f*(k)) = O (1) using Lemma S.A.5 in Casini (2023b) and r < 46/48 +20q/48.
Assumption 3.5-(iii) and 332, k'~ < oo for [ > 2 yield

Bsr < 32—}/(2q+1)T(8q—10)/10(2q+1)6%103 Z pi-l (.26)
k=1

< T(=21-149)/102q+1) ¢, Z K0,
k=1

where we have used the fact that fip/T"/3 — oco. Combining (S.22)-(S.26) we deduce that Ay ;7 5o.
The same argument applied to A; 7 where the summation now also extends over negative integers k gives

A7 Eo. Next, we show that As 1 Eo. Again, we use the notation Ay 7 (resp., Az 27) to denote A 7
with the summation over positive (resp., negative) integers. Let Ag 17 = L1717+ Lo + L3, where

[ D212 T-1 _ _ ~
Lyg = Ly + LB, = T8/ [ 5~ 7§ K1 (bizk) (T (k) = T* (k) (S.27)
k=St+1  k=|DrT'/2|+1
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| DrT/2 | T_1
Log = Ly + LYy = TS/10Ca+D | 5~ % Ky (B ok) (T* (k) = T3 (k)
k=S7+1 k= LDTT1/2J+1
T—1
and Ly =T/ N7 gy (B k) D (k)
k=Sp+1

We apply a mean-value expansion, use /i (8 — By) = Op (1) as well as (S.5) to obtain

[Dyr/2) b
. bl D o "
L] = T89/m0Ce 0137 5 oy (B ) ’((,w,r (k)) ls—zv/ir (B = o) (S.28)
k=Sr+1
| Dr72] )
_ 78¢/10(2q+1)—~1/3+4b/5(24+1) C1 b (f* k) B 5
kSZT—H 1 B (k) ‘ﬁzﬁvnT (6 50)

— 78a/10(2g+1)—1/3+4b/5(2q+1)+4r(1-b) /5(2q+1)

(555 ) loavir (5 - )

— T84/10(2¢+1)~1/3+4b/5(2¢+1)+47(1-b)/5(24+1) (g, (1) Op (1),

which goes to zero since r > (—10 + 4q + 24b) /24 (b — 1) with b > max{1 + 1/q, 4}. We also have

T-1

e = e n (i) |55 @) L (5-)

Pl
k=|DrT'/?|+1 0B

T-1

_ 8a/10(2g+1)—1/3+4b/5(2g+1) Z C1k~°
k=|DrT1/2|+1

9 . =

(65’F (k:)) |s—5VnT (ﬁ - 50)

_ TSq/10(2q+1)—1/3+4b/5(2q+1)+(1—b)/2OP (1) E) 0,

(555" ) logvir (5 - )

— 78a/10(2g+1)—1/3+4b/5(2q+1)+(1-b) /2

given that 1 —b < 0 and b > 1+ 1/q. Let us now consider Ly 7. We have

DpTV/?]
’LQT’ — 7(8q—=1)/10(2¢+1) Z c (AT,T]C) =b
k=S7+1

T (k) — T (k:)‘ (S.29)

[Dr7/2]
~ b/(2¢+1) _ ~, \b/(2q+1)—1/2 _
— (2QK127(1¢D (q)) 78¢/10(2g+1)+b/(2g+1)~1/2 (b2,T> Z L0

k=St+1
A*
X \/Tb27T

T (k) — T% (k)‘.
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Note that
[DrT/2] ’
E | 78a/10@a 1)1/ a1 -172 @T)b/ GRS b [Ty [T (k) - T (k) (S.30)
k=St+1
b/(2q+1)—1/2 [prT2] 1/2 i
L PR S kT (Var (T (R)))
’ kZST+1 7
[Dr7i2) -\
_ Sa/5Et 2/ ot (G T)Q”/ CHDTH S | o
’ k=Sp+1
= T8a/5(2a+1)+26/(2g+1) 1320/ (2a+D)=1 216 2A=b) () (1) _,
since r > (b—1/2) /(b —1) for b > 4 and TZQTVar <f* (k:)) = O (1) as above. Further,
-1 R b
‘ L’;T\ = TED/0C) S ) ( ’{,Tk') T (k) — T (k)‘ (S.31)

k=|DrT"/?]+1
~ b/(2g+1) B ~, \b/(2¢+1)-1/2
= C1 (20K2 dp (q)) " TSOCHDR BT (5 )

T-1
_b 7
X Z k=" T05 1
k=|DrT1/2|+1

™ (k) — T% (k)\.

Note that
., 2
1
. \b/(2q+1)—1/2 —
E | T8a/ 0@t/ Gar)-12 (5 ) [Gatn)=1/ ST kT Thy [T () - TE () (S.32)
k=|DrT"/?|+1
-1 ’
. \2b - - = -
< T89/5(2a+1)+2b/(2q+1) -1 (bE,T)2 /(24+1)—1 3 Kb\ /Th; (Var (F* (k)))m
k=|DrT1/2|+1
-1 ?
_ 78a/5(2q+1)+2b/(2+1) -1 (%,T) 2/(2q+1)-1 3 | o)

k=|DrT1/2 |+1
_ 8a/5(2q+1)+2b/(2q+1)1 (gzyT)Qb/(Qq“)*l pA=Or(-b0 (1) - 0,

since 7 > (8b—4) /(b — 1) (10q + 5)) and /703 ;Var (T* (k) ) = O (1) as above. Combining (S.29)-(S.30)
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yields Lo 7 5 0. Let us turn to L3 7. By Assumption 3.5-(iii) and |K; ()| < 1, we have,

T-1
‘L3,T| S T8q/10(2q+1) Z Cgk_l S TSq/lO(Qq-l—l)CSSC_lpfl (833)
k=St
< C3T8q/10(2q+1)T*4T(l*1)/5(2q+1) N 0’

since 7 > ¢/ (I —1). In view of (S.27)-(S.33) we deduce that As ;1 % 0. Applying the same argu-
ment to Aso 7, we have Agr Eo. Using similar arguments, one has Ag 7 £ 0. Tt remains to show
that T84/10C4+D (T (bg, 7, U5 1) — Ji(bgy.1, ba,r)) —+ 0. The proof of the latter result follows from

the proof of the corresponding result in Theorem 5.1-(ii) in Casini (2023b) with » < 2/3 + ¢/3 and
r>(®b-2/3—¢q/3)/(b-1).0
Proof of Theorem 3.1. We begin with part (i). Note that

T (B 2, 05.0) = I3 = T3 (B0 3.1) = T (boy.1s bs.r) + T3 (boy s boy0) = T3 (S:34)

By Lemma S.B.1-5.B.2 the right-hand side is op (1) . It follows that the first term on the right-hand side
of (S.2) is also op (1) because the presence of Dj is irrelevant for the result to hold. We have,

T T
J;F,D—f Z X DEVI (VDY

!/

j=1

T T PA ! PA PA !
= f Z Z L= Apsi| E({Vi=D ApeVesj | | Vi (=D Apuj
j=1 j=1

T T pA -1
- f Z Z (IP - 221 AD’s,j)
i

—1
pA
x E ( ZADSJV +ZADS,] ZADs,g e ])) vV (IP—ZAD,t,j>
j=1
T T A -1 PA pa
= Z Z Ip - Z AD,s,j E ‘/:9 - Z AD,S,j‘/:S + Z AD,s,j (V:S - v:s—j)
s=pa+lt=pa+l J=1 J=1 J=1
!
X

pA -1
Vi L, —> Apy;
j=1

T T pA s
= Z Y. E Vet (L= Apss| D Aps;(Ve—Visy) (S.35)
s=pa+lt=pa+1 Jj=1

Jj=1
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PA -1
X Vt* Ip — ZADJJ
j=1

Now note that the sum involving Vs, — V,_; has a telescopic form to a sum. Using the smoothness of
Ap,sj, we have that the sum from any s to 7' is

pA “Lpa
Ip - Z AD,s,j Z AD,s,j (V; - Vvsfj) (836)
j=1 j=1

ba -1 pA
+ I — Z AD,3+1,J‘ Z AD75+1J~ (Voq1 — Vs+1—j)
Jj=1 j=1

A s
+ (L => Apri| D Apmi(Vr—Vr).

j=1 j=1

For s # T (r =1,..., myg) local stationarity implies Ap s+1; = Aps;+ O (1/T). There are only a finite
number of breaks T (r = 1,..., mg) so that (S.36) is equal to

—1
pPA paA
(Ip -3 AD,pA+1,j> Appa+1paVr + (Ip -> AD,T,J‘> AprpaVr

=1 =1
mo PA -1 Y\
+ Z 1, — Z Apjp,j Z (AD,T;J,j - AD,TTOHJ) Vo
r=1 j=1 j=1
£ Car.
It follows that
1z pa -1’
T z; E(Car) | Vi [ =D Apuj — 0.
t= =1

Altogether, this implies Jr.p R Jp. Using Assumption 3.6 and simple manipulations, the second term
on the right-hand side of (S.2) is op (1). Therefore,

~

Towi = Jr = (Towr = T3 5) + (J3 5= Thp) + (Jip = Jr) = 02 (1), (S.37)

which concludes the proof of part (i).
Next, we move to part (ii). Given the decomposition (S.2), we have to show

\/Ta, b0, 7 (o — J;ﬁ) =05 (1), (S.38)
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\/Tho, 7bg, (J;ﬁ - J},D) =op (1), (S.39)
\/ Tbg, 1bg, 7 (J;‘,D - JT) =op(1). (S.40)

Equation (S.38) follows from

\/ Lo, mbg, 1 (jEF (0o, 15 by, 1) — J?) =0p (1), (5.41)
V/Thoywbonr (T (Bl Bz ) = T (bay 1, bay,r)) = 0 (1), (S.42)
since the presence of D, in YA/[*}”S is irrelevant. Thus, Lemma S.B.3-S.B.4 yield (S.38). Given that

\/Tbe, 7bo, 7/ — 0, Assumption 3.6 and simple algebra yield (S.39). From the proof of part (i), it
is easy to see that the multiplication by the factor /Ty, 7bg, v in (S.40) does not change the fact that
this term is op (1). Therefore, we conclude that TBQ/w(QqH)(jme —Jr) =0p(1).

We now move to part (iii). The estimator jT,pw is actually a double kernel HAC estimator constructed
using observations {‘A/D,s}, where the latter is SLS. Thus, using Theorem 3.2 and 5.1 in Casini (2023b)
and Assumption 3.6, we deduce that

lim MSE (Tb(,l,Tbg%T, Jow.: JT, WT) = lim MSE (Tbgl’Tbg%T, Tipy I1s WT). (S.43)
This implies that it is sufficient to determine the asymptotic MSE of Jr. ,. Note that J7 ; is simply a
double kernel HAC estimator constructed using observations {V};,}. It follows that {V},} is SLS and
thus it satisfies the conditions of Theorem 3.2 and 5.1 in Casini (2023b). The same argument in Casini

(2023b) now with reference to Theorem 3.1-(i,ii) yields

lim MSE (Tby, rbo, 1, J.p, Jr, Wr)

T— o0
1 ! 1
= 472 [ngiqvec (/ fE(Q) (u, 0) du) Wvec (/ fz,(q) (u, 0) du)]
0 0

—I—/Kf (y)dy/K% (z) dx tr lW (Ip% _Opp) (/01 3 (u, O)du> ® (/01 13 (v, o)dvﬂ .

The latter relation and (S.43) conclude the proof. OJ

S.C Proofs of the Results in Section 4

In the proofs below involving ¢r (u, k), ¢r (u, k) and ¢ (u, k), we assume k > 0 unless otherwise stated.
The proofs for the case k < 0 are similar and omitted.

S.C.1 Proof of Theorem 4.1

We first present upper and lower bounds on the asymptotic variance of Jr. Let Varyp (-) denote the
variance of - under .
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Lemma S.C.1. Suppose that Assumption 4.1 holds, K (-) € Ko, bi1, ba — 0, np — oo, np/T — 0 and
1/Tbyrbar — 0. We have for all a € RP5:
(i) for any K1 () € K1,

lim sup Tb1 TbQ TVargz (a JTCL) = hm Tbl sz TVaI"gZU (a JTCL)
T—oope Py

—87T/K1 dy/K2 da:(/fywuo >;

(i) for any K1 (-) € K1 4,

Jim_inf ThyrbyrVars (a JTa) = lim Thy by Varss, (a JTa)

—87T/K1 dy/K2 dac(/ fo,alu, 0)d )

Proof of Lemma S.C.1. Let Z; = a'V; and cp p (rnr /T, k) = Egér (rnp/T, k). For any k£ > 0 and any
r=0,..., |T/nr|,

a (¢r (rnp /T, k) — coq (rnr/T, k)) a
( Tho.r Z K ( ((r+1)np — (s—k/2))/T> (ZZo s Eo (ZsZsk))> .

s=k+1 bQ’T

For any k, j > 0 and any r, b=0,..., |T/nr|,

sup |Ex (a' (¢ (rnp/T, k) — cor (rnp /T, k)) ad’ (ér (bng /T, §) — cor (bnr/T, j)) a)|

PePy
|(Tb2T Z Z K2< r+1)nT—(s—k/2))/T> K;(((b+1)nT—(l—j/2))/T)

s=k+11=j+1 ba,r ba,r

X (Eg (ZsZskalZlfj) — ]Egz (ZSZs,k) Egz (ZlZlfj)) .

By definition of the fourth-order cumulant and by definition of Py,

sup |Ex (' (ér (rnp/T, k) — coq (rnp /T, k)) ad’ (¢p (bng /T, j) — cor (bnr /T, j)) a)|

PePy
| (Tbor)” Z Z K ( )nT—(S—k/2))/T> K (((b+ 1)nT—(l—j/2))/T>

s=k+11=j+1 ba,1 ba,r

< (B (2.2,-1)Bo (421-) + B (2,2)Eo (ZerZisy) + B (2.215) B (Zei2)

+ Kpav,s (—k‘, l—s,l—j5— 8) —E» (ZsZs—k) E (ZlZl—j)
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SThr? Y Y K2< T+1>nT—<s—k/2>)/T> K5<<<b+1>nT—<l—j/z>>/T>

s=k+11=j+1 ba,r ba. T
X (aT[@U’s/T (s =1 adTo,sp(s—k—14+j)a+adTy, yr(s—1+j)ad Ty, i (s—k—1)a

—l—mﬁ(—k,l—s,l—j—s))
<Eg, (d (er (rny/T, k) — co, 1 (rnr/T, k)) ad’ (er (bng /T, j) — cop,r (bnr/T, j)) a) (S.1)
2 .
L ( 1 ) ZT: ZT: K <((7“+ ) np — (s—k/2))/T> K <((b+ Dnp — (I —]/2))/T>

s=k+11=j+1 Xy ba,r

XKy (=k,l—s,1—j—5),

where the last inequality holds by reversing the argument of the equality and the first inequality.
By a similar argument,

Jlglg E (a' (¢r (rng /T, k) — copr (rnr /T, k)) ad’ (er (bng /T, j) — cor (bnr/T, 7)) a)|

>Eyp, (d (cr (rnT/T k) —cy, 1 (rnp/T, k) ad (¢r (bnr /T, j) — co, 7 (bnr /T, §))a)  (S.2)

+2<Tb12,T> Z Z —s,l—j—s).

s=k+11l=5+1

Let Jr x be the same as Jp but with |K; (-)] and |K» ()| in place of K (-) and Kj (-), respectively. Note
that K3 () e K, <K2 () S Kg) implies ’Kl ()| e K, (|K2 ()’ S KQ) We have

. ! 7
TlgréoTbl’TbZTvar’@U (a JTCL)

< lim sup Ty by rVargy (a JTa)
T—mofer

T-1 T-1

= lim sup Tby rbor Z Z Ky (birk) K1 (bi,77)
Tooopecpy k=—T+1j=-T+1

e\ 1 N & & (et ) = (s 1 R/2) o ((bnr 1) = (L4 5/2)
(F) 25 () & 2w (P ()

r=0 b=0 s=k+11l=j+1

x Ez (a' (FS/T (k) —Eo (FS/T (k))) aa’ (PZ/T (k) —Ex (Fl/T (k))) a)
71 T-1

< hm TblTbQT Z Z |K1 blTk?)Kl (blTJ)|
k=—T+1j=—T+1

(S () v

r=0 b=0 s=k+1l=j+1

x Eg, (a/ (FS/T (k) —Ez, (TS/T (k))) ad’ (FS/T (k) —Eg, (TS/T (@)) G)

rnp+1)— (s+k/2)\ . [ (bnp+1)—(1+7/2)
i (g ()
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T—1 T-1 o T/nr T/nt 1 2
+2 lim Tby rby 7 > > KL (birk) Ky (b)) ( ) > ) (T% >
k=—T4+1j=—T+1 r=0 b=0 2,T
2 .
1 d o (((r+D)np — (s —k/2)) /T ., ((b+1)nyr—(—j/2)/T
> Z K3 K3
Toor s=k+11=j+1 ba,r ba,r
Ke(—k,l—s,1—7—5)
= %EI;OTbLTbQ’TVaryU (a’jT,Ka> , (83)

where the last inequality uses (S.1). For K; (-) € K; 4+, we can rely on an argument analogous to that of
(S.3) using (S.2) in place of (S.1) to yield,

hm Tb1 1baVar g, (a JTa) > Tlggojlélf Tby by Vary (a JTa)

> Th_{goTbl,szTVar% (a’JT,Ka> . (S.4)

By Theorem 3.1 in Casini (2023b),
B 1 1 2
Tlim Tby rbyrVar gz, (a'JTa) = 87r2/K12 (y) dy/ K2 (z)da (/ [Py .a (u, 0) du) , and (S.5)
—00 0 0

B 1 1 2
Jin Toy o rVar s, (o' Ticra) =5 [ 1K )P dy [ 152 @) do ( | foatn o>du) NEYS

for w = L, U. Equations (S.3), (S.5) and (S.6) combine to establish part (i) of the lemma:

1 1 2
87 / K2 (y) dy /0 K2 (x) dz ( /0 Fa (1, 0) du>

= lim TbLTbgTVargU (a'jTa)

< lim sup Tb; by rVary (a JTa)
T—>ooy€P

< hm Tbl Tbg TVaI‘yU (a Jr Ka)

—87T/K1 dy/K2 dg;(/f%auo )

By a similar reasoning, equations (S.4) and (S.5) yield part (ii). O

Upper and lower bounds on the asymptotic bias of Jr are given in the following lemma. Let Jg, 7
be equal to J» 7 but with the expectation E4 replaced by Eg, , w = U, L.

Lemma S.C.2. Let Assumption 4.1 hold, K; (-) € K1, K (-) € Ko, bi1, bor — 0, np — oo, np/T — 0,
1/Tby pbar — 0, 1/Tb(in27T — 0, nT/Tb‘iT — 0 and b%’T/b‘f?T — 0 for some q € [0, o) for which

K4, ‘fo f@w o (u, 0)du| €0, ), w=U, L. We have for all a € RP5:
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(1) Tlgr(io;up b 7 ‘Ega’jTa - a’J%Ta‘ = :Flglgobl_% ’EyUa’jTa - CL/JgJU’Ta’ = QWKqu,S;,)J,a and
PcPy

1) lim inf b7 ‘Eo dJra—a'J a) = lim by % ‘E dJra—a'J a‘ — oK,  f9

(i0) Jim inf b7 [EgpaJr pra| = Hm by g |Ep ' Jr P1T Lal 7y

Proof of Lemma S.C.2. We begin with part (i). We have,

lim sup b % ‘Eya’JTa - a’Jy,Ta‘

T%OOWEPU
T-1 (~ > T-1
= lim sup by 5| > Ki(byrk)dBy (D(k))a— >  aTor(k)a
T—oogpep, k=—T4+1 k=—T+1
T—1 (~ ) T-1
= lim sup bj%| > Ki(birk)aEyp (T(k))a— > Ki(hrk)dTor(k)a
T=oompepy ™ k=—T+1 k=—T+1
T-1 -1
+ Y Kilirk)dTepr(ka— Y dTer(k)a
k=—T+1 k=—T+1

= lim sup b % ‘Gl,p)’T + vag?’T‘ .
T%oogzepU )

Let us first consider Gy » 7. Note that for £ > 0,

a (Ep (T (k) =Tor (k) a
ng P Iy (D) ng — (s +k/2)) /T , ,
=7 ooy T (bZTKg( >—1)CLEL@(VSV;_I€)(L :

r=0 s=k+1 b2

Thus,

sup ’a' (E@ (f (k«’)) —Tor (k')> a‘

PePy

\T/nr| T

ny e (r+1)np—(s+k/2)/T

<iF 3 3 e o 1) By (VL) .
r=0 s=k+1 ’

By Lemma S.A.1 in Casini (2023b), Eg, (ViV!_,) = c(s/T, k) + O (T'"') uniformly in s and k. By the
proof of Lemma S.A.8 in Casini (2023b),

sup
PEePy

d (Ex (T (k) =~ Tox (k) a

\T/nr] T
n S <(b27T)_1K2<<<r+1>nT—<s+k/2>>/T>_1> T (V)0

r=0 s=k+1 bQ’T

nr 1.9 by s
:O<T)+ 2b2?T/0 xKg(m)dx/O a %c(u, k) | adu
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It then follows that lim sup b; %|G1 27| = 0 given the conditions ny/Tb! , — 0 and b3 /b1 — 0.
T—=oompep, ) ) )

Next, given that 1 — K (b, 7k) > 0,

lim sup bi%‘G27'@7T|

T_)OO(@EPU
T—1
= lim sup b_q K1 bl,Tk —1 aT(@T k)a
dim s | 3 (8 (k) — )T ()
T—1 _
= limbf Y (1—Ki(brh)) dEs, (T (k) a.
7O k="T41
Write the right-hand side above as,
T—1 _ 1
Jmbt Y (1-Ki(birk)d (E% (T (k) —/0 ¢y (u, k) du> a
k=—T+1
T-1 1
+ 7lim b % Z (1— Ky (birk))d </ coy, (u, k) du) a. (S.7)
T ="T41 0

By Lemma S.A.1 in Casini (2023b), the first term above is less than,

T-1

im bd N (1—Ki(brk) O (T71) =0 (S.8)

T—o0 k=—Ti1

Thus, it remains to consider the second term of (S.7). Let w(z) = (1 — Kj (x))/|z|? for z # 0 and
w (z) = K14 for x = 0. The following properties hold: w () — K 4 as  — 0; w (-) is non-negative and
bounded. The latter property implies that there exists some constant C' < oo such that w (z) < C for
all x € R. Recall that ]fol f%)ma (u, 0)du| € [0, 00), w = U, L. Hence, given any £ > 0, we can choose a

T < oo such that fol 1 k|7 (a'T 2, 4 (k) a)du < e/ (4C). Then, using (S.8), we have

lim sup b 4 ‘G2,T — 277K1,qfl(ch)u
TeoogepU ’ ’

T 1
<limsup Y |w(birk) — Ki4[k|7d (/ c(u, k) du) a
° 0

T
— 00 k=—T"

T 1
+2limsup Y |w(birk) — Kiq] |k|7d </ c(u, k) du) a
0

<e.

This concludes the proof of part (i). The proof of part (ii) is identical to that of part (i) except that

() : (a)
;élg,]’ 'z, . and f@wa are replaced by gzlglf;L, I'p, « and fﬂL,a' Il

Proof of Theorem 4.1. Parts (i) and (ii) of the theorem follow from Lemma S.C.1-(i) and Lemma S.C.2-(i),
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and Lemma S.C.1-(ii) and Lemma S.C.2-(ii), respectively. [J

S.C.2 Proof of Theorem 4.2

Lemma S.C.1-S.C.2 [with ¢ = 0 in part (ii)] implies J7 — J». 1 = 0% (1). Noting that Jr — Jr = 05 (1) if
and only if a 'Jra—a'Jra = oz ) (1 ) for arbitrary a € R? we shall provide the proof only for the scalar case.
We first show that T T JT — JT) O (1) under Assumptlon 3.2. Let JT(ﬁ) denote the estimator
that uses {V; (8)}. A mean-value expansion of Jy(3) (= Jr) about By yields,

o T-1 5 R
\/TbLT (JT - JT) =bir k_;ﬂ Ky (b17k) a7 I'(k) 5= ﬁﬁ (,6’ - Bo) , (S.9)

for some [ on the line segment joining B and By. We have for k£ > 0 (the case k < 0 is similar and omitted)
(S.5)-(S.6). It follows that (S.9) is

T-1 o ~

bir Y Kl(bl,Tk‘)ai (k) | 5= 5ﬁ(3—50)
k=—T+1 b
T—1 T/nT
<bir Z K ( blTk Z Oz (1 (1)
k=—T+1
=0y (1),

where we have used blTZk —r1 [K1(bi k)| — J K1 (z) |dz < co. Given ﬁbLT — 00, this concludes
the proof of Theorem 4.2-(i).

Next, we show that /Tby7(Jr — Jr) = 0 (1) under the assumptions of Theorem 4.2-(ii). A
second-order Taylor expansion yields

1/Tb1,T (jT - jT) — { bl T@ﬂ’ JT (BO):| \/T (B - BO)
+ %\/T (B— 50)/ b1,Ta§;ﬂ,jT (B) /INT| VT (3— 50)

£ aVT (B— 50) + %ﬁ (3— 50)IHT\/T (B— /30) :

We can use the same argument as in (S.5) but now using Assumption 4.3-(ii), sot that

Haﬁaﬂ' (rnz/T, ¥) H‘
(r+1)npr—(s+k/2)/T 0?
(Thar)” S%KQ( o )(aﬁaﬁ,mm Vo (5)) -
:OIP(]'))
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and thus,
H bur v TE_I Ki(brk —T'(k
<
” T” <T> k_7T+1| 1( 1,7 )ISup 8685/ ()

/2 T-1
g(blf) S K (birk)] O (1)

T k=-T+1

1 1/2 T-1
< b Ki(bi7k)|Op (1) = 1
< (Tbl,T> 1,Tk:;+1| 1 (b1,rk)| Op (1) = op (1),
since Tby 7 — oo. Next, we show that Gy = op(1). We follow the argument in the last paragraph
of p. 852 of Andrews (1991). We apply Theorem 4.2-(i,ii) to Jr where the latter is constructed using
(V{, 0V, /08" — Eg (0V;/0B")) rather than just with V;. The first row and column of the off-diagonal
elements of this Jr are now

nr
At ) Kilburk) 7 )
k=—T+1 T = Thr

(- D)np — (s +k/2)) /T K K
XS§1K2< bor )VS(%VM E]( V))

T—1 T/nt 1

nr
> Ki(haok)— Y
k=—T+1 T ;= Thor

y ET: K (((r+1)nT—(s+k/2))/T> (E)aﬁv _E, (aaﬁ ))V—k

s=k+1 b2’T

[1>

Az

which are both O (1) by Theorem 4.1. Note that

T/nr 1

n
Gr < \/bir (AL + Ag) + 4 /bir Z K1 (k) = >
k=—T+1 r=0 * 72T

T
s K§<<<r+1>nT—<s+k/2>>/T>’(NVS k)Ej(a )

Rt ba,T B
B <66 )

T-1 T-1 o T/ny T/nr

E» (A3)<blT > > K ( blTk)Kl(blTJ|4(nT> > >

k=—T+1j=—T+1 r=0 b=0

Do (D) g = (s +k/2) /T
TbQTTb2TZZK2< )

s=11=1 ba,r

by (A1 + Az) + Az sup
1<s<T

It remains to show that As is op (1). We have,

S-22



PREWHITENED LRV ESTIMATION ROBUST TO NONSTATIONARITY

K <<<b+1>nTb—2<Tz+j/2>>/T

) Es (VWi

Since & € Py, |Ex(VsVi)| < Tz, o0l — s)|. Given 3532 sup,eo,1) [eoy, (u, h) | < oo, we have

1 = o0
Ep (43) < —— [0 K1 (bi,rk) K3 (z)d ’ h)|du = o (1
( ) TblTbZT(lTk E;HI 1 (br7k) ) / 2 ( x/o hzoo|c«]rj(“v Jdu=o0(1),
(S.10)
from which it follows that Gz = 04 (1) and so \/Tby 7(Jr — Jr) = 05 (1). The latter concludes the proof

of part (ii) because \/Tby rba1(Jr — Jr) = O (1) by Theorem 4.1.
Let us consider part (iii). Let Gp = o’ Jra — o’ Jra. We have,

lim sup Tbyrbor ‘MSE(@ (a'jTa> — MSE » (a'szL)‘ (S.11)
T—o0 g PePy
= T]gréo ;3113) Thby Tbg T ’QE@ (a'jTa — (LIJEO;},TCZ> éT +Ex (@%)‘

1/2 1/2
< 2 lim sup Tbl’TbngMSEgz (CL,JTCL) sup TbLTbZTEgz (égﬂ)
T—o0 PEePy PePy

+ lim sup Tb;rbarE» (GT)
T—oo PePy

The right-hand side above equals zero if (a) lim7 o0 SUp »c p,, 701,702, 7E 9(651) =0 and (b) limsupy_,
SUp we py, Thy 7by 7MSE »(a Jra) < co. Result (b) follows by Lemma S.C.1-(i). A second-order expansion
yields,

G%Zh%m%ﬁﬁ}@—@0+;@—%YL£;ML«@%(B-%%ﬂ%$+%j, (S.12)

where 3 lies on the line segment joining 8 and By. Note that E@(é?p) = E@(éi;p) + E@(G;T) +
2E » (él,TGQ,T)- Thus, using Assumption 4.4,

sup Tb1 Tbg TE] (Gl T) (S.13>
PePy

2
< Thi,rborp” max P (85 @' Jr (Bo)a (B - (()T))>
TS Pec

1 (r) /\(7‘) (r) 2
m Ee (H; ~»VT —
- Th Tp 'r<a;})( ;:113) ﬁ( LT (6 BO ))
— 0,

and

sup Tbl Tbg TE&) <G2 T) (8.14)
PePy
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2
BW—W»

a'Jr (B)a
)

Equations (S.12) to (S.14) and the Cauchy-Schwartz inequality yield result (a) and thus the desired result
of the theorem. [J

1 - . ok
< —Tby rberp® max sup Ez (‘5(” - By ) PEGREGE

r<p PePy

W

bo.T
21 2 max sup Eg (\ﬁ‘ﬁ

T Thir r<p pecpy

O\HS) VT \ﬁ“ _ g

— 0.

S.C.3 Proof of Proposition 4.1
For K» (-) € K, using the definition of &7 and the arguments in (S.1),

Var g, (a'cr (uo, k) a)
< sup Varg (a'er (uo, k) a)

PEePy
2
k/2)/T ~ ~ -~
= sup Ep | |(Thor)” Z K2< (Sb+ /2)/ >a’ (VSVS’,k—Ey (VVk)>a]
PEePy s=k-+1 2, T
—(s+k/2)/T (w—U+7/2))T
= sup Ep (Thar)” ZZK2< 2 2/ >K2<0 (b]/)/>
ZePy s=k+11=j+1 2T 2,T

o (ViViy —Es (17 Vi i))ad (W —Es (VV))a
UMD oo o1 (=L E i PR R ]
s=k+11=j+1 2T 2T
X (a'Tygr(s—1)adTysr(s—k—1+j)a
+adTygr(s—1+35)adTys k(s —k—=1)a+ kg, avs (G, L =5, 1—j—3))
<Eg, (a’ (er (uo, k) — Coy 1 (U0, k)) aa’ (er (ug, j) — oy (U0, j)) a)

2 T T e o
+2<Tb127T) D K;(((T—i-l)nT ( k/2))/T>K§<((b+1) r—(l 3/2))/T>|

s=ht1l=j+1 bar ba,T

X R 2 .aV,s (]a l— S, l _j - 5)
= Var g, (a'er (uo, k)a), (S.15)

where ¢r(ug, k) (resp. €, r(uo, k)) is equal to ¢r(ug, k) (resp. co, 1(uo, k)) but with |Ks (-) | in place
of K5 (-). Since K3 (-) > 0 by definition, Proposition 3.1 in Casini (2023b) implies

Var g, (a'cr (uo, k) a)

[e.9]

1 ! 2 / /
= Tb2T/o K; () d:z:l Z a (CgZU (uo, 1) [cay, (w0, 1) + ¢y, (uo, 1+ 2Kk)] ) a

=—00
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TbgT/ K2 (z)dx Z Z Koy ,aV,Tug (h1, 0, h2)

hi=—00 ho=—00

o (bsr) +0 1/ (b))
= Varg, (a'er (ug, k) a). (S.16)

Next, we discuss the bias. We have,

sup |Eg (a'er (uo, k) a —a'ca (uo, k) a)
P€Py,2

= lim sup
T—00 g 7€PU2

1 — k/2)) /T
(Tbar)~ Z K, ( rtnr b2(;+ /2)/ ) dEg (VsV]_p)a—dco (ug, k)a
s=k+1 ’

<lb /1:L'2K (x)dm/l du+0(b2 )—i—O ! (S.17)
2 2T |, 2 o 2,7 Toor )’ :

where the inequality above follows from (4.2). Combining (S.16)-(S.17), we have that sup ¢ p,, , MSE(a'cr
(ug, k)a) is equal to the right-hand side of (4.3). The same result holds for ér(ug, k) since the proof of
Theorem 4.2 and Pyy C Py imply that sup »cp, , MSE(a'er(uo, k)a) is asymptotically equivalent to
SUP »e py, , MSEw(a’cr(uo, k)a). This gives (4.3). The form for the optimal by 7 () and K (+) follow from
the same argument as in Proposition 4.1 in Casini (2023b). O

2
a’%c,@U (ug, k) a

S.C.4 Proof of Theorem 4.3

If T6;% bar — 7 € (0, 00) for some ¢ € [0, c0) for which Kyg, | i f%) (u, 0)du| € [0, 00), then by
Lemma S.C.1-(i) and Lemma S.C.2-(i),

hm Tb1 1bar sup MSEg (a Jp (bi1,K,) )
PePy

Zl’vaq</01fr(f¢)1(u, ) /K1 dy/ (Ko (2))* da (/ fua (u, 0)d )]

Assume q = 2 so that T} b2 — 7. Then, Y T b2 = /([ K% (y) dy)® and

Tby rbar = Ty 1K, b2 1 / K% (y) dy.

Therefore, given Ko < oo,

liminf Tby 7bo 7 | sup MSE (a'jT (b1,7.x,) a) — sup MSE (a'j:,gs (b1,7) a)
T—o0 PePy PePy

— 4ryr? (/ N )2/01([(2 (@))% de lKl%Q (/ K3 (y) dy>4— (K%qﬂ :
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The optimality of KlQS then follows from the same argument as in the proof of Theorem 4.1 in Casini
(2023b). O

S.C.5 Proof of Theorem 4.4

Suppose v € (0, 00). Under the conditions of the theorem,
(TbQ,T)QQ/(QQH) = (y" Y@t 4o (1))Tb1,7b27.
By Theorem 4.1-(i),

2q/(2q+1
lim inf (Tb2 T) o/t

T—o0

sup  EpL (Jr(bir), Jor) (S.18)
7Py (6(@))

= lim inf 1/Q2e+1) 4 o(1))Tby by sup w,MSE & ") Jp (bi.7) a”)
T—o0 ( ) /EPU((ﬁ) rzl ( ’ )

p 2
— ,},71/(2q+1)47r2 [Z Wy (’YK1q (/ fj, a® (u, 0) du )

+2/K1 dx/ K2 (y dy(/ Fyar) (u; 0)d ))}

The right-hand side above is minimized at °P* = (2qK127q¢ (@)Y K% (y)dy fo K2 (z)dz). Note that
~°Pt > 0 provided that foy .ot (u, 0) > 0 and fgz,,am (u, 0) > 0 for some u € [0, 1] and some r for
which w, > 0. Hence, {b; 7} is optimal in the sense that Tb?q;flbg,T — ~°PYif and only if b1 =
b(prt + o((Thy7) /241, In virtue of Theorem 4.2-(iii), eq. (S.lé) holds also when J7(by 7) is replaced

by JT(bLT). Thus, the final assertion of the theorem follows. [

opt

S.C.6 Proof of Theorem 4.5

The proof of the theorem uses the following lemmas.

Lemma S.C.3. Let K (), K2 (), {b1o, 1} {So1}, 6 () and q be as in Theorem 4.5. Then, for all
ac€RP, (i)

2

T-1

T8 sup By [ S K (birk)dT (R)a] —0;
Z€Pys k=Sz r+1

(i)

So T 2
T8q/5(2q+1) sup E@ Z (Kl (bl,Tk) — K1 (b17ggz7T]{J)> CL,F (k‘) a — 0.
QWEPU’:; k‘=1
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Proof of Lemma S.C.3. First we prove part (i). We have,

T—1 2 1/2
(TSQ/5(QQ+1) sup E@ ( Z Kl (/BI’T]{J) a/f (k) a) ) (819)

Z€Pys k=S p+1
1/2

2

T-1

< | 789/5(¢+1) sup Egu Z K, (517Tk:) (a/f‘ (k)a — a’F%Ta)
,@GPU;:, k=S@1T+1

1/2

2

T-1

+ T8q/5(2q+1) Sup Egg Z Kl (blka) aIFQ,Ta
PecPy3 k=Sg p+1

£ Bl,T + BZ,T-

Since |K1 (-)| <1 and |[a'T o1 (k) al < a’(fo1 I 2, 4 (k) du)a, we obtain
o\ 1/2

T-—1 1
Byp < [ T84/5CHHD qup Ky ( > ‘K1 (ln,:rk)‘a’ </ Loy u (k) du> a) (S.20)
0

ZePus k=So 7+1

T-1 1
S TSQ/10(2q+1) Sup Z Sup a, (/ ngUvu (k) du) a
WGPU;; k::S'@’T-i-l UE[O, 1] 0

T—1
< T8/102a+1) gy Z Csk
fJQEPU,g k‘:ngz T+1

00
< 0371T8q/10(2q+1) sup / k‘_ldk’
QZGPU’;@ S@,T
< 0371T8q/10(2q+1) Sjl“?é
— T8q/10(2q+1)+4r(1—l)/5(2q+1) =0

for some constant Cs1 € (0, 00), using the fact that infpep,, ¢ (1) > ¢ >0and ¢/ (I — 1) <r. Let

1/2
| Dr72) N
Biir = T89/524+1) sup Eg Z K (bl,Tk> a'T »ra
<0}€PU,3 ]C:Sga’T-f—l
2\ 1/2
T A~
Bior = | T8/ACH) sup Ry YK (bLTk) dT »ra
PecPy3 e LDTT1/2J+1
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We have
|D2T2] i
BY p < TRV g B, S oo (gLTk) ,/Tb‘)pt aT (k)a—aTorp (k) a‘ (S.21)
ZePygs k=S r+1
[Drr1/2] i
< TRSCDZASESR0) qup By | ST Ok T |a'T (k) a — a'Tpr (k) a]
‘QEPUJ‘ k:S@’T+1

2b/(2g+1)
<2qK1 qq5 /Kl dy/ K3 (x dx)

< Chy 784/5(2q+1)—4/5+8b/5(2q+1)

LDTTl/QJ LDTT1/2J

X sup Z Z k=5 7Tbp, 1 (Val“gz (a’f (k) a) Var o (a'f (7) a))
PE€PUs \ k=Sm r+1j=Sm r+1

1/2

[Dr72] -\
< C«l72T8q/5(2q+1)*4/5+8b/5(2q+1) sup Z b ngpjg sup Var », (a’f (k) a)
KQQGPU;; k:S‘} +1 ’ k;zl
P, T
[prv2]
S Cl72T8q/5(2q+1)—4/5+8b/5(2q+1) sup Z k_b O (1)

WGPU’:; k:S‘@ T+1
< O g T3/5(2a+1)=4/5+8b/5(2q+1)=8(b=1)r/5(2a+1) _, )

for some constants 0 < C 2, C13 < 00, using the fact that b(q) < < oo, infyep,, 02 > ¢ > 0 and
r > 1.25. Using similar manipulations,

2
T
B%,Q,T < T8q/5(2q+1)74/5 sup Eg» Z Cq (/b\ljk‘) Tbgpjtw a P (k) a— aIFQ’T (k) a‘
QEPU@S k= LDTT1/2J+1
(S.22)
T 2
< 01’2T8q/5(2q+1)_4/5+8b/5(2q+1) sup Z /{Z_b O (1)

@EPU,S k= LDTT1/2J+1

<4 3T8‘1/5(2(Z+1)*4/5+8b/5(2q+1)7(1;71) -0,

for some constants 0 < Cj2, C13 < oo and with ¢ satisfying 8/¢ — 20¢ < 6. Equations (S.19)-(S.22)
combine to establish part (i). We now prove part (ii). Using the Lipschitz condition on K (-), we get

Sa,T 2
Avp =T sup By | S (K (burk) = Ki (bro,rk)) T (k) a (S.23)
L@EPU’;; k=1
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~—

So T 2
< TS sup By (Y Co (bur —bioyr) ka'F (k) a
QGPU,;; k=1

So T \/7 ( )1/ 2q+1) o (q)l/(2q+1) R
< 0271T&I/5(2Q+1)*8/5(2q4r1)ﬁ;l sup Egp Z ( 1;?2(14-1) ) ka'T (k) a
SQGPU,g E—1 ( ¢9* )
So.r \ﬁ( (q )1/(2q+1) o (q )1/(2q+1)) R
< 0271T8q/5(2q+1)—8/5(2q+1)—6/10 sup Egp % ka'T (k) a
PePys kZ::l ( )1/(2q+1)

for some constant C; € (0, 00), where ny = (inf {n37T/T, X /n27T})2. Now decompose the right-hand
side above as follows,

Vi (6(a)/CT = gy, ()10 )
)1/(2q+1)

A2 < <0271T8q/5(2q+1>8/5<2q+1>6/10 sup Eop (S.24)

#ePua (¢ (@) 905, (@
So 2, 1/2
X ( Z k (a'f‘ (k)a —a'T w1 (k) a)) )
k=1

+<02’1T8q/5(2q+1)—8/5(2q+1)—6/10 sup Egp

PePus (¢(0) ¢0, (@)
So.r 2, 1/2
X (Z ka'T o 1 (k) a) )
k=1

=Air+ AT

Vi (6 (a)/CT = gg. ()1 C0)

1/(2g+1)

where we have used the fact that nlo/ /T — [ca, 00), né% /T — [e3, 00) with 0 < ¢2, ¢3 < co. Note that,

Vi (&)@ = gpe (@)1
)1/(2q+1)

A%,LT < 0271T8q/5(2q+1)78/5(2q+1)73/55f§}T sup Ep

- PePus (4 (a) g0, (a)

Sa,T 2
X ( ! Z i (a'f (k)a—a'Tpr (k) a))

Sor (= Sor

(S.25)

< O T4/5(24+1)=8/5(24+1)=3/5+16r/5(2q-+1)~4/5

R 1/2
foir <¢ () 2tD) _ Sor, (q)l/(2q+1)>
)1/(2q+1)

X sup Ez

PePy s (5 (q) do+, (@)
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1/2

4
1 S -~
x| sup Egx Z Tb;’p} (aT (k)a — a'Tp (k) a)
WGPU,:; SW,T k=1 ’

1 ar/(2q+1)
X <2QK12,q¢9j;7, (q)/ / K7 (y) dy /0 K3 (z) dfﬂ) — 0,

for some constant Cy,1 € (0, 00), since sup pep,, , Pox, < 0o and r < 15/16 + 3¢/8. In addition, we have

iz (6(0)"/ = g, (o))
)1/(2q+1)

Al g <Oy, | T84/52a+1)=8/5(20+1)=3/5 1y [,

#ePus (5((1) o, (q)
So.T 2
sup (Z ka' I'or(k )

JEPU3

(S.26)

Vi (6(a)'/TY — gy, (9)/O)
)1/(2q+1)

< Oy T8/5Ra+1D)=8/5Q¢+1)=3/5 oy E

PePus (¢(a) 905, (@)

So. T
1-1
sup k — 0,
@EPU:’, z_:

where we have used the definition of Py 3-(ii), ¢ < 11/2 and [ > 2 which implies that >3, k'~! < oo.
Equations (S.24)-(S.26) combine to establish part (ii) of the lemma. [J

Proof of Theorem 4.5. Let || - ||» = (E» ()%)1/2. For any constant J and any random variables Ji and
Ja, the triangle inequality gives

ol 2 15 o], - -l | s
Hence, it suffices to show that

2
> 0. (S.28)

8q/5(2q+1 17T (1 T 17 —opt
T 4/5(2¢+1) sup Ha JT (bLT? b27T) a—a JT (b1’9@7T, b2,T) a
P€Py3

The latter follows from

2

T84¢/5(2¢+1) yseg)pUg Ha/jT (El,T, /B\Q,T> a—dJr (bl,gy,Ta gij) a, (S.29)
+ T84/5(29+1) t@SGI;quS Ha Jr (bl 05T b2 T) a—a JT (bl 05T bopt) H; — 0.
Note that
a/jT (5177‘, /E\Q’T> a — a/jT (b17997T, /B\z,T) a (830)
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T-1
=2 > (Ki(birk) = Ki(brg,rk)) o'T (k)
k=S r+1
So T N R So. T R
+2 3 Ky (birk) T (k)a—2 Y Ki(bio,rk) T (k)a.
k=1 k=1

We can apply Lemma S.C.3-(ii) to the first term of (5.30) and Lemma S.C.3-(i) to second and third terms
(with {b1, 7} in place of {b; r} for the third term). It remains to show that the second summand of

(5.29) converges to zero. Let ¢g, 7 (rnr /T, k) denote the estimator that uses bgf’% (u) in place of 527T (u).
We have for k£ > 0,

cr (rnp /T, k) — ¢py 7 (rng /T, k)

—opt) 1w r+1)nr — (s —k/2)) /T r+Dnr —(s—k/2)/T\\ & o
)y (KQ <<< FDnr (s = k/2))/ ) ks <<< nr (s~ k/2) )) o
s=k+1 bo,r ((r +1) np/T) by ((r+1)ng/T)

+Op (1/T83'7) . (S.31)
Given Assumption 3.5-(v) 4.5-(ii,iii) and using the delta method, we have for s € {Tu— LTbgf):,Ej yeeey Tu+
| TByer ]}

Tu—(s—k/2)) /T Tu—(s—k/2)) /T
K2<< u=(s=k/2)/ )_K2<< u= (o= /2)/ ) s
b, (u) bQ,T ()
<C ‘Tu —A(s —k/2) Tu —(Sst— k/2)
TbQ7T (u) TbQ,T (u)
~ -1/5 -1/5
< CT—4/5=2/5%/5 Da (u) _(Belw) |Tu— (s — k/2)|
Dy (u) D (u)
< CT4P=2P50p (1) |Tu — (s — k/2)| .
Therefore,
qu/10(2q+1) (a'jT (b17997T7 /B\Qj) a — a'fT (bl,gg}’T, Bg?ltw) a) (S.33)

T-1 \T/nr]

— 784/10(2¢+1) Z Ky (big, k) n?T Z (d'e(rnp /T, k)a — a'oyr (rnr /T, k) a)

k=—T+1 r=0
T-1 n [T/nr] 1
< TRMNCTENC N K (broy k)| D o
k=—T4+1 T r=0 TbZ,T

>

s=k+1

- <<<r +nr — (s~ k/2)) /T) e <<<r+ ) nr — (s — k/2)) /T>|
? bor ((r + 1) n/T) ? b3 ((r + 1) ng/T)

X (a/‘Afs‘A/sta —Ez (a/VSvs/fka)) +Ep (a/vsvjs/fka)’
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= Hl,T + H27T.

We have to show that Hy 7 + Hor £ 0. Let Hi 17 (resp. Hia1) be defined as Hy 7 but with the sum
over k restricted to k =1,..., Sp (resp. k= S7+1,..., T). Let Hy1 1 (resp. Hao 1) be defined as Hy 1
but with the sum over k be restricted to k =1,..., Sp (resp. k =Sy +1,..., T). Using the definition of
PU,S)

St St e\ 2 [ T/nt] |T/nT] 1
B (1} 10) < TS0 Y0 Y K (b K (o) (1) X X (5.34)
k=1j=1 r1=0 r2=0 (TbQVT)

Yoy (K;<«m-%nnT—<s—km»/T>__K;<«n-kwnT—<s—hn»/T>>

sttt 1 b ((r1 + 1) ng/T) b3% ((r1 + 1) ng/T)

y <K (((rzj 1) ny — (t —j/2)>/T> g (((7“2 +1)nr — (t —j/2)>/T>>
“\ bar ((ra+ 1) ng/T) S\ B (e + 1)/ T)

x Egp (a'VsVs’_ka —E» (Vsstk)) (a"z‘z’_]’a —E» (VtV%—j))

_opt\ —1 ﬂ ~
< CT™/PCAN G205 (TH)7 ) sup Thyy Var (T (k) Op (1)
k>1

. —1 ~
< CTHPCAN G205 (TH)7)  sup Thyy Var s, (T (k) O (1)
E>1

< CT®at8N/5(2a+1)-2/5-10), <(b3"})1> 0,

where we have used r < (6 + 4¢) /8. Turning to Hy o7,

_ 2
E(Hyp) < T2/ (T50) 2 ( Tzl T (Var s (T (k)))l/ 2O(1)> (S.35)

k=S7+1

- 2
< 784/5(2q+1) p—2/5-1 (5;’%2)—1 bl_,gl;,,T ( TE:I k*b\/j?g]?} (Var@U (f‘ (k)))1/2>

k=S7+1

2
T-1
< T84/5(20+1) p=2/5-1 (@pﬂﬁ)‘l b;ﬁ" . Z kb0 (1)
' e k=Sr+1

< T8/5Rat)p-2/5-1 (ng;)_l b2 oS o0,

since r > (b—3/4 —¢q/2)/(b—1). Eq. (5.34) and (S.35) yield H; 7 5 0. Given |K1(-)] <1 and (5.32),

we have

oo
|Ha | < TS0+ T=2/5 Z K50,
k=1
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since Y52, k=l < 0o for [ > 1 and T84/10Q¢+D)7-2/5 _; (. Finally,

T-1
‘HZ,Q,T| < CTSq/10(2q+1)T72/5 Z ‘FBZ’U,T (ki)|
k=S7+1
< CTSq/lO(Qqul)TfQ/E)S%—l

< OT89/10Qa+1)p=2/5p4r(1-0)/5(24+1) _,

which completes the proof. [J

S.D Proof of the Results of Section 5
S.D.1 Proof of Theorem 5.1

Consider first the numerator of tpy;. We have

T3/, = 6205 (TY/2T; Mng) + Op (Th/2T57 (T = 1) /%) A (0, Jon)
= (5201@ (T;l/Zn(;) + Op (1) R
for some Jpy € (0, 0o) where the factor §2 follows from the quadratic loss.

Next, we focus on the expansion of the denominator of ¢py; which hinges on which LRV estimator
is used. We begin with part (i). Under by — 0 as T'— oo, Theorem 3.1 in Casini et al. (2023) yields

~ '] ~
Jaynwstr = Y, (1= |bpk|) T (k)
k=—[b7']
[b7"] 1
= Y (1- |ka|)/ c(u, k) du
k=—[b7"] ’
Lbr'] Ty =T — 1\ (To—Ty—2\
LS (- k) (2 ( )( )5 +OP(1))
1 Ty T,
k=— U’T J
[br’] Ty =T —1\ (To—Ty—2\
—Cuom+ > (1= lorkh (21 )( Jot+ o).
—1 Tn Tn
k=~ LbT J
for some C' > 0 such that C' < co. By Exercise 1.7.12 in Brillinger (1975),
] in L1 ?
> (1= |brk]) exp (—iwk) = by | ——2—
Sin =
k=—[07"] ?
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Evaluating the expression above at w = 0 and applying L’Hoépital’s rule we yield,

[bz] L]\ 2
> (1= |brk]) =br ( { ) = VElJ :
k=—|b7"] 2

Therefore, Jy, nws7,r = CJpm + 620p(b7") and

6205 (T /*ns) + 08 (1)

(510 (571)) "

520 (TS
"~ 520 (lng/)?) =0 (T5b"),

ltom Nws7| <

which implies Ps([tpanwsr| > za) — 0 since T5b3* — 0.
If by = O(Tﬁl/s), similar derivations yield ’tDM,NW87’ = O(Tg_l/G) and Pg(‘tDM’ngﬂ > Za) — 0.
We now consider part (ii). We have by — 0 as T' — oo. The whitening step for jdL,prW87,T involves
the following fitted least-squares regression,

‘7;5:111‘//\;5,1—{—‘7;* for t=2,...,T,—1,

where A; is the least-squares estimate and {TA/t*} is the corresponding least-squares residual. Under Hy, XA/t*
exhibits a break in the mean of magnitude 6 because V; has a break in the mean of the same magnitude

after Tp. From Casini et al. (2023) it follows that Ay LY Ay p with |1 — Ay g| < |1 — Ay| where A; is such
that A; = A; under the null hypothesis (i.e., under § = 0). Let

S L R A o
Ji= S KR, T =T-27 S i,
k=o' t=|k|+2

and ¢* (u, k) = Cov v , Vi ). Using Theorem 3.1 in Casini et al. (2023),
|Tu] |Tu|—k

Jdy pwNWST,T = (1 — g1)72 Jr
o, L] R
=(1=4A) " > (1= brk]) T (k)
=[or']
( . )_2 ng ’ /1
=(1-A4 (1= |brk|) [ ¢ (u, k)du
[T
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+(1- ﬁl)_z Lb%iJ (1 — |brkl|) (21 (T” ;nTm> (T"T_TLTI’> 54+ op (1))
—C(1—-A;p)? JDI\{
b (1= App)? LbZTjJ (1 — [brk)) (2—1 (T” - Tm) (T” - T") 54 4 op (1)) ,

for some finite C' > 0. Thus, jdL,prW87,T =C(1- Al,B)_2 Jom + (1 — Al,B)_2 540197(1),1_«1) and

5205 (T *ns) + Op (1)

(- Aum) 500 (b71)) "

(1— Ay p)6%0 (TS
N 52; (le/2)< ) =0 (ngblTﬂ) ’

which implies Ps(|tpwpym Nws7| > 2a) — 0 since T bi/qg — 0.

[toM, pwNws?| <

In part (iii), by = T~!. Proceeding as in (S.1) we have |[tpykvs| = O(TS™!) and Ps(|[tpm kvs| >
Zo) — 0 since TS~ — 0.
We consider part (iv). Using Theorem 3.3 in Casini et al. (2023), we have

Tn—2 LT /nry, )

Jy,pkr= Y. K (b\l,Tk> nTT" > er(rng, /Ty, k)
fe=—Ty+2 (R —
Ty —2 R nr [Tn /oy, ]
= Z K (bl,Tk?) T" Z (c(rnTn/Tn, k)
k=—T,+2 n r=1

+6°1 {(\TnTn +k/2+ Tubor/2 4+ 1) — Tb|/(Tn52,T)) € (0, 1)}) + op (1)

o~

) 1~
= Jpum + 6“Op (ble) bng + op (1) .
Using gg;p/gl;p — 0 it follows that

5205 (T *ns) + Op (1)

N 12
(JDM + 620p ((bl,T) bz,T>>

=620 (1) .

|toM,DK| =

Since TS — oo, we have Ps(|tpm,pk| > 2a) — 1.
Finally, we consider part (v). The whitening step for Jy, ,wpk 7 involves the following fitted least-
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squares regression,
V, = Ar,l‘A/t—l + ‘7;* for t=rnp, +1,..., (r+1)ngp,

(for the last block, t = |T,,/nz, | ng, +1,..., Tp,) where A, 1 is the least-squares estimate and {V;*} is the
corresponding least-squares residual. Under Hi, ‘A/t* exhibits a break in the mean of magnitude 62 in the
r*th block such that T, € {r*ng, +1,..., (r* + 1) np, }. This follows because V; has a break in the mean
of the same magnitude after T;. Note that over the blocks r # r*, V, does not have a break in the mean.
Using Theorem 3.3 in Casini et al. (2023), we have

R Tn—1 A n [T%/nr, ]
Jap vk, = Y. Ki ( ’{,Tk) T" > Enp(rng, /Ty, k)
k=—Tn+1 (O —
Th—1 R Ny [Tn /1y, ]
= Y E (k)Y (cg (rnz, /T, k)

k=—Tn+1 r=1

14621 {(|r*nTn k)24 Tobs /2 +1) - Tb|/(Tn6;T)) € (0, 1)}> +op (1)

o~

2 * -1 Tx
= Jpm +6°Op (bl,T) b ) +op(l).
It follows that

5205 (i *ns) + 0p (1)

= 1 1/2
<JDM +520p <(b*{7T) b§7T>)

= 620 (1) .

[tDM, pwDK| =

Since TS — oo we have Ps(|tpm pwbk | > 24) = 1. O
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