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Abstract

This supplemental material is not for publication and is structured as follows. Section N.A reviews
how to apply the proposed DK-HAC estimator in GMM and IV contexts. Section N.B contains the
proofs of the results of Section 2 and 4-5.

N.A Implementation of DK-HAC in GMM and IV Models

Section N.A.1 reviews the DK-HAC estimation in GMM models while Section N.A.2 considers IV models.

N.A.1 GMM

We begin with the GMM setup [cf. Hansen (1982)]. For a k-vector β∗ of unknown parameters, we have
the moment condition Emt (β∗) = 0 where mt (β) is a p-vector of functions of the data and parameters
where p ≥ k. The GMM estimator β̂ is defined as the solution to minβ mT (β)′ Ŵ2,T mT (β), where

mT (β) = T −1∑T
t=1 mt (β) is the sample average of the vector of sample moments mt (β) and Ŵ2,T is

a (possibly) random, symmetric weighting matrix. The asymptotic covariance matrix of β̂ is given by
H = limT →∞ HT where

HT =
(
L′

T W2,T LT

)−1
L′

T W2,T JT W2,T LT

(
L′

T W2,T LT

)−1
,

where LT = T −1∑T
t=1 Emtβ (β∗) and mtβ (β) is the p × k matrix of partial derivatives of mt (β), W2,T

is a nonrandom matrix such that Ŵ2,T − W2,T
P→ 0, and JT = T −1∑T

s=1
∑T

t=1 E(mt (β∗) ms (β∗))′. Let
J = limT →∞ JT . The consistent estimation of H boils down to the consistent estimation of J since the
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estimation of LT and W2,T is straightforward. Ŵ2,T is a natural estimator of W2,T while under regularity

conditions LT − T −1∑T
t=1 mtβ(β̂) P→ 0. In place of the classical HAC estimators we now estimate J by

ĴT =
T −1∑

k=−T +1
K1 (b1,T k) Γ̂ (k) , where Γ̂ (k) ≜ nT

T − nT

⌊(T −nT )/nT ⌋∑
r=0

ĉT (rnT /T, k) , (N.1)

where

ĉT (rnT /T, k) ≜

(Tb2,T )−1∑T
s=k+1 K∗

2

(
((r+1)nT −(s+k/2))/T

b2,T

)
m̂sm̂′

s−k, k ≥ 0
(Tb2,T )−1∑T

s=−k+1 K∗
2

(
((r+1)nT −(s−k/2))/T

b2,T

)
m̂s+km̂′

s, k < 0
,

and m̂s = ms(β̂). We can implement ĴT with the data-dependent methods for selecting b1,T and b2,T ,
and choose K1 and K2 on the basis of the optimality results of Section 4. For K1 one can use the QS
kernel while for K2 one can choose K2 = 6x (1 − x) for 0 ≤ x ≤ 1 and 0 otherwise as suggested in Section
4. From the results in Section 5,

b̂1,T = 0.6828
(
ϕ̂ (2) T b̂2,T

)−1/5

b̂2,T (ur) = 1.6786
(
D̂1 (ur)

)
−1/5

(
D̂2 (ur)

)1/5
T −1/5, ur = rnT /T,

where the expressions for ϕ̂ (2) , D̂1 (ur) and D̂2 (ur) are given in the same section.

N.A.2 IV

Consider the linear model yt = x′
tβ0 + et (t = 1, . . . , T ), where β0 ∈ Θ ⊂ Rp, yt is an observation on

the dependent variable, xt is a p-vector of regressors and et is an unobserved disturbance potentially
autocorrelated. Suppose the regressor is endogenous: E (xtet) ̸= 0. The IV estimator β̂IV is given by
β̂IV = (Z ′X)−1 Z ′Y , where Y = (y1, . . . , yT )′ , X = (x1, . . . , xT )′ and Z = (z1, . . . , zT )′ where zt is a p-
vector of instruments. The asymptotic variance of the IV estimator is given by the limit of Var(

√
T (β̂IV −

β0)) = Q−1
ZXJT Q−1

ZX where QZX = T −1∑T
t=1 ztx

′
t and JT = T −1∑T

s=1
∑T

t=1 E(eszs(etzt)′). A natural

estimator of limT →∞ QZX is T −1∑T
t=1 ztx

′
t. Let J = limT →∞ JT . J can be consistently estimated by ĴT

as given in (N.1) where m̂t is replaced by êtzt where êt = yt − x′
tβ̂IV.

N.B Appendix: Proofs of the Results of Section 2 and 4-5

N.B.1 Proofs of the Results of Section 2.1

N.B.1.1 Proof of Theorem 2.1

For Tu /∈ T we use the arguments in the proof of Theorem 2.2 in Dahlhaus (1997). Without loss of
generality, assume T 0

j−1 < Tu < T 0
j for some 1 ≤ j ≤ m0 + 1. Then,

fj,T (u, ω) = 1
2π

∞∑
s=−∞

exp (−iωs)
� π

−π
exp (iηs) A0

j,⌊T u−s/2⌋,T (η) A0
j,⌊T u+s/2⌋,T (η)dη,
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and

fj (u, ω) = 1
2π

∞∑
s=−∞

exp (−iωs)
� π

−π
exp (iηs) Aj (u, η) Aj (u, η)dµ.

We have, in virtue of standard orthogonality relations,

� π

−π
|fj,T (u, ω) − fj (u, ω)|2 dω

=
� π

−π

∣∣∣∣∣ 1
2π

∞∑
s=−∞

exp (−iωs)

×
[� π

−π
exp (iηs)

(
A0

j,⌊T u−s/2⌋,T (η) A0
j,⌊T u+s/2⌋,T (η) − Aj (u, η) Aj (u, η)

)
dη

]∣∣∣∣∣
2

dω

= 1
2π

∞∑
s=−∞

|cs,j |2 + o (1) ,

where cs,j =
� π

−π exp (iηs) Gj (s/2T, η) dη and

Gj

(
s

2T
, η

)
= Aj

(
u − s

2T
, η

)
Aj

(
u + s

2T
, −η

)
− Aj (u, η) Aj (u, −η) .

By well-known results on Fourier coefficients [cf. Bary (1964), Chapter 2.3], |cs,j | ≤ Cs−ϑ and thus∑∞
s=n |cs,j |2 = O(n1−2ϑ). Let ∆s (ω) =

∑s−1
r=0 exp (−iωr) . Applying summation by parts yields

n−1∑
s=0

|cs,j |2 =
� π

−π

� π

−π

n−1∑
s=0

exp (−i (ω − η) s) Gj

(
s

2T
, ω

)
Gj

(
s

2T
, η

)
dωdη

≤
� π

−π

� π

−π

∣∣∣∣∣−
n−1∑
s=0

[Gj

(
s

2T
, ω

)
Gj

(
s

2T
, η

)
− Gj

(
s − 1
2T

, ω

)
Gj

(
s − 1
2T

, η

)
]∆s (η − ω)

+Gj

(
n − 1
2T

, ω

)
Gj

(
n − 1
2T

, η

)
∆n (η − ω)

∣∣∣∣∣ dωdη

= O

(
n ln n

T ϑ

)
.

A similar bound holds for
∑∞

s=n |c−s,j |2. The result for Tu /∈ T follows by choosing n appropriately. Next,
suppose Tu ∈ T and u = T 0

j /T . Then, we have

fj,T (u, ω) = 1
2π

∞∑
s=−∞

exp (−iωs)
� π

−π
exp (iηs) A0

j,⌊T u−3|s|/2⌋,T (η) A0
j,⌊T u−|s|/2⌋,T (η)dη

and

fj (u, ω) = 1
2π

∞∑
s=−∞

exp (−iωs)
� π

−π
exp (iηs) Aj (u, η) Aj (u, η)dη.

Proceeding as above,

� π

−π
|fT (u, ω) − f (u, ω)|2 dω
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=
� π

−π

∣∣∣∣∣ 1
2π

∞∑
s=−∞

exp (−iωs)

[� π

−π
exp (iηs) A0

j,⌊uT −3|s|/2⌋,T (η) A0
j,⌊uT −|s|/2⌋,T (η)dη −

� π

−π
exp (iηs) Aj (u, η) Aj (u, η)dη

]∣∣∣∣∣
2

dω

=
� π

−π

∣∣∣∣∣ 1
2π

∞∑
s=−∞

exp (−iωs)

[� π

−π
exp (iηs)

(
A0

j,⌊T u−3|s|/2⌋,T (η) A0
j,⌊T u−|s|/2⌋,T (η) − Aj (u, η) Aj (u, η)

)
dη

]∣∣∣∣∣
2

dω

= 1
2π

∞∑
s=−∞

|cs,j |2 + o (1) ,

with cs,j =
� π

−π exp (iηs) Gj (s/2T, η) dη and

Gj

(
s

2T
, η

)
= Aj

(
u − 3 |s|

2T
, η

)
Aj

(
u − |s|

2T
, −η

)
− Aj (u, η) Aj (u, −η) .

Using the definition of ∆s (ω) and the above-mentioned properties of cs,j which continue to hold, summa-
tion by parts and the Lipschitz continuity of Aj (u, ·) then imply

∑n−1
s=0 |cs,j |2 = O(n ln n/T ϑ). Since the

same bound applies to
∑∞

s=n |c−s,j |2, we can choose an appropriate n to yield the result for Tu ∈ T . □

N.B.2 Proofs of the Results of Section 4

N.B.2.1 Proof of Proposition 4.1

We first need to show that
√

Tb2,T (ĉT (rnT /T, k) − c̃ (rnT /T, k)) = oP (1) . Without loss of generality,

we can focus on the scalar case. From (S.27),
∥∥∥ ∂

∂β′ ĉT (rnT /T, k)
∥∥∥ |β=β̄ = OP (1) . A mean-value Taylor’s

expansion gives√
Tb2,T (ĉT (rnT /T, k) − c̃T (rnT /T, k)) =

√
b2,T

∂

∂β′ ĉT (rnT /T, k) |β=β̄

√
T
(
β̂ − β0

)
≤
√

b2,T sup
r≥1

∥∥∥∥ ∂

∂β′ ĉ (rnT /T, k)
∥∥∥∥ |β=β̄

√
T
(
β̂ − β0

)
=
√

b2,T OP (1) = oP (1) .

Thus,

ξT = vec (ĉT (rnT /T, k) − c̃ (rnT /T, k))′ W̃T vec (ĉT (rnT /T, k) − c̃ (rnT /T, k)) P→ 0.

Since ξT is a bounded sequence, E (ξT ) P→ 0. Hence, given that W̃T
P→ W̃ , we have MSE(1, ĉT (u0, k) , W̃T ) =

MSE(1, c̃T (u0, k) , W̃ ) + oP (1). By using the results of Lemma S.A.4, the MSE of ĉT (u0, k) for any
u0 ∈ (0, 1) and any integer k, is given by

E [ĉT (u0, k) − c (u0, k)]2

= 1
4b4

2,T

(� 1

0
x2K2 (x) dx

)2(
∂2

∂2u
c (u0, k)

)2
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+ 1
Tb2,T

� 1

0
K2

2 (x) dx
∞∑

l=−∞
c (u0, l) [c (u0, l) + c (u0, l + 2k)]

+ 1
Tb2,T

� 1

0
K2

2 (x) dx
∞∑

h1=−∞
κV,⌊T u0⌋ (−k, h1, h1 − k) + o

(
b4

2,T

)
+ o (1/ (b2,T T ))

≜ g (K2, b2,T ) + o
(
b4

2,T

)
+ o (1/ (b2,T T )) . (N.1)

Then g (K2, b2,T ) = 4−1b4
2,T H (K2) D1 (u0) + (Tb2,T )−1 F (K2) (D2 (u0) + D3 (u0)). The minimum of

g (K2, b2,T ) in b2,T is determined by the equation

∂

∂b2,T
g (K2, b2,T ) = b3

2,T H (K2) D1 (u0) − 1
Tb2

2,T

F (K2) (D2 (u0) + D3 (u0)) = 0.

The minimum is achieved at

bopt
2,T = [H (K2) D1 (u0)]−1/5 (F (K2) (D2 (u0) + D3 (u0)))1/5 T −1/5.

If Vt,T is Gaussian, then the term involving κV,⌊T u0⌋ in (N.1) is equal to zero and so D3 (u0) = 0 in bopt
2,T .

Next, we minimize g(K2, bopt
2,T ) with respect to the class of kernels K2 : R → [0, ∞] that are centered at

x = 1/2 with

�
R

K2 (x) dx = 1, (N.2)

K2 (x) = K2 (1 − x) . (N.3)

We use arguments similar to those in Chapter 7 of Priestley (1981) and in Dahlhaus and Giraitis (1998).
Let √

K2σ (x) = 1√
σ

(
K2

(
x − 1/2

σ
+ 1

2

))1/2
, where σ ∈ (0, ∞) .

We have F (K2σ) = (1/σ) F (K2) and H (K2σ) = σ4H (K2) (with the integrals in the definition of F and H
extended to R and with the variable of integration x subtracted by 1/2). Then, bopt

2,K2σ ,T = σ−1bopt
2,T where

bopt
2,K2σ ,T is the optimal bandwidth associated with the kernel K2σ. Also, g(K2σ, bopt

2,K2σ ,T ) = g(K2, bopt
2,T ).

We can thus restrict our attention to K2 satisfying

�
R

(
x − 1

2

)2
K2 (x) dx =

�
R

(
x − 1

2

)2
Kopt

2 (x) dx, (N.4)

where Kopt
2 (x) = 6x (1 − x) for x ∈ [0, 1] and Kopt

2 (x) = 0 for x /∈ [0, 1]. Therefore, we have to show
that, for any K2 that satisfies (N.2)-(N.3),

�
R/[0, 1]

K2
2 (x) dx +

� 1

0
K2

2 (x) dx =
�
R

K2
2 (x) dx ≥

�
R

(
Kopt

2 (x)
)2

dx =
� 1

0

(
Kopt

2 (x)
)2

dx.

This is implied by

� 1

0
K2

2 (x) dx ≥
� 1

0

(
Kopt

2 (x)
)2

dx.
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Let K2 (x) = Kopt
2 (x) + ε (x), x ∈ R, where ε > 0. Since

�
R ε2 (x) dx ≥ 0 and Kopt

2 vanishes outside [0, 1],
it is sufficient to prove that

� 1
0

(
Kopt

2 (x) ε (x)
)

dx ≥ 0 because

� 1

0
K2

2 (x) dx =
� 1

0

(
Kopt

2 (x) + ε (x)
)2

dx ≥
� 1

0

(
Kopt

2 (x)
)2

+ 2
� 1

0

(
Kopt

2 (x) ε (x)
)

dx.

By (N.2), we have
�
R ε (x) dx = 0, while

�
R ε (x)

(
x2 − x

)
dx = 0 in view of

0 =
�
R

(
K2 (x) − Kopt

2 (x)
)(

x − 1
2

)2
dx =

�
R

(
K2 (x) − Kopt

2 (x)
) (

x2 − x
)

dx + 1
4

�
R

ε (x) dx

=
�
R

(
K2 (x) − Kopt

2 (x)
) (

x2 − x
)

dx.

Note that
(
x2 − x

)
= x (x − 1) . Therefore, we deduce

6
�
R/[0, 1]

x (1 − x) ε (x) dx + 6
� 1

0
x (1 − x) ε (x) dx = 0.

Rearranging the last expression yields,

� 1

0
Kopt

2 (x) ε (x) dx = 6
�
R/[0, 1]

x (x − 1) ε (x) dx ≥ 0,

because ε (x) ≥ 0 and x (x − 1) ≥ 0 for x /∈ [0, 1]. □

N.B.2.2 Proof of Theorem 4.1

Without loss of generality, we provide the proof for the scalar case. By Theorem 3.2-(iii), if Tb2q+1
1,T b2,T →

γ2 ∈ (0, ∞) for some q ∈ [0, ∞) for which K1,q, |
� 1

0 f (q) (u, 0) du| ∈ [0, ∞), then

lim
T →∞

MSE
(
Tb1,T b2,T , ĴT (b1,T,K1) , 1

)
= 4π2

γ2K2
1,q

(� 1

0
f (q) (u, 0) du

)2

+
�

K2
1 (y) dy

� 1

0
(K2 (x))2 dx

(� 1

0
f (u, 0) du

)2
 .

We have Tb5
1,T b2,T → γ by assumption. Thus, we apply Theorem 3.2-(iii) with q = 2, K1 and b1,T,K1 .

Then, Tb5
1,T,K1

b2,T → γ/
(�

K2
1 (x) dx

)5
and

Tb1,T b2,T = Tb1,T,K1b2,T

�
K2

1 (x) dx.

Therefore, given K1,2 < ∞,

lim
T →∞

(
MSE

(
Tb1,T b2,T , ĴT (b1,T,K1) , 1

)
− MSE

(
Tb1,T b2,T , ĴQS

T (b1,T ) , 1
))

= 4γπ2
(� 1

0
f (q) (u, 0) du

)2 � 1

0
(K2 (x))2 dx

[
K2

1,2

(�
K2

1 (y) dy

)4
−
(
KQS

1,2

)2
]

.

N-6



Let K̃1 (·) and K̃QS
1 (·) denote the spectral window generators of K1 (·) and KQS

1 (·), respectively. They

have the following properties: K1,2 =
� ∞

−∞ ω2K̃1 (ω) dω, K1 (0) =
� ∞

−∞ K̃1 (ω) dω, and
� ∞

−∞ K2
1 (x) dx =� ∞

−∞ K̃2
1 (ω) dω. As in Andrews (1991), the result of the theorem follows if we can show the following

inequality,

K2
1,2

(�
K2

1 (x) dx

)4
≥
(
KQS

1,2

)2
for all K1 (·) ∈ K̃1. (N.5)

Priestley (1981, Ch. 7.5) showed that K̃QS
1 (·) minimizes

� ∞

−∞
ω2K̃1 (ω) dω

(� ∞

−∞
K̃2

1 (ω) dω

)2

, (N.6)

subject to (a)
� ∞

−∞ K̃1 (ω) dω = 1, (b) K̃1 (ω) ≥ 0, ∀ ω ∈ R, and (c) K̃1 (ω) = K̃1 (−ω) , ∀ ω ∈ R, where
KQS

1 (ω) = (5/8π)
(
1 − ω2/c2) for |ω| ≤ c for c = 6π/5. and KQS

1 (ω) = 0 otherwise. Note that the

inequality (N.5) holds if and only if K̃QS
1 (·) minimizes (N.6). This proves the inequality of the theorem.

Strict inequality holds when KQS
1 (x) ̸= K1 (x) with positive Lebesgue measure. □

N.B.2.3 Proof of Corollary 4.1

Note that T
2q

2q+1 b
2q

2q+1
2,T = (Tb2q+1

1,T b2,T )−1/(2q+1)Tb1,T b2,T = (γ−1/(2q+1) + o (1))Tb1,T b2,T . Thus,

lim
T →∞

MSE
(

T
2q

2q+1 b
2q

2q+1
2,T , ĴT (b1,T , b2,T ) , WT

)
= γ−1/(2q+1)4π2

[
γK2

1,qvec
(� 1

0
f (q) (u, 0) du

)′

Wvec
(� 1

0
f (q) (u, 0) du

)
(N.7)

+
�

K2
1 (y) dy

� 1

0
K2

2 (x) dx trW
(
Ip2 − Cpp

)(� 1

0
f (u, 0) du

)
⊗
(� 1

0
f (v, 0) dv

)]
.

Minimizing this with respect to γ gives

γ2q/(2q+1)K2
1,qvec

(� 1

0
f (q) (u, 0) du

)′

Wvec
(� 1

0
f (q) (u, 0) du

)

= γ−1/(2q+1)
�

K2
1 (y) dy

�
K2

2 (x) dx trW
(
Ip2 − Cpp

)(� 1

0
f (u, 0) du

)
⊗
(� 1

0
f (v, 0) dv

)
,

or

γopt = 1
2q

�
K2

1 (y) dy
�

K2
2 (x) dx trW

(
Ip2 + Cpp

) (� 1
0 f (u, 0) du

)
⊗
(� 1

0 f (v, 0) dv
)

K2
1,qvec

(� 1
0 f (q) (u, 0) du

)′
Wvec

(� 1
0 f (q) (u, 0) du

)
=
(
2qK2

1,qϕ (q)
)−1

(�
K2

1 (y) dy

� 1

0
K2

2 (x) dx

)
.

Note that γopt > 0 provided that 0 < ϕ (q) < ∞ and W is positive definite. Hence, {b1,T } is optimal in

the sense that Tb2q+1
1,T b2,T → γopt if and only if b1,T = bopt

1,T + o((Tb2,T )−1/(2q+1)) where b2,T = O(bopt
2,T ). □
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N.B.3 Proofs of the Results of Section 5

N.B.3.1 Proof of Theorem 5.1

Without loss of generality, we assume that Vt is a scalar. The constant C < ∞ may vary from line to
line. We begin with the proof of part (ii) because it becomes then simpler to prove part (i). By Theorem
3.2-(ii),

√
Tbθ1,T bθ2,T (ĴT (bθ1,T , bθ2,T )−JT ) = OP (1). It remains to establish the second result of Theorem

5.1-(ii). Let ST =
⌊
b−r

θ1,T

⌋
where

r ∈(max{(8b − 5 − 2q) /8 (b − 1) , 1.25, (b/2 − 1/4) / (b − 1) , q/ (l − 1) , (8b − 7 − 6q) /8 (b − 1)
(b − 3/4 − q/2)/ (b − 1)}, min {13q/24 + 49/48, 46/48 + 20q/48, 7/8 + 3q/4, (6 + 4q) /8, 2}),

with b > 1 + 1/q . We will use the following decomposition

ĴT (b̂1,T , b̂2,T ) − ĴT (bθ1,T , bθ2,T ) = (ĴT (b̂1,T , b̂2,T ) − ĴT (bθ1,T , b̂2,T )) (N.8)

+ (ĴT (bθ1,T , b̂2,T ) − ĴT (bθ1,T , bθ2,T )).

Let

N1 ≜ {−ST , −ST + 1, . . . , −1, 1, . . . , ST − 1, ST } ,

N2 ≜ {−T + 1, . . . , −ST − 1, ST + 1, . . . , T − 1} .

Let us consider the first term of (N.8). We have

T 8q/10(2q+1)(ĴT (b̂1,T , b̂2,T ) − ĴT (bθ1,T , b̂2,T )) (N.9)

= T 8q/10(2q+1) ∑
k∈N1

(K1(b̂1,T k) − K1(bθ1,T k))Γ̂ (k)

+ T 8q/10(2q+1) ∑
k∈N2

K1(b̂1,T k)Γ̂ (k)

− T 8q/10(2q+1) ∑
k∈N2

K1(bθ1,T k)Γ̂ (k)

≜ A1,T + A2,T − A3,T .

We first show that A1,T
P→ 0. Let A1,1,T denote A1,T with the summation restricted over positive integers

k. Let ñT = inf{T/n3,T ,
√

n2,T }. We can use the Liptchitz condition on K1 (·) ∈ K3 to yield,

|A1,1,T | ≤ T 8q/10(2q+1)
ST∑
k=1

C2
∣∣∣b̂1,T − bθ1,T

∣∣∣ k ∣∣∣Γ̂ (k)
∣∣∣ (N.10)

≤ CñT

∣∣∣ϕ̂ (q)1/(2q+1) − ϕ
1/(2q+1)
θ∗

∣∣∣ (ϕ̂ (q) ϕθ∗

)−1/(2q+1)
b̂

−1/(2q+1)
2,T T (8q−10)/10(2q+1)ñ−1

T

ST∑
k=1

k
∣∣∣Γ̂ (k)

∣∣∣ ,
for some C < ∞. By Assumption 5.1-(ii) (ñT

∣∣∣ϕ̂ (q) − ϕθ∗

∣∣∣ = OP (1)) and, using the delta method, it

suffices to show that B1,T + B2,T + B3,T
P→ 0, where

B1,T = b̂
−1/(2q+1)
2,T T (8q−10)/10(2q+1)ñ−1

T

ST∑
k=1

k
∣∣∣Γ̂ (k) − Γ̃ (k)

∣∣∣ , (N.11)
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B2,T = b̂
−1/(2q+1)
2,T T (8q−10)/10(2q+1)ñ−1

T

ST∑
k=1

k
∣∣∣Γ̃ (k) − ΓT (k)

∣∣∣ ,
B3,T = b̂

−1/(2q+1)
2,T T (8q−10)/10(2q+1)ñ−1

T

ST∑
k=1

k |ΓT (k)| ,

with ΓT (k) ≜ (nT /T )
∑⌊T/nT ⌋

r=0 c (rnT /T, k) . By a mean-value expansion, we have

B1,T ≤ b̂
−1/(2q+1)
2,T T (8q−10)/10(2q+1)ñ−1

T T −1/2
ST∑
k=1

k

∣∣∣∣( ∂

∂β′ Γ̂ (k) |β=β

)√
T
(
β̂ − β0

)∣∣∣∣ (N.12)

≤ Cb̂
−1/(2q+1)
2,T T (8q−10)/10(2q+1)−1/2

(
Tbθ2,T

)2r/(2q+1)
ñ−1

T sup
k≥1

∥∥∥∥ ∂

∂β
Γ̂ (k) |β=β

∥∥∥∥√
T
∥∥∥β̂ − β0

∥∥∥
≤ Cb̂

(−1+2r)/(2q+1)
2,T T (8q−10)/10(2q+1)−1/2+2r/(2q+1)ñ−1

T sup
k≥1

∥∥∥∥ ∂

∂β
Γ̂ (k) |β=β

∥∥∥∥√
T
∥∥∥β̂ − β0

∥∥∥ P→ 0,

since ñT /T 1/3 → ∞, r < 13q/24+49/48,
√

T ||β̂ −β0|| = OP (1), and supk≥1 || (∂/∂β) Γ̂ (k) |β=β|| = OP (1)
using (S.27) and Assumption 3.3-(ii,iii). In addition,

E
(
B2

2,T

)
≤ E

b̂
−2/(2q+1)
2,T T (8q−10)/5(2q+1)ñ−2

T

ST∑
k=1

ST∑
j=1

kj
∣∣∣Γ̃ (k) − ΓT (k)

∣∣∣ ∣∣∣Γ̃ (j) − ΓT (j)
∣∣∣
 (N.13)

≤ b̂
−2/(2q+1)−1
2,T T (8q−10)/5(2q+1)−2/3−1S4

T sup
k≥1

T b̂2,T Var
(
Γ̃ (k)

)
≤ b̂

−2/(2q+1)−1
2,T T (8q−10)/5(2q+1)−2/3−1 (Tbθ2,T )4r/(2q+1) sup

k≥1
T b̂2,T Var

(
Γ̃ (k)

)
≤ T 1/5T 2/5(2q+1)T (8q−10)/5(2q+1)−2/3−1T 4r/(2q+1)T −4r/5(2q+1) sup

k≥1
T b̂2,T Var

(
Γ̃ (k)

)
→ 0,

given that supk≥1 T b̂2,T Var(Γ̃(k)) = O (1) using Lemma S.A.5 and r < 46/48 + 20q/48. Assumption
5.1-(iii) and

∑∞
k=1 k1−l < ∞ for l > 2 yield

B3,T ≤ b̂
−1/(2q+1)
2,T T (8q−10)/10(2q+1)ñ−1

T C3

∞∑
k=1

k1−l → 0, (N.14)

where we have used ñT /T 3/10 → ∞ and q < 34/4. Combining (N.10)-(N.14), we deduce that A1,1,T
P→ 0.

The same argument applied to A1,T , where the summation now extends over negative integers k, gives

A1,T
P→ 0. Next, we show that A2,T

P→ 0. Again, we use the notation A2,1,T (resp., A2,2,T ) to denote A2,T

with the summation over positive (resp., negative) integers. Let A2,1,T = L1,T + L2,T + L3,T , where

L1,T = T 8q/10(2q+1)
T −1∑

k=ST +1
K1

(
b̂1,T k

) (
Γ̂ (k) − Γ̃ (k)

)
, (N.15)

L2,T = LA
2,T + LB

2,T = T 8q/10(2q+1)

⌊DT T 8/5(2q+1)⌋∑
k=ST +1

+
T −1∑

k=⌊DT T 8/5(2q+1)⌋+1

K1
(
b̂1,T k

) (
Γ̃ (k) − ΓT (k)

)
,

L3,T = T 8q/10(2q+1)
T −1∑

k=ST +1
K1

(
b̂1,T k

)
ΓT (k) .
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We apply a mean-value expansion and use
√

T (β̂ − β0) = OP (1) as well as (S.27) to obtain

|L1,T | = T 8q/10(2q+1)−1/2
T −1∑

k=ST +1
C1
(
b̂1,T k

)−b
∣∣∣∣( ∂

∂β′ Γ̂ (k)
)

|β=β

√
T
(
β̂ − β0

)∣∣∣∣ (N.16)

= T 8q/10(2q+1)−1/2+4b/5(2q+1)
T −1∑

k=ST +1
C1k−b

∣∣∣∣( ∂

∂β′ Γ̂ (k)
)

|β=β

√
T
(
β̂ − β0

)∣∣∣∣
= T 8q/10(2q+1)−1/2+4b/5(2q+1)+4r(1−b)/5(2q+1)

∣∣∣∣( ∂

∂β′ Γ̂ (k)
)

|β=β

√
T
(
β̂ − β0

)∣∣∣∣
= T 8q/10(2q+1)−1/2+4b/5(2q+1)+4r(1−b)/5(2q+1)OP (1) OP (1) ,

which goes to zero since r > (8b − 5 − 2q) /8 (b − 1). Let us now consider L2,T . We have

∣∣∣LA
2,T

∣∣∣ = T (8q−1)/10(2q+1)
⌊DT T 8/5(2q+1)⌋∑

k=ST +1
C1
(
b̂1,T k

)−b ∣∣∣Γ̃ (k) − ΓT (k)
∣∣∣ (N.17)

= C1
(
2qK2

1,qϕ̂ (q)
)b/(2q+1)

T 8q/10(2q+1)+b/(2q+1)−1/2b̂
b/(2q+1)−1/2
2,T

⌊DT T 8/5(2q+1)⌋∑
k=ST +1

k−b


×
√

T b̂2,T

∣∣∣Γ̃ (k) − ΓT (k)
∣∣∣ .

Note that

E

T 8q/10(2q+1)+b/(2q+1)−1/2b̂
b/(2q+1)−1/2
2,T

⌊DT T 8/5(2q+1)⌋∑
k=ST +1

k−b
√

T b̂2,T

∣∣∣Γ̃ (k) − ΓT (k)
∣∣∣


2

(N.18)

≤ T 8q/5(2q+1)+2b/(2q+1)−1b̂
2b/(2q+1)−1
2,T

⌊DT T 8/5(2q+1)⌋∑
k=ST +1

k−b
√

T b̂2,T

(
Var

(
Γ̃ (k)

))1/2


2

= T 8q/5(2q+1)+2b/(2q+1)−1b̂
2b/(2q+1)−1
2,T

⌊DT T 8/5(2q+1)⌋∑
k=ST +1

k−b


2

O (1)

= T 8q/5(2q+1)+2b/(2q+1)−1b̂
2b/(2q+1)−1
2,T S

2(1−b)
T O (1) → 0,

since r > 1.25 and T b̂2,T Var(Γ̃ (k)) = O (1) as above. Next,

∣∣∣LB
2,T

∣∣∣ = T (8q−1)/10(2q+1)
T −1∑

k=⌊DT T 8/5(2q+1)⌋+1

C1
(
b̂1,T k

)−b ∣∣∣Γ̃ (k) − ΓT (k)
∣∣∣ (N.19)

= C1
(
2qK2

1,qϕ̂ (q)
)b/(2q+1)

T 8q/10(2q+1)+b/(2q+1)−1/2b̂
b/(2q+1)−1/2
2,T

 T −1∑
k=⌊DT T 8/5(2q+1)⌋+1

k−b


×
√

T b̂2,T

∣∣∣Γ̃ (k) − ΓT (k)
∣∣∣ .
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Note that

E

T 8q/10(2q+1)+b/(2q+1)−1/2b̂
b/(2q+1)−1/2
2,T

T −1∑
k=⌊DT T 8/5(2q+1)⌋+1

k−b
√

T b̂2,T

∣∣∣Γ̃ (k) − ΓT (k)
∣∣∣


2

(N.20)

≤ T 8q/5(2q+1)+2b/(2q+1)−1b̂
2b/(2q+1)−1
2,T

 T −1∑
k=⌊DT T 8/5(2q+1)⌋+1

k−b
√

T b̂2,T

(
Var

(
Γ̃ (k)

))1/2


2

= T 8q/5(2q+1)+2b/(2q+1)−1b̂
2b/(2q+1)−1
2,T

 T −1∑
k=⌊DT T 8/5(2q+1)⌋+1

k−b


2

O (1)

= T 8q/5(2q+1)+2b/(2q+1)−1b̂
2b/(2q+1)−1
2,T S

2(1−b)
T T 16(1−b)/5(2q+1)D2

T O (1) → 0,

since r > (b/2 − 1/4) / (b − 1). Combining (N.17) and (N.20) yields L2,T
P→ 0, since ϕ̂ (q) = OP (1). Let

us turn to L3,T . By Assumption 5.1-(iii) and |K1 (·)| ≤ 1, we have,

|L3,T | ≤ T 8q/10(2q+1)
T −1∑

k=ST

C3k−l ≤ T 8q/10(2q+1)C3S1−l
T (N.21)

≤ C3T 8q/10(2q+1)T −4r(l−1)/5(2q+1) → 0,

since r > q/ (l − 1). In view of (N.15)-(N.21), we deduce that A2,1,T
P→ 0. Applying the same argument

to A2,2,T , we have A2,T
P→ 0. Using similar arguments, one has A3,T

P→ 0. It remains to show that

T 8q/10(2q+1)(ĴT (bθ1,T , b̂2,T ) − ĴT (bθ1,T , bθ2,T )) P→ 0. Let ĉθ2,T (rnT /T, k) denote the estimator that uses

bθ2,T in place of b̂2,T . We have for k ≥ 0,

ĉT (rnT /T, k) − ĉθ2,T (rnT /T, k)

=
(
Tbθ2,T

)−1 T∑
s=k+1

(
K2

(
((r + 1) nT − (s − k/2)) /T

b̂2,T ((r + 1) nT /T )

)
− K2

(
((r + 1) nT − (s − k/2)) /T

bθ2,T ((r + 1) nT /T )

))
V̂sV̂ s−k

+ OP
(
1/Tbθ2,T

)
. (N.22)

Given Assumption 5.1-(v,vi,vii) and using the delta method, we have for s ∈ {Tu −
⌊
Tbθ2,T

⌋
, . . . , Tu +⌊

Tbθ2,T

⌋
}:

K2

(
(Tu − (s − k/2)) /T

b̂2,T (u)

)
− K2

(
(Tu − (s − k/2)) /T

bθ2,T (u)

)
(N.23)

≤ C4

∣∣∣∣∣Tu − (s − k/2)
T b̂2,T (u)

− Tu − (s − k/2)
Tbθ2,T (u)

∣∣∣∣∣
≤ CT −4/5−2/5T 2/5

∣∣∣∣∣∣
(

D̂2 (u)
D̂1 (u)

)−1/5

−
(

D2 (u)
D1,θ (u)

)−1/5
∣∣∣∣∣∣ |Tu − (s − k/2)|

≤ CT −4/5−2/5OP (1) |Tu − (s − k/2)| .
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Therefore,

T 8q/10(2q+1)
(
ĴT

(
bθ1,T , b̂2,T

)
− ĴT (bθ1,T , bθ2,T )

)
(N.24)

= T 8q/10(2q+1)
T −1∑

k=−T +1
K1 (bθ1,T k) nT

T

⌊T/nT ⌋∑
r=0

(ĉ (rnT /T, k) − ĉθ2,T (rnT /T, k))

≤ T 8q/10(2q+1)C
T −1∑

k=−T +1

∣∣K1 (bθ1,T k)
∣∣nT

T

⌊T/nT ⌋∑
r=0

1
Tbθ2,T

×
T∑

s=k+1

∣∣∣∣∣K2

(
((r + 1) nT − (s − k/2)) /T

b̂2,T ((r + 1) nT /T )

)
− K2

(
((r + 1) nT − (s − k/2)) /T

bθ2,T ((r + 1) nT /T )

)∣∣∣∣∣
×
∣∣∣(V̂sV̂s−k − VsVs−k

)
+ (VsVs−k − E (VsVs−k)) + E (VsVs−k)

∣∣∣
≜ H1,T + H2,T + H3,T .

We have to show that H1,T + H2,T + H3,T
P→ 0. Let H1,1,T (resp., H1,2,T ) be defined as H1,T but with

the sum over k restricted to k = 1, . . . , ST (resp., k = ST + 1, . . . , T ). By a mean-value expansion, using
(N.23),

|H1,1,T | ≤ CT 8q/10(2q+1)T −1/2
ST∑
k=1

|K1 (bθ1,T k)| nT

T

⌊T/nT ⌋∑
r=0

1
Tbθ2,T

T∑
s=k+1

∣∣∣∣∣∣K2

((r + 1) nT − (s − k/2)) /T

b̂2,T ((r + 1) nT /T )

− K2

(
((r + 1) nT − (s − k/2)) /T

bθ2,T ((r + 1) nT /T )

)∣∣∣∣∣∣
×
∥∥∥∥Vs

(
β
) ∂

∂β
Vs−k

(
β
)

+ Vs−k

(
β
) ∂

∂β
Vs

(
β
)∥∥∥∥√

T
∥∥∥β̂ − β0

∥∥∥
≤ CT 8q/10(2q+1)b

−1
θ2,T T −1/2−2/5ST

nT

T

⌊T/nT ⌋∑
r=0

OP (1)

×

(T −1
T∑

s=1
sup
β∈Θ

V 2
s (β)

)2(
T −1

T∑
s=1

sup
β∈Θ

∥∥∥∥ ∂

∂β
Vs (β)

∥∥∥∥2)1/2√
T
∥∥∥β̂ − β0

∥∥∥ .

Using Assumption 3.3 the right-hand side above is such that

CT 8q/10(2q+1)T −1/2−2/5b−1
θ2,T ST

nT

T

⌊T/nT ⌋∑
r=0

OP (1) P→ 0,

since r < 7/8 + 3q/4. Next,

|H1,2,T | ≤ CT 8q/10(2q+1)T −1/2
T −1∑

k=ST +1
(bθ1,T k)−b nT

T

⌊T/nT ⌋∑
r=0

1
Tbθ2,T

×
T∑

s=k+1

∣∣∣∣∣K2

(
((r + 1) nT − (s − k/2)) /T

b̂2,T ((r + 1) nT /T )

)
− K2

(
((r + 1) nT − (s − k/2)) /T

bθ2,T ((r + 1) nT /T )

)∣∣∣∣∣
×
∥∥∥∥Vs

(
β
) ∂

∂β
Vs−k

(
β
)

+ Vs−k

(
β
) ∂

∂β
Vs

(
β
)∥∥∥∥√

T
∥∥∥β̂ − β0

∥∥∥
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≤ CT 8q/10(2q+1)b−1
θ2,T T −1/2−2/5b−b

θ1,T

T −1∑
k=ST +1

k−b nT

T

⌊T/nT ⌋∑
r=0

OP (1)

×

(T −1
T∑

s=1
sup
β∈Θ

V 2
s (β)

)2(
T −1

T∑
s=1

sup
β∈Θ

∥∥∥∥ ∂

∂β
Vs (β)

∥∥∥∥2)1/2√
T
∥∥∥β̂ − β0

∥∥∥
≤ CT 8q/10(2q+1)b−1

θ2,T T −1/2−2/5b−b
θ1,T

T −1∑
k=ST +1

k−bOP (1)

≤ CT 8q/10(2q+1)b−1
θ2,T T −1/2−2/5b−b

θ1,T S1−b
T OP (1)

≤ CT 8q/10(2q+1)b−1
θ2,T T −1/2−2/5b−b

θ1,T b
−r(1−b)
θ1,T OP (1)

≤ CT 8q/10(2q+1)b−1
θ2,T T −1/2−2/5b−b

θ1,T T 4r(1−b)/5(2q+1)OP (1) → 0,

since r > (8b − 7 − 6q) /8 (b − 1). This shows H1,T
P→ 0. Let H2,1,T (resp., H2,2,T ) be defined as H2,T but

with the sum over k restricted to k = 1, . . . , ST (resp., k = ST + 1, . . . , T ). We have

E
(
H2

2,1,T

)
≤ T 8q/5(2q+1)

ST∑
k=1

ST∑
j=1

K1 (bθ1,T k) K1 (bθ1,T j)
(

nT

T

)2 ⌊T/nT ⌋∑
r1=0

⌊T/nT ⌋∑
r2=0

1
(Tbθ2,T )2 (N.25)

×
T∑

s=k+1

T∑
t=j+1

∣∣∣∣∣K2

(
((r1 + 1) nT − (s − k/2)) /T

b̂2,T ((r1 + 1) nT /T )

)
− K2

(
((r1 + 1) nT − (s − k/2)) /T

bθ2,T ((r1 + 1) nT /T )

)∣∣∣∣∣
×
∣∣∣∣∣K2

(
((r2 + 1) nT − (t − j/2)) /T

b̂2,T ((r2 + 1) nT /T )

)
− K2

(
((r2 + 1) nT − (t − j/2)) /T

bθ2,T ((r2 + 1) nT /T )

)∣∣∣∣∣
× |E (VsVs−k − E (VsVs−k)) (VtVt−k − E (VtVt−k))|

≤ CT 8q/5(2q+1)S2
T T −2/5 (Tbθ2,T )−1 sup

k≥1
Tbθ2,T Var

(
Γ̃ (k)

)
OP (1)

≤ CT (8q+8r)/5(2q+1)−2/5−1OP
(
b−1

θ2,T

)
→ 0,

where we have used Lemma S.A.5 and r < (6 + 4q) /8. Turning to H2,2,T ,

E
(
H2

2,2,T

)
≤ T 8q/5(2q+1)−2/5 (Tbθ2,T )−1 b−2b

θ1,T

 T −1∑
k=ST +1

k−b
√

Tbθ2,T

(
Var

(
Γ̃ (k)

))1/2
O (1)

2

(N.26)

≤ T 8q/5(2q+1)T −2/5−1b−1
θ2,T b−2b

θ1,T

 T −1∑
k=ST +1

k−b
√

Tbθ2,T

(
Var

(
Γ̃ (k)

))1/2
2

≤ T 8q/5(2q+1)T −2/5−1b−1
θ2,T b−2b

θ1,T

 T −1∑
k=ST +1

k−bO (1)

2

≤ T 8q/5(2q+1)T −2/5−1b−1
θ2,T b−2b

θ1,T S
2(1−b)
T → 0,

since r > (b − 3/4 − q/2)/ (b − 1). Combining (N.25)-(N.26) yields H2,T
P→ 0. Let H3,1,T (resp., H3,2,T )

be defined as H3,T but with the sum over k restricted to k = 1, . . . , ST (resp., k = ST + 1, . . . , T ). Given
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|K1 (·)| ≤ 1 and (N.23), we have

|H3,1,T | ≤ CT 8q/10(2q+1)T −2/5
ST∑
k=1

|ΓT (k)|

≤ CT 8q/10(2q+1)T −2/5
∞∑

k=1
k−l → 0,

since
∑∞

k=1 k−l < ∞ for l > 1 and T 8q/10(2q+1)T −2/5 → 0. Finally,

|H3,2,T | ≤ CT 8q/10(2q+1)T −2/5
T −1∑

k=ST +1
|ΓT (k)|

≤ CT 8q/10(2q+1)T −2/5
T −1∑

k=ST +1
k−l

≤ CT 8q/10(2q+1)T −2/5S1−l
T

≤ CT 8q/10(2q+1)T −2/5T 4r(1−l)/5(2q+1) → 0.

This completes the proof of part (ii).

We move to part (i). For some arbitrary ϕθ∗ ∈ (0, ∞), ĴT (bθ1,T , bθ2,T ) − JT = oP (1) by Theorem
3.2-(i) since bθ2,T = O(T −1/5) and q > 1/2 imply that

√
Tb1,T → ∞ holds. Hence, it remains to show

ĴT (bθ1,T , bθ2,T ) − ĴT (b̂1,T , b̂2,T ) = oP (1). This result differs from that of part (ii) only because the scale
factor T 8q/10(2q+1) does not appear, Assumption 5.1-(ii) is replaced by part (i) of the same assumption,
Assumption 5.1-(iii, v, vi) is not imposed, and q > 1/2. Let ST be defined as in part (ii) and

r ∈(max {(8b − 10q − 5) /8 (b − 1) , (b − 1/2 − q) / (b − 1)} ,

min {13/16 + 5q/8, (3 + 2q) /4, 1}),

with b > 1 + 1/q. We will use the decomposition in (N.8), and N1 and N2 as defined after (N.8). Let
A1,T , A2,T and A3,T be as in (N.9) without the scale factor T 8q/10(2q+1). Proceeding as in (N.10), we have

|A1,1,T | ≤
ST∑
k=1

C2
∣∣∣b̂1,T − bθ1,T

∣∣∣ k ∣∣∣Γ̂ (k)
∣∣∣ (N.27)

≤ C
∣∣∣ϕ̂ (q)1/(2q+1) − ϕ

1/(2q+1)
θ∗

∣∣∣ (ϕ̂ (q) ϕθ∗

)−1/(2q+1) (
T b̂2,T

)−1/(2q+1) ST∑
k=1

k
∣∣∣Γ̂ (k)

∣∣∣ ,
for some C < ∞. By Assumption 5.1-(i),∣∣∣ϕ̂ (q)1/(2q+1) − ϕ

1/(2q+1)
θ∗

∣∣∣ (ϕ̂ (q) ϕθ∗

)−1/(2q+1)
= OP (1) .

Then, it suffices to show that B1,T + B2,T + B3,T
P→ 0, where

B1,T =
(
T b̂2,T

)−1/(2q+1) ST∑
k=1

k
∣∣∣Γ̂ (k) − Γ̃ (k)

∣∣∣ , (N.28)

B2,T =
(
T b̂2,T

)−1/(2q+1) ST∑
k=1

k
∣∣∣Γ̃ (k) − ΓT (k)

∣∣∣ ,
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B3,T =
(
T b̂2,T

)−1/(2q+1) ST∑
k=1

k |ΓT (k)| .

By a mean-value expansion, we have

B1,T ≤
(
T b̂2,T

)−1/(2q+1)
T −1/2

ST∑
k=1

k

∣∣∣∣( ∂

∂β′ Γ̂ (k) |β=β

)√
T
(
β̂ − β0

)∣∣∣∣ (N.29)

≤ C
(
T b̂2,T

)−1/(2q+1) (
Tbθ2,T

)2r/(2q+1)
T −1/2 sup

k≥1

∥∥∥∥ ∂

∂β
Γ̂ (k) |β=β

∥∥∥∥√
T
∥∥∥β̂ − β0

∥∥∥ ,

since r < 13/16 + 5q/8, and supk≥1 || (∂/∂β) Γ̂ (k) |β=β|| = OP (1) using (S.27) and Assumption 3.3-(ii,iii).
In addition,

E
(
B2

2,T

)
≤ E

(T b̂2,T

)−2/(2q+1) ST∑
k=1

ST∑
j=1

kj
∣∣∣Γ̃ (k) − ΓT (k)

∣∣∣ ∣∣∣Γ̃ (j) − ΓT (j)
∣∣∣
 (N.30)

≤ E

(T b̂2,T

)−2/(2q+1) ST∑
k=1

ST∑
j=1

kj
∣∣∣Γ̃ (k) − ΓT (k)

∣∣∣ ∣∣∣Γ̃ (j) − ΓT (j)
∣∣∣


≤
(
T b̂2,T

)−2/(2q+1)−1
S4

T sup
k≥1

T b̂2,T Var
(
Γ̃ (k)

)
≤
(
T b̂2,T

)−2/(2q+1)−1
(Tb2,T )4r/(2q+1) sup

k≥1
T b̂2,T Var

(
Γ̃ (k)

)
≤ b̂

−2/(2q+1)−1
2,T T −1−2/(2q+1)T 16r/5(2q+1) sup

k≥1
T b̂2,T Var

(
Γ̃ (k)

)
→ 0,

given that supk≥1 T b̂2,T Var(Γ̃ (k)) = O (1) by Lemma S.A.5 and r < (3 + 2q) /4. The bound in (N.14) is
replaced by

B3,T ≤
(
T b̂2,T

)−1/(2q+1)
ST

∞∑
k=1

|ΓT (k)| (N.31)

≤
(
T b̂2,T

)(r−1)/(2q+1)
OP (1) → 0,

using Assumption 3.2-(i) since r < 1. This gives A1,T
P→ 0. Next, we show that A2,T

P→ 0. As above, let
A2,1,T = L1,T + L2,T + L3,T where each summand is defined as in (N.15) without the factor T 8q/10(2q+1).
Equation (N.16) is then replaced by

|L1,T | = T −1/2
T −1∑

k=ST +1
C1
(
b̂1,T k

)−b
∣∣∣∣( ∂

∂β′ Γ̂ (k)
)

|β=β

√
T
(
β̂ − β0

)∣∣∣∣ (N.32)

= T −1/2+4b/5(2q+1)
T −1∑

k=ST +1
C1k−b

∣∣∣∣( ∂

∂β′ Γ̂ (k)
)

|β=β

√
T
(
β̂ − β0

)∣∣∣∣
= T −1/2+4b/5(2q+1)+4r(1−b)/5(2q+1)

∣∣∣∣( ∂

∂β′ Γ̂ (k)
)

|β=β

√
T
(
β̂ − β0

)∣∣∣∣
= T −1/2+4b/5(2q+1)+4r(1−b)/5(2q+1)O (1) OP (1) ,
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which converges to zero since r > (8b − 10q − 5) /8 (b − 1). Also, (N.17) is replaced by

|L2,T | =
T −1∑

k=ST +1
C1
(
b̂1,T k

)−b ∣∣∣Γ̃ (k) − ΓT (k)
∣∣∣ (N.33)

= C1
(
qK2

1,qϕ̂ (q)
)b/(2q+1)

T b/(2q+1)−1/2b̂
b/(2q+1)−1/2
2,T

 T −1∑
k=ST +1

k−b

√T b̂2,T

∣∣∣Γ̃ (k) − ΓT (k)
∣∣∣ ,

and the bound in (N.18) is replaced by,

E

T b/(2q+1)−1/2b̂
b/(2q+1)−1/2
2,T

T −1∑
k=ST

k−b
√

T b̂2,T

∣∣∣Γ̃ (k) − ΓT (k)
∣∣∣
2

(N.34)

≤ T 2b/(2q+1)−1b̂
2b/(2q+1)−1
2,T

 T −1∑
k=ST

k−b
√

T b̂2,T

(
Var

(
Γ̃ (k)

))1/2
2

= T 2b/(2q+1)−1b̂
2b/(2q+1)−1
2,T

 T −1∑
k=ST

k−b

2

O (1)

= T 2b/(2q+1)−1b̂
2b/(2q+1)−1
2,T S

2(1−b)
T O (1) → 0,

since r > (b − 1/2 − q) / (b − 1) and Tb2,T Var(Γ̃ (k)) = O (1), as above. Combining (N.33)-(N.34) yields

L2,T
P→ 0 since ϕ̂ (q) = OP (1). Let us turn to L3,T . We have (N.21) replaced by,∣∣∣∣∣∣

T −1∑
k=ST +1

K1
(
b̂1,T k

)
ΓT (k)

∣∣∣∣∣∣ ≤
T −1∑

k=ST +1

nT

T

⌊T/nT ⌋∑
r=0

|c (rnT /T, k)| (N.35)

≤
T −1∑

k=ST +1
sup

u∈[0, 1]
|c (u, k)| → 0.

Equations (N.32)-(N.35) imply A2,1,T
P→ 0. Thus, as in the proof of part (ii), we have A2,T

P→ 0 and

A3,T
P→ 0. It remains to show that (ĴT (bθ1,T , b̂2,T ) − ĴT (bθ1,T , bθ2,T )) P→ 0. Let ĉθ2,T (rnT /T, k) be

defined as in part (ii). We have (N.22), and (N.23) is replaced by

K2

(
(Tu − (s − k/2) /T )

b̂2,T (u)

)
− K2

(
(Tu − (s − k/2) /T )

bθ2,T (u)

)
(N.36)

≤ C4

∣∣∣∣∣Tu − (s − k/2)
T b̂2,T (u)

− Tu − (s − k/2)
Tbθ2,T (u)

∣∣∣∣∣
≤ C4T −1

∣∣∣∣∣∣
Tu − (s − k/2)

(
b̂2,T (u) − bθ2,T (u)

)
b̂2,T (u) bθ2,T (u)

∣∣∣∣∣∣
= C4T −4/5

((
D̂1 (u)
D̂2 (u)

)(
D1,θ (u)
D2 (u)

))1/5
∣∣∣∣∣∣
(

D̂2 (u)
D̂1 (u)

)1/5

−
(

D2 (u)
D1,θ (u)

)1/5
∣∣∣∣∣∣ |Tu − (s − k/2)|

= CT −4/5 |Tu − (s − k/2)| ,
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for s ∈ {Tu − ⌊Tbθ2,T (u)⌋ , . . . , Tu + ⌊Tbθ2,T (u)⌋}, where u = (r + 1) nT /T . Therefore,

ĴT

(
bθ1,T , b̂2,T

)
− ĴT

(
bθ1,T , bθ2,T

)
=

T −1∑
k=−T +1

K1 (bθ1,T k) nT

T

⌊T/nT ⌋∑
r=0

(ĉ (rnT /T, k) − ĉθ2,T (rnT /T, k))

≤ C
T −1∑

k=−T +1
K1 (bθ1,T k)

× nT

T

⌊T/nT ⌋∑
r=0

1
Tbθ2,T

T∑
s=k+1

∣∣∣∣∣K2

(
((r + 1) nT − (s − k/2)) /T

b̂2,T ((r + 1) nT /T )

)
− K2

(
((r + 1) nT − (s − k/2)) /T

bθ2,T ((r + 1) nT /T )

)∣∣∣∣∣
×
∣∣∣(V̂sV̂s−k − VsVs−k

)
+ (VsVs−k − E (VsVs−k)) + E (VsVs−k)

∣∣∣
≜ H1,T + H2,T + H3,T .

We have to show that H1,T + H2,T + H3,T
P→ 0. By a mean-value expansion, using (N.36),

|H1,T | ≤ CT −1/2
T −1∑

k=−T +1
|K1 (bθ1,T k)|

× nT

T

⌊T/nT ⌋∑
r=0

1
Tbθ2,T

T∑
s=k+1

∣∣∣∣∣K2

(
((r + 1) nT − (s − k/2)) /T

b̂2,T ((r + 1) nT /T )

)
− K2

(
((r + 1) nT − (s − k/2)) /T

bθ2,T ((r + 1) nT /T )

)∣∣∣∣∣
×
∥∥∥∥Vs

(
β
) ∂

∂β
Vs−k

(
β
)

+ Vs−k

(
β
) ∂

∂β
Vs

(
β
)∥∥∥∥√

T
∥∥∥β̂ − β0

∥∥∥
≤ Cb−1

θ2,T T −1/2
T −1∑

k=−T +1
|K1 (bθ1,T k)|

× nT

T

⌊T/nT ⌋∑
r=0

COP (1)

×

(T −1
T∑

s=1
sup
β∈Θ

V 2
s (β)

)2(
T −1

T∑
s=1

sup
β∈Θ

∥∥∥∥ ∂

∂β
Vs (β)

∥∥∥∥2)1/2√
T
∥∥∥β̂ − β0

∥∥∥ .

Using Assumption 3.3 and (N.36), the right-hand side above is such that

CT −1/2b−1
θ1,T b−1

θ2,T bθ1,T

T −1∑
k=−T +1

|K1 (bθ1,T k)| nT

T

⌊T/nT ⌋∑
r=0

COP (1) P→ 0,

since T −1/2b−1
θ1,T b−1

θ2,T → 0. This shows H1,T
P→ 0. Let H2,1,T (resp. H2,2,T ) be defined as H2,T but with

the sum over k restricted to k = 1, . . . , ST (resp., k = ST + 1, . . . , T ). We have

E
(
H2

2,1,T

)
≤

ST∑
k=1

ST∑
j=1

K1 (bθ1,T k) K1 (bθ1,T j) (N.37)

×
(

nT

T

)2 ⌊T/nT ⌋∑
r1=0

⌊T/nT ⌋∑
r2=0

1
(Tbθ2,T )2

T∑
s=k+1

T∑
t=j+1
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×
∣∣∣∣∣K2

(
((r1 + 1) nT − (s − k/2)) /T

b̂2,T ((r1 + 1) nT /T )

)
− K2

(
((r1 + 1) nT − (s − k/2)) /T

bθ2,T ((r1 + 1) nT /T )

)∣∣∣∣∣
×
∣∣∣∣∣K2

(
((r2 + 1) nT − (t − j/2)) /T

b̂2,T ((r2 + 1) nT /T )

)
− K2

(
((r2 + 1) nT − (t − j/2)) /T

bθ2,T ((r2 + 1) nT /T )

)∣∣∣∣∣
× |VsVs−k − E (VsVs−k) (VtVt−k − E (VtVt−k))| .

≤ CS2
T (Tbθ2,T )−1 sup

k≥1
Tbθ2,T Var

(
Γ̃ (k)

)
OP (1)

≤ CT 8r/5(2q+1)OP
(
T −1b−1

θ2,T

)
→ 0,

where we have used Lemma S.A.5, (N.36) and r < 3/2. Turning to H2,2,T ,

E
(
H2

2,2,T

)
≤ (Tbθ2,T )−1 b−2b

θ1,T

 T −1∑
k=ST +1

k−b
√

Tbθ2,T

(
Var

(
Γ̃ (k)

))1/2
O (1)

2

(N.38)

≤ T −1b−1
θ2,T b−2b

θ1,T

 T −1∑
k=ST +1

k−b
√

Tbθ2,T

(
Var

(
Γ̃ (k)

))1/2
2

≤ T −1b−1
θ2,T b−2b

θ1,T

 T −1∑
k=ST +1

k−bO (1)

2

≤ T −1b−1
θ2,T b−2b

θ1,T S
2(1−b)
T → 0,

since r > (b − q − 1/2) / (b − 1) . Combining (N.37)-(N.38) yields H2,T
P→ 0. Given |K1 (·)| ≤ 1 and (N.36),

we have |H3,T | ≤ C
∑∞

k=−∞ |ΓT (k)| oP (1) → 0. This concludes the proof of part (i).
The result of part (iii) follows from the same argument as in Theorem 3.2-(iii) with references to

Theorem 3.2-(i,ii) changed to Theorem 5.1-(i,ii). □
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