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A Mathematical Appendix

The mathematical appendix is structured as follows. Section A.2 presents some preliminary lemmas which
will be used in the sequel. The proofs of the theoretical results in the paper are in Section A.3-A.5.

A.1 Additional Notation

The (i, j) element of A is denoted by A7), For a matrix A, the orthogonal projection matrices P4, M4
are defined as Py = A(A’A)"' A" and My = I — Pa, respectively. Also, for a projection matrix P,
|PA|l < ||A]|. We denote the d-dimensional identity matrix by I;. When the context is clear we omit the
subscript notation in the projection matrices. We denote the i x j upper-left (resp., lower-right) sub-block
of Aas [A]y;, ;. (vesp., [A] ;. ;y). Note that the norm of A is equal to the square root of the maximum
eigenvalue of A’A, and thus, ||A]| < [tr (A’A)]l/2 . For a sequence of matrices { Ar}, we write Ap = op (1)
if each of its elements is op (1) and likewise for Op (1). For a random variable £ and a number r > 1,
€], = (E H§||T)1/ ". K is a generic constant that may vary from line to line; we may sometime write K,
to emphasize the dependence of K on a number r. For two scalars a and b, a A b = inf {a, b}. We may
use ), when the limits of the summation are clear from the context. Unless otherwise sated A° denotes
the complementary set of A.

A.2 Preliminary Lemmas

We first present results related to the extremum criterion function Q7 (§ (73), 7p) under the following
assumption (Assumptions 3.1-3.2 are not needed in this section).

Assumption A.1. We consider model (2.3) with Assumptions 2.1-2.4 and 3.3-3.5.

Lemma A.1. The following inequalities hold P-a.s.:

(ZhM Zo) — (ZhM Zo) (Z5M Z5) ™" (Z5M Zo) > D' (XA X4) (X4X2) ™ (X)X0) D, Ty < T} (A.1)

(ZhM Zo) — (ZhM Zo) (Z5M Zo) ™" (ZbM Zo) > D' (XAXA) (X'X — X5Xo) ™ (X'X — X} Xo) D, T, > T}
(A.2)

Proof. See Lemma A.1 in Bai (1997). O

Recall that Qr (6 (Ty,) , Tp) = 6 (Ty) (Z5M Z5) & (T},). We decompose Qr (8 () , Ty)—Qr (0 (1Y) , TP)
into a “deterministic” and a “stochastic” component. It follows by definition that,

5 (Ty) = (ZyM Zy) " (Z5MY) = (Z5M Z) ™" (Z4bM Zo) 61 + (ZyM Z5) ™" ZyMe,

and
5 (1Y) = (ZMZo) ™ (Z,MY) = b + (Z5M Zo) ™" (Z5Me) .
Therefore
Qr (6 (1), 1)~ Qr (6 (T9) . T9) = 6 (1) (ZsM 22) 8 (Ty) — 6 (T3 (260 20) 6 (TP) (A.3)
2 g4 (67, Ty) + g (67, Tp) (A.4)
where
94 (0r, Ty) = 07 { (Z,M Z5) (24M 25) ™' (25M Zo) — ZgM Zo } b, (A.5)
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and
e (07, Ty) = 284 (ZhM Z5) (ZyM Z3) ™" ZyMe — 264 (Z} Me) (A.6)
+ € MZy (ZyMZy) ™" ZaMe — € M Zy (Z)M Zo) ™" Zh Me. (A7)

(A.5) constitutes the deterministic component and g. (67, Tp) the stochastic one. Denote

A ! 0
Xa2 Xo— Xo= (0, s 0,141, Ty, 0,...,) : for Tj, < T}
!/
XAé—(XQ—Xo):(0,...,O,be()+1,...,£L‘Tb,O,...,), fOl“Tb>TbO
whereas XA £ 0 when T}, = Tl?. Observe that Xo = X+ Xasign (TéJ — Tp). When the sign is immaterial,
we simply write Xo = Xg + Xa. Next, let Zpo = XA D, and define

ga (07, Tp)

g T,) & -2 20 A.
9a (61, T) T, — 77| (A.8)

We arbitrarily define g, (6°, T) = 8407 when Tj, = Tp. Observe that g, (67, Tp) is non-negative because
the matrix inside the braces in (A.5) is negative semidefinite. (A.3) can be written as

Qr(6(T), Ty) - Qr (3 (1), 1) = = |1y = 10| g4 (6r, T)) + g (or, Th),  forall T, (A.9)

We use the notation u = T'||67]|* (\y — Ao) and T, = T\,. For 5 > 0, let By, 2 {Ty,: [Ty, — T?| < Tn},
Bry 2 {T,, DT - TP < K/ H<5TH2} and B ;o 2 {T,, : Ty > T, - TP > K/ H5TH2}, with K > 0. Note
that Br, = Brx U B j. Further, let Bf,, = {T} : |T; — Ty)| > Tn}.

Lemma A.2. Under Assumption A.1, Qr (8 (Ty), Tp)—Qr (6 (1Y) , TP) = —64Z\Zadr+2sgn (T — Tp) 8y
Z\e+ op (1) uniformly on By k for K large enough.

Proof. 1t follows from Lemma A.5 in Bai (1997). O

0
Lemma A.3. Under Assumption A.1, for Ty, = T+ {u/ H5T||2J , we have 80 Z\ Zadr = 07 ZtTinH z212p0r =
u| (3% V60 + op (1), where V="V1 ifu <0 and V = Va if u > 0.

Proof. It follows from basic arguments (cf. Assumptions 3.4-3.5). O

Lemma A.4. Under Assumption A.1, for any € > 0 there exists a C' < oo and a positive sequence {vr},
with vp — o0 as T — 00, such that

lim inf P [ sup Qr (6 (1), Tp) — Qr ((5 (Tbo) , Tlf)) < —Cuvp| >1—¢,

T—
o K<|u|<nT||§7|?

for all sufficiently large K and a sufficiently small n > 0.

Proof. Note that on {K < |u| < nTH6T||2} we have K/ |07 < T, — TP| < nT. In view of (A.8), the
statement Qr (8 (Tp), Tp) — Qr (8 (1Y), TY) < —Cur follows from showing that as T' — oo,

K
P ( sup  ge (07, Tp) > inf ‘Tb — Tz?’ Ga (0T, Tb)) <,

T,€BS, TyeBj 1
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where x € (1/2, 1). Suppose T, < Tp. We show that

1-k
IP’( sup il e (67, Tp) > 1(;) inf g4 (or, Tb)) <e (A.10)

nes; , K I TyEBS,

Lemma A.5-(ii) stated below implies that infr,epe G4 (67, Tp) is bounded away from zero as T' — oo for
large K and small n. Next, we show that

sup K1 o7 || ge (67, Tp) = op (1) . (A.11)
T,€B%

Consider the first term of (A.6),

28 (Z4M Zo) (ZyM Zo) ™" ZoMe = 264 (Z4M Zo)T) (ZyM ZoJT) ™" ZoMe
= 20|67 Op (1) Op (1) O (T/?) = COs (|l37]| T*/?)

When multiplied by ||67| /K, this term is Op (||5TH2 T1/2/K> which goes to zero for large K. The second
term in (A.6), when multiplied by |07 /K, is

2K 67| 8 (ZgMe) = K ||or]| Op ([lor]| T2) = K~0% (|l6r] TV/2) ,

which converges to zero using the same argument as for the first term. Consider now the first term of
(A7), T=Y2' M Zy (ZyM Z5)T)  T~Y2ZyMe = Op (1) . A similar argument can be used for the second
term which is also Op (1). The latter two terms multiplied by |[|6r|| /K is Op (||o7] /K) = op (1). This

proves (A.11) and thus (A.10). To conclude the proof, note that x € (1/2, 1) implies [|d7]~ " — oo,
(1—
so that we can choose v = (H(STH /K) K). O

Lemma A.5. Let §y; = inf\TrTl?bKH&TII_Z G4 (07, Tp) . Under Assumption A.1,

(1) for any € > 0 there exists some C' > 0 such that iminfr_ . P (ﬁd >C H5T||2> <1l-—¢;

(ii) with Bf o = {Tb: Tn > |T, — TP| > K/||5TH2}, for any € > 0 there exists a C > 0 such that
liminfp_ oo P (infTbEB%’K 94 (5T, Tb) > C) <l-—e

Proof. Part (i) was proved in Lemma A.2 of Bai (1997). As for part (ii), by Lemma A.1,

O — T,

94 (0%, 1) > or D' (X5X2) ™" (X Xo) Dor > Ay,

where A7, is the minimum eigenvalue of D'.J (T,) D, with J (Tp) £ ||67|* (TQ — Tp) ™ X’AXA (X5X5)
(X{(X0) . It is sufficient to show that, for T}, € Bf ks Ay, is bounded away from zero with large probability

for large K and small 7. We have HJ Ty _1H < ‘ [HéTH (TP — Tp)~ X’AXA]I‘ H(XQXQ)(X(’)XO)AH
and by Assumption 2.3-2.4 H X2X2 (XOXO 1H < | XX ||( H (X(X0) _1‘
(T — Tb) X\ XA = (TO ) Zt 17,41 T2y is larger than (7))~ ZTO

is bounded. Next, note that

b

/ C
zix; on B and
t=T0— | K/|67|? | t T,K>

for all K, (||5TH /K) o TO L &/16712] xpx} 18 positive definite with large probability as T — oo by
Assumption 2.3. Now, (K/Tn) (||5TH /K) o TO L&/ l621] zyxy = Op (1), by choosing sufficiently large
[6r|* (T2 = T) ™" X4 Xa]

K and small 5. Thus, is bounded with large probability for such large
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K and small 7, which in turn implies that ||J (T;) ~!|| is bounded. Since D has full column rank, A7, is
bounded away from zero for sufficiently large K and small . O

Lemma A.6. Under Assumption A.1, for any € > 0 there exists a C' > 0 such that

lim inf P sup  Qr (0(Ty), Tp) — QT( ( ) Tb) < —Cuvr| >1—g¢,
T—o0 2
[ul=T(|é7[I"n

for every n > 0, where vp — c0.

Proof. Fix any n > 0. Note that on {\u\ > TH(STHQn} we have |T, — T| > Tn. We proceed in a si-
milar manner to Lemma A.4. Let B, = {Ty - |Tb — Tb0| > Tn} and recall (A.8). First, as in Lemma
A.5-(i), we have infr,epg, , 9d (67, Tp) > C||67|*> with large probability for some C' > 0. Noting that

Tninfryep;  Ja (o7, Tp) dlverges at rate 70 = T'||67]|, the claim follows if we can show that g. (07, T}) =
Op (77), with 0 < @ < 1 uniformly on Bf,, . This is shown in Lemma A.7 below, which suggests setting

@ € (1/2,1). Then, choose vy = (T||ér||” ) - O
Lemma A.7. Under Assumption A.1, uniformly on Bf. ., |ge (01, Tp)| = Op (H(STH T2 log T) .
Proof. We show that T |g. (6%, T;)| = Op (HdTH T-1/21o0g T) uniformly on Bf.,. Note that

sup |ge (67, Tp)| < sup  |ge (67, Tp)],
T,eBs, q<T,<T—q

and recall that ¢ = dim (2;) is needed for identification. Observe that

sup H (ZéMZQ)—l/Q Z§M€H =Op(logT), (A.12)
q<Tp<T—q

by the law of iterated logarithms [cf. Billingsley (1995), Ch. 1, Theorem 9.5]. Next,

sup T~ V2(Z)MZy) (Z4M Zy) ™% = 0p (1), (A.13)
4<Ty<T—q

which can be proved using the inequality (Z\M Zs) (Z4M Zs) (Z{M Zs) < ZyM Zy = Op (T') (valid for all
T,). Thus, by (A.12) and (A.13), the first term on the right-hand side of (A.6) multiplied by 7! is such
that

sup 205 T (Z5MZs) (Z5M 2Z5) " ZyMe = Op (||or]| T~/ log T) . (A.14)
q<Tp<T'—q

The second term on the right-hand side of (A.6) is 207.ZyMe = Op (||5TH T1/2) . Using (A.12), and dividing
by T, the first term of (A.7) is Op ((log 7)” /T while the last term is Op (7'~1) . When divided by 7', they

are of order Op ((log T)? /T) and Op (T'~') , respectively. Therefore, |ge (Tp, 6°)| = Op <H5T” T2 log T)
uniformly on Bi -

A.3 Proofs of Results in Section 3

We denote by P the class of polynomial functions p : R — R. Let Ur £ {ueR: \) + u/1/JT e I},
Try 2 {ueR: |u <yr}, FTw ZR—-T7y, and Ur‘fp £ Ur—TIry. Foru€eR, let Ry, (u) £ Qry (u) —
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A% (u) and Gr,y (u) £ sup;.y, G (u, D). The generic constant 0 < C' < oo used below may change from
. . . ~ A 2
line to line. Finally, let 47 = ~vp/T ||| .

A.3.1 Proof of Proposition 3.1
We begin with the proof for the case of a fixed shift.
Lemma A.8. Under Assumption 2.1-2.4, 3.1-8.8 (except that 67 = 6°) and 3.6-(3), XE’L =)+ op (1).
Proof. Let St (5 (M), M) 2 Q1 (8 (M), Xo) — Qr (8 (AD), AD). From (A.9),
St (g()\b)a >\b) =— ’Tb - Tl?‘gd (50, Tb) + e (50, Tb) )
where g. (0°, T,) and g, (6°, Tp) are defined in (A.6)-(A.8). By Lemma A.24 in Bai (1997), lim inf7_, gy

(6%, T3) > 0 and T~ supy, |g. (5%, Th)| = Op (T*1/2 logT). Thus, for any B > 0 if \X,,GL - )\2‘ > B we
have that,

—Sr (S(Ab) , )\b) — ooatrate TB. (A.15)

Let pr (u) £ p1,7 (w) /Pp with p17 (u) = exp (Qr (6 (u), w)) and pr £ fUT p1,7 (w) dw. By definition,

)
XIS}L is the minimum of the function [ ! (s — u) p1,7 (u) 7 (u) du with s € I'’. Using a change in variables,

/ l(s—u)p1r (u)m(u)du
70
=T'p / LT (s—=X)) —u)pr (M) + T ) m (A) + T 1) du,
r Jo LT (5= 2) —w)pr (M4 T70) w (3 + 771)
where Ur £ {u € R : )\2 + T~ u € I'°}. Thus, AsT 2T (XfL — )\2) is the minimum of the function,

s B pr(N+T ) m (A + T u)
Sr(s) = /UT tHs—u) Jo, pr )+ T w) w () + T-1w) dw

du,

where the optimization is over Up. We shall show that for any B > 0,

P HX?L _ )\8‘ > B} <P Lsglg Sr(s) < Sr (0)1 0. (A.16)

By assumption the prior is bounded and so we can proceed to the proof for the case m (u) = 1 for all u.
By the properties of the family L of loss functions, we can find uy, Ue € R, with 0 < w; < W such that
as T increases,

LrEsap{l(u): uelir} <lor2inf{l(u): uelyr},

where 'y 7 £ Ur N (Ju| < @) and Do = Ug N (Ju| > Tg). With this notation,

Sr(0) < ll,T/

NN

pr (u) du + / I (u) pr (u) du.
UTﬁ(|u|>ﬂl)

If | € L then for a sufficiently large T' the following relationship holds: [ (u) — inf},s7p/ 2l (v) < 0,
lu| < (TB/2)? for some ¥ > 0. It also follows that for large T’ we have TB > 21 and (T'B/2)” > . Let
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I'rp 2 {u: (Jul > TB/2)NUr}. Then, whenever |s| > TB and |u| < TB/2, we have,

|lu—s| >TB/2>uy and inf 1(u)>lor. (A.17)

UEFT,B

With this notation,

inf Sp(s)> inf Ir(u)

|S|>TB uEFT,B /(V|w|STB/2)f-‘IUT

>Tor / pr (w) du,
(lw|£TB/2)NUr

pr (w) dw

from which it follows that

Sr(0)— inf Sp(s) < —w/r pr (u) du

|s|>TB
+/ [(u)— inf Ip(s) | pr(u)du
Urn((TB/2)" >[ul>T1 ) ( () |s|>TB/2 7 ( )> 7 (u)

+ ! () pr () da,
Urn(|u[>(TB/2)”)

where w £ lor — I 7. The last inequality can be manipulated further using (A.17),

Sr(0)— inf Sr(s) < —w pr (u) du (A.18)
|s|>TB Ty

+ Uz (u) pr (w) du.
UrN([ul>(TB/2)")

Since | € L, we have [ (u) < |u|", a > 0 when u is large enough. Thus, given (A.15), the second term of

(A.18) converges to zero. Since fFl . pr (u)du > 0 the first term of (A.18) is negative which then leads
to St (0) — inf |y~ 75 Sr (s) <0 or St (0) < inf|gs7p St (s) . Thus, we have (A.16). O

Lemma A.9. Under Assumption 2.1-2.4, 3.1-3.3 and 3.6-(i), for | € L and any B > 0 and € > 0, we
have for all large T, P H)\EL — )\2’ > B} <e.

Proof. The structure of the proof is similar to that of Lemma A.8. By Proposition 1 in Bai (1997), eq.
(A.15) holds with Op (T H5T||2) in place of Op (T'B), B > 0. One can then follow the same steps as in
the previous lemma to yield the result. O

Lemma A.10. Under Assumption 2.1-2.4, 3.1-3.3 and 3.6-(i), for | € L and for every e > 0 there exists
a B < oo such that for all large T, P [TU% )\IE;L — )\2’ > B} <e.

Proof. See Lemma A.29 which proves a stronger result needed for Theorem 3.2. O
Parts (i) and (ii) of Proposition 3.1 follow from Lemma A.9 and Lemma A.10, respectively.

A.3.2 Proof of Theorem 3.1

We start with the following lemmas.

Lemma A.11. For any a € R, |c| < 1, and integer i > 0,

exp (ca) — g (ca)’ /51| < [cf " exp (al)
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Proof. The proof is immediate and the same as the one in Jun, Pinkse, and Wan (2015). Using simple
manipulations,

%

exp (ca) = 3 (ca)’ /3!

J=0

< c[ " exp (Jal) .

25

S (e | <

]
j=it1 I’

Lemma A.12. G, (u, 0) = # (u) in Dy (C x V), where C C R and V C RP24 are both compact sets,
and

1/2
2((8)' £10°) PWi(—u), fu<o

W (u) &
) 2((50)’2250)1/2% (w), ifu>0.

Proof. Consider u < 0. According to the expansion of the criterion function given in Lemma A.2, for any
(u, D) € CxV, Gy, (u, D) satisfies 2sgn (Tp — Ty, (u)) 8 Zhe+op (1) . Then, 8. Z4e = (6°) vp ZtTiO Luguz.| 24
= (60)/ 4 (—u), where ¢ is a multivariate Gaussian process. In particular, ((50)/ 4 (—u) is equivalerft in
law to ((50)/ 2160> 2 Wi (—u), where W1 () is a standard Wiener process on [0, co). Similarly, for u > 0,
5 Zhe = ((6%) £200) "
independent of W;. Hence, G, (u, v) = # (u) in Dy, (C x V). O

Wj (u), where Wy (+) is another standard Wiener process on [0, co) which is

Lemma A.13. Fiz any a >0 and let w € (1/2, 1]. (i) For any v > 0 and any € > 0,

limsupIP’[ sup {GTU —chSOH lu|® }> I/] <e.

T—o0 uEFgw)

(ii) Foru e Ry let T 2 {u e R : |u| > @}. Then, for every e > 0,

_ 2
lim lim P lsup {GTW (u) —a H(SOH |u]w} > el =0.

T— =
U—00 oo wel’

Proof. We begin with part (i). Upon using Lemma A.12 and the continuous mapping theorem, with any
nonnegative integer 1,

T— 00 uel's, " T—o0 |u|>w

lim sup P [ sup {GT,v (u) —a H50H2 |u|w} > 1/] < lim P [Sup GTv —a HéOH |u]w} > v
< lim P [sup GTU ) > aH(SOH lu|® } > v

T—oo |u| >3
<P |sup {| |—aH60H Jul® } v
|u|>z
[ sup (u)] —a H50H |u|w} > I/] )
r— ,L+1 r— 1<|u\<r
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Then,

P sup V4 inf a— SO lul®
r=i+1 LT— 1<|u|<r \[ ‘ ( )| r—1<lul<r \f H H | | ‘|
w—1/2
= Z P sup W (u/r)| > inf <T> ’U| H]
r=it1 L1=1/r<[ul/r<1 1-1/r<|u|/r<1 T

= 3 p| s s e

r=i+1 [1-1/r<s<1 c<s<1
= 5 e =] a1
r=i+1 L[5<1

where 0 < ¢ < 1. By Markov’s inequality,

4 ¢ E(supy |7 (s)") &
Z P | sup |7/() >C4H50H T4(w_1/2)c4w] < ||50||4 ( Sciw ) Z q—(4w=2)

r=i+1 e<s<l r=i+1

(A.20)

By Proposition A.2.4 in van der Vaart and Wellner (1996), E(sup,<; [# (s)[*) < CE (Sup5<1 |7 (S)|>4
for some C' < oo, which is finite by Corollary 2.2.8 in van der Vaart and Wellner (1996). Choose K (thus
u) large enough such that the right-hand side in (A.20) can be made arbitrarily smaller than £ > 0. The
proof of the second part is similar and omitted. O

Lemma A.14. Fiz any a > 0. For any € > 0 there exists a C < co such that

P
u€R

_ 2
sup {GTJ, (u) —a H(SOH ]u\} > C} <e, forall T.
Proof. For any finite T, G, (u) € D}, by definition. As for the limiting case, fix any 0 < u < oo,

limsup P lsup {GTU —a H(SOH \u!} >C

T—oo u€R

<limsupP lsup Gry(u) > C

T—o0 lu|<u

_ 2
+ limsup P [sup Gty (u) > aHéOH u] .

T—o0 lu|>w

The second term converges to zero letting u — oo from Lemma A.13-(ii). For the first term, let C' — oo,
use the continuous mapping theorem and Lemma A.12 to deduce that it converges to zero by the properties
of W € . ]

Lemma A.15. Let

Aq (u, v) = u" 4 (u) exp (WTC:’TJ, (u, D) + Qro (u)) , (A.21)
Ay (u, D) = u" 71" exp (ﬁTCNJTﬂ} (u, v) — Ao (u)) .

Form >0,

hm inf P

T—o0

/ (Ay (u, D) — As (u, 7))

T

sup
vEV

<6] >1 —e.
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Proof. We consider each integrand 4; (u, v) (i = 1, 2) separately on I'}. . Let us consider A4; first. Lemma
A 4 yields that whenever y7 — ky < 00, A (u, ¥) < Cy exp (—Carr) where 0 < C, Cy < 00 and vr is a
divergent sequence. Note that the number C; follows from Assumption 3.2 (cf. 7 (-) < c0). The argument
for A (u, v) relies on Lemma A.13-(i), which shows that Gr,, (u, v) is always less than C |u|® uniformly
on I'G. ,, with € >0 and w € (1/2, 1). Thus, 4 (u, v) = op (1) uniformly on V. O

Let I'r g 2 {u€eR: ju| < K, K>0},and 'y, £ {u € R: K < |u| < mpp, K,n > 0}.
Lemma A.16. For any polynomial function p € P and any C < oo, let
DTé:mmn/ p ()] exp {CGry (u, B) } lexp (Bry (u) = 1] exp (—4° (w)) du = o5 (1)
veW It i
Proof. Let 0 < € < 1. We shall use Lemma A.11 with i = 0, a = Rr, (u) /¢, and ¢ = € to deduce that
D7 = Op (€) and then let ¢ — 0. Note that
e'Dr <C p ()| exp (CGry (u, B) + | Ry (u)| = A° (u)) du.
I'r k

By definition, K > u = H5T||2 (T, — T?) on I'r k. By Lemmas A.2-A.3, on I'r ¢ we have Rr, (u) =
Op (H(ST”2> for each u. Thus, for large enough 7', the right-hand side above is Op (1) and does not depend
on €. Thus, Dy = €Op (1) . The claim of the lemma follows by letting e approach zero. ]

Lemma A.17. Forp e P,

Do £ sup / Ip (u)| exp {’7T(~;T,v (u, 5)} exp (—AO (u)) ’7TT7U (u) — 71'0‘ du =op(1).
veV I,

Proof. By the differentiability of 7 (-) at A} (cf. Assumption 3.2), for any u € R |rr, (u) — 7% <
‘77 (Ag}T (v)) - 770‘ + Cy! Ju|, with €' > 0. The first term on the right-hand side is o (1) and does not

)

depend on u. Recalling that Gr., (u, 0) = sup;.y ’GT,U (u, v)

Dyr <K

omﬁ @wmwwﬁﬁ uldr () du| < K [o(1) O (1) + 7 0¢ (1)]

where dr (u) £ |p (u)| exp {’T/T@Tﬂ, (u, 6)} lexp (—A° (u))| and the Op (1) terms follows from Lemma A.14
and Y7 — ky < 00. Since Y — 0o, we have Dy = op (1). O

Lemma A.18. For any p € P and constants C1, C2 > 0, [r. [p(u)|exp (CléT (u) — Co ]u\) du =
T4
op(1).

Proof. It follows from Lemma A.13. O

Lemma A.19. For p € P and constants a1, az, ag > 0, with as + ag > 0, let

D3 2 /fj’c Ip (u)| exp (ﬁT {aléTﬂj (u) + a2Q1y (u) — aszA° (u)}) du=op(1).

Proof. It follows from Lemma A.6. O
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Lemma A.20. For any integer m > 0,

sup
eV

/Rum exp (WTC:’TW (u, 5)) {WTW (u) exp (Qrp (u)) — 7% exp (—AO (u))} du

- /R (A1 (u, D) — A (u, 0)) du
=op(l).

Proof. By Assumption 3.2, A; (u, v) =0 for u € 7y — [NJCT Then, omitting arguments, we can write,

/R (A; — Ay) /F ) /F 4, /ﬁ A,

T
The first right-hand side term above converges in probability to zero by Lemmas A.16-A.17. The second

sup < sup + sup + sup . (A.22)

and the last term are each op (1) by, receptively, Lemma A.18 and Lemma A.19. O
We are now in a position to conclude the proof of Theorem 3.1.
Proof. Let V C RPT24 be a compact set. From (3.11),

B Jp wexp (7T [C:’Tﬂ) (u, V) + Q1 (u)D e (u) du

ROL* (5. 0) — A0 (0)) = - '
Yr (/\b (@, v) = Apr ( )) Jip exp (% [GT,U (u, 0) + Q1 (U)D T (u) du

For a large enough T', by Lemma A.20 the right-hand is uniformly in v € V equal to

J wexp (’VT(NJTW (u, 17)) exp (—A° (uv)) du
Jrexp (FrGry (u, 0)) exp (~4° (u) du

+ op (1) .

The first term is integrable with large probability by Lemmas A.13-A.14. Thus, by Lemma A.12 and the
continuous mapping theorem, we have for each v € V,

Jruexp (# (v)) exp (—A° (u)) du

[ exp (7 (w) exp (—0 () du (4.23)

T llor|* (" (3, v) = M (v)) =

Note that 9pQ% (6, -) is monotonic and bounded for all § € S. The argument of Theorem 4.1 in Jurecova
(1977) can be used in (A.23) to achieve uniformity in v. O
A.3.3 Proof of Proposition 3.2

We first need to introduce further notation. For a scalar @ > 0 define I'y = {u :€ R : |u| < u}. Note that
Yo L—op (1). We shall be concerned with the asymptotic properties of the following statistic:

_ frﬂu exp <'7T (G’T’U (u, 0) + Qrp (u))) T (u) du
S exp (37 (G (u, B) + Qo (W) ) 720 (w) du

&7 (0)

Furthermore, for every v € V, let & (v) = arg maxyer_ 7 (u). It turns out that & (v) is flat in v and thus
we write & = & (¥). Finally, recall that u = T ||67 | ()\b - AgT (v)) :
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Lemma A.21. Let I'% Ur —I'y. Then for any e >0 and m =0, 1,

supgey Jre |ul™ exp (’77“ (éT,v (u, V) + Qo (u)>) 71w (u) du
lim lim P i

~ = — >e| =0.
u—o0 T—o0 SUPycy fR exp <7T (GT,U (u, ) + QT (u))) 7 (u) du

Proof. Let Jy and Jo denote the numerator and denominator, respectively, in the display of the lemma.
Then,

P(J1/J2 >€) <P (Jo <exp(—aqr)) + P(J1 > eexp (—aqr)), (A.24)

for any constant @ > 0. Let us consider the second term term in (A.24). For an arbitrary a > 0,
let H(u, a) = {u €Ty supyey ‘C:’Tw (u, 5)‘ < a\u!}. Let A = 2sup,, o [As|. Note that A < 2 and
SUDycH (T, a) U] < AT ||67]|*. By Assumption 2.3 and 2.4, and Lemma A.6, Q7. (u) < —min(A° (u) /2,
n\ ||67]|2 T) uniformly for all large T' where 7 > 0. Thus,

SUp  Sup exp (?T [CNJTW (u, V) + Qrv (U)D (A.25)
u€H(u,a) eV

< suw supesp (5r [alul = A% (u) /4 + [A° (u) /2 + Qry (w)] ])

< D exp (57 [alul = A% (u) = min (4° (u) /4, 24° (u) 4+ |67 T) )

< sup exp(3rla|u] — Cqul]) + exp ('yT [ax — nCD
ueH(w, c)

< suwp exp(yr[a—Col) +exp (yr [aX —nC) = o(exp (—r7m)).
ueH(w, c)

when a > 0 is chosen sufficiently small and for some @; > 0. Furthermore, by Lemma A.13-(ii) below with
w=1,

lim lim P (u € {FCT’E — H (w, c)}) < lim lim P (sup Cro (. ©) > a) =0. (A.26)

u—o0 T—00 u—o0 T—00 |u|>u |U’

By combining (A.25)-(A.26), P (J; > eexp (—avyr)) — 0 as T — oo. Next, we consider the first right-hand
side term in (A.24). Recall the definition of Ay from Assumption 3.5 and let 0 < b < @/4A;. Note that

for Gr,, (b) £ SUP|y|<p SUPFcy ‘CNJT,U (u, v)

P (J2 <exp(—avr)) <P (Gr, (b) <@, Jo < exp (—a7yr)) + P (Gryp (b) > @) . (A.27)

Under Assumption 3.2 and the second part of Assumption 3.5, using the definition of b,

)

P(Gry (b) <@, Jo <exp(—ajr)) <P (C7r exp (37 (—a/2 — Ayb)) du < exp (—a?ﬂ)
ul<b
< P (Crbexp (@r/2) < 1) -0,

as T — oco. We shall use the uniform convergence in Lemma A.12 for the second right-hand side term in
(A.27) to deduce that (recall that @ was chosen sufficiently small and b < @/4\y),

lim lim P(Gr, (b) >a) < %in%IF’ (sup |V (u)| > a) =0.
—

b—0T—o00 [u|<b
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Lemma A.22. AsT — oo, {7 (0) = & in Dy (V).

Proof. Let B =T'zx V. For any fixed u, Lemma A.12 and the result SUP(,, 7)eB Q1.0 (u) — A% (u)| = op (1)

(cf. Lemma A.3), imply that Q@ = 7 in D, (B). By the Skorokhod representation theorem [cf. Theorem
6.4 in Billingsley (1999)] we can find a probability space (Q Z, IP’) on which there exist processes Qr (u, 7)

and ¥ (u) which have the same law as Qp (u, 0) and ¥ (u), respectively, and with the property that

sup ’@T (u, v) — “/7(u)’ — 0 P — a.s. (A.28)
(u,?}I)EB

Let

_ s Jrowep (rQry (u, 9)) 7 (u) du

&r (v) = — = — )
frg exp (’YTQT,U (u, v)) e (u) du

and & £ arg Max,cr.. ¥ (u). We shall rely on (A.28) to establish that

sup ‘fT 80‘ — 0 P—as. (A.29)
vEV

Let us indicate any pair of sample paths of Qr (u, v) and ¥, for which (A. 28) holds with a superscript w, by
QT,U and ”//“ respectively. For arbitrary sets Si, So C B, let 5 (S1, S2) 2 Leb (S; — S2) + Leb (So — S1)
where Leb (A) is the Lebesgue measure of the set A. Further, for an arbitrary scalar ¢ > 0 and function
T: B — R, define S (7, ¢) = {(u, v) €B: ‘T(u, v) — 77M' < c} where ¥ £ maxXyel, % (u). The first
step is to show that

7(8(Qurc), S (7%, ¢)) =0 (1). (A.30)
Let S17(c) =S (@%U, c) -S (“/7‘”, c) and Sor (c) =S (77“’, c) S ( s c). We first establish that
Leb (So.7 (¢)) = o(1). For an arbitrary ¢ > 0, define the set St (¢) 2 {(u, 0) € B : ’@%v (u, D) — ¥ (u)‘
< ¢} and its complement (relative to B) S5 (c) £ {(u, v) €B: ‘@‘j‘iv (u, T) — V¥ (u)‘ > E}. We have
Leb (85,7 (¢)) = Leb (So,1(¢) N S7 (2)) + Leb (So.r (¢) N 85 (0))
< Leb (82,7 () NS7 (2)) + Leb (85 (0)) -

Note that Leb (gr‘fp (é)) = 0(1) since the path w satisfies (A.28). Furthermore, Sy 7 (c) NSt (c) C Cr(c, )
where Cr (c, ¢) £ {(u, v)eB:c< ‘@%U (u, V) — 771\/1) < c+E}. In view of (A.28),
lclﬁ)lylggoLeb (Cr (e, ) = %r{)lLeb{(u, v)eB:c< ‘“I/ (u) — 7/M‘ < c+6}
=Leb{(u, 0) € B: [7* (u) — %] = ¢} =0,

by the path properties of ¥“. Since Leb (S17(c)) = o(1) can be proven in a similar fashion, (A.30) holds.

S-12



For m =0, 1, (1 < oo and by Assumption 3.2 we know there exists some Cy < oo such that

sup

Tev /sc (32, (7)) |ul™ exp (’77“ (@c’f“v (u, v) — 771\/1)) 1 (u) du < Cyexp (—cyr) CQ/ lul™ du = o (1),

I

since {u < @} on I'y and recalling that 7 — oo. This gives an upper bound to the same function where
u replaces |u|. Then,
fr uexp (fVT@‘fp’U (u, 5)) e (u) du
sup
2EV fr exp (VTQTU (u, v)) Ty (u) du

< esssup S (CNQ%’U, c) +o(1).

By (A.28) we deduce esssup S (@"iv, c) +o0(1) =esssupS (f‘”, c) + 0(1). The same argument yields

_wexp (rQ¥ o (U, D)) T, (u) du ~
inf fF“ (~ ~T’ — ) zessinfS(”//“’, c)—{—o(l).
vev fFa exp (’;/TQ‘%,U (u, v)) e (u) du

Since almost every path w of the Gaussian process ¥ achieves its maximum at a unique point on compact
sets [cf. Bai (1997) and Lemma 2.6 in Kim and Pollard (1990)], we have

. . W T Jw _ Jw

101\1&)1 essinf S (7/ , c) = lgi%l esssup S (7/ , c) = arg 33‘};7/ (u) .
Hence, we have proved (A 29) which by the dominated convergence theorem then implies the weak con-

vergence of &p toward &. Since the law of &7 (&) under P is the same as the law of &7 (&) under P, the
claim of the Lemma follows. O]

We are now in a position to conclude the proof of Proposition 3.2. For a set T € R and m =
0, 1 we define J,, fTu exp (7T (GTU (u, 0) + Qrp (u ))) 7 (u) du. Hence, with this notation

equation (3.11) can be rewritten as T |67 ()\bGL (v, v) — /\27T (v)) = J1(R)/Jo (R). Applying simple
manipulations, we obtain,

I (R) /o (R) = 0 - (fr) s {1 L e

Jo (R)

Jo (R)

By Lemma A.21, J, (FC )/Jo( ) = op (1) (m = 0, 1) uniformly in ¥ € V. By Lemma A.22, with
&r (0) = J1 (Tg) /Jo (Tg) , the first right-hand side term in (A.31) converges weakly to arg max,cg * (u)
in Db (V)

A.3.4 Proof of Corollary 3.1

The proof involves a simple change in variable. We refer to Proposition 3 in Bai (1997).

A.3.5 Proof of Theorem 3.2

We begin by introducing some notation. Since [ € L, for all real numbers B sufficiently large and ¢
sufficiently small the following relationship holds

inf I (u)— sup I(u)>0. (A.32)

lul>B lu|<B?
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Let Cry (u, 0) = exp (Grop (u, 0) — A% (u)), Tr £ {u € R: Ay € I'°} and
FM:{UER: MS|U|<M+1}QFT,

and define
Jim £ Crw (u, V) Ty (u) du, Jy 2 Crw (u, V) Ty (u) du. (A.33)
Tar I'r

In some steps in the proof we shall be working with elements of the following families of functions. A
function fr : R — R is said to belong to the family F' if it satisfies the following properties: (1) For fixed
T, fr (z) increases monotocically to infinity with = € [0, o0); (2) For any b < oo, 2 exp (—fr (z)) — 0 as
both T" and x diverge to infinity.

Proof. The random variable T'||67|| (XSL — /\0) = 7 is a minimizer of the function

exp (éT,v (u, D) + Q1o (u)) T (u)

\IIZ,T (S) = /I:T ! (S N u) fFT exp (éT,U (w, ’17) + QT,?} (u)) T v (w) dw "

Observe that Lemmas A.16-A.20 apply to any polynomial p € P; therefore, they are still valid for [ € L.
We then have that the asymptotic behavior of ¥;r (s) only matters when u (and thus s) varies on
'k ={ueR:u<K}. ByLemmas A.27-A.28, for any 9 > 0, there exists a T such that for all T > T,

Gry (u, © v
. / exp (NT, (u, 0) + Qr, (U)) du| < %. (A.34)
rc Jpp exp (Gro (w, ) + Qry (w)) du K
Therefore, for all T > T,
l - é v ’~ v d
U r(s) = I‘UISK (s —ujexp ( zo (, 0) + Qr, (U)) ‘ +op (1), (A.35)

Srtere @0 (G (w, ©) + Qry (w)) dw

where the op (1) term is uniform in 7 > T as K increases to infinity. By Assumption 3.2, |71, (u) — 7| <
‘77 ()\g’T (v)) - 770‘ + Ot |ul, with € > 0. On {|u| < K}, the first term on the right-hand side is o (1)
and does not depend on u. The second term is negligible when 7" is large. Thus, without loss of generality
we set w7, (u) = 1 for all u in what follows.

Next, we show the convergence of the marginal distributions of the estimate ¥; 7 (s) to the marginals
of the random function ¥, (s), where the region of integration in the definition of both the numerator and
denominator of W; 7 (s) and ¥; (s) is restricted to {|u| < K} only, in view of (A.35). For a finite integer

n, choose arbitrary real numbers a; (j =0,..., n) and introduce the following estimate:
n
Z aj / l(sj —u)Cryp (u, v)du+ ao/ [(so —u) Crp (u, 0) du. (A.36)
j=1 [ul<K lu| <K

By Lemmas A.24 and A.30, we can invoke Theorem I.A.22 in Ibragimov and Has'minskii (1981) which
gives the convergence in distribution of the estimate in (A.36) towards the distribution of the following
random variable:

lul<K

j;aj /|u|§K [(sj —u)exp (¥ (u))du+ ao/ L (so —w)exp (¥ (u)) du.
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By the Cramer-Wold Theorem [cf. Theorem 29.4 in Billingsley (1995)] this suffices for the convergence in
distribution of the vector

/ l(si —u)Cryp(u, 0)du,..., / [(sn —u) (1o (u, ) du, / [(so —u)Cryp (u, 0) du,
lu|<K [u| <K lu|<K
to the distribution of the vector
/ l(si —u)exp (¥ (u))du,..., / l(sn —u)exp (¥ (u)) du, / [ (so —u)exp (¥ (u)) du.
lul<K lu| <K lu| <K

As a consequence, for any K7, Ko < oo, the marginal distributions of

Srujer L(s = w)exp (G (u, ©) + Qryy (u)) du
Jjwi<xc, P (éT,v (w, v) + Qrp (w)) dw

converge to the marginals of flu\<K1 l(s—wu)exp (¥ (u))du/ (f|w|<K2 exp (7 (w)) dw). The same conver-
gence result extends to the distribution of

/ exp (éT,v (u, V) + Qrp (u)) d
M "

SJul<M+1 [l <, €XP (éT,U (w, V) + Qrp (w)) dw

towards the distribution of fM<|u‘<M+1(exp (¥ (u)) du/ f|w|<K2 exp (¥ (w)) dw). By choosing Ko > M +1
we deduce - -

exp (¥ (u))
E [/M du

<Jul<mrs1 Jrexp (V (w)) dw

< lim E du| < coM™?,

T T—oo

[ exp (C:’Tﬂ, (u, V) + Qv (u))
Ot Sjere, @0 (Gro (w0, ) + Qrp (w)) du

in view of (A.34). This leads to

B s exp (¥ (u)) du
\Ill (S) B /|u|§K : ( f\w\gK €xp (4// (w>) dw

+op (1), (A.37)

where the op (1) term is uniform as K increases to infinity. We then have the convergence of the finite-
dimensional distributions of W; 1 (s) toward W¥; (s). Next, we need to prove the tightness of the sequence
{¥; 7 (s), T > 1}. More specifically, we shall show that the family of distributions on the space of conti-
nuous functions Cp (K) generated by the contractions of ¥;r (s) on {|s| < K} are dense. For any [ € L

the inequality [ (u) < 2" (1 + |u|2)r holds for some r. Let

A 2 —r—1
TK(w):/ sup  [1(s+y—w—i(s—u) (1+ ) du
R |s|<K,|y|<w

Fix K < co. We show limg |9 T i (w) = 0. Note that for any x > 0, we can choose an M such that

9\ —r—1
sup |l(s+y—u)—l(s—u)|(1+\u|) du < K.
|

ul>M |s|<K, |y|<w

We now use Lusin’s Theorem [cf. Section 3.3 in Royden and Fitzpatrick (2010)]. Since I(-) is measu-
rable, there exists a continuous function g (u) in the interval {u € R: |u| < K + 2M} which agrees with

-1 _
[ (u) except on a set whose measure does not exceed k (QL) , where L is the upper bound of I (-) on
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{ueR: |ul <K +2M}. Denote the modulus of continuity of g (-) by wy (w). Without loss of generality
assume |g (u)| < L for all u satisfying |u| < K +2M. Then,

—r—1
/ sup ]l(s+y—u)—l(s—u)|(1—|—|u|2) du
lu|>M |s|<K, |y|<w

—r—1
§/ sup \l(s—f—y—u)—l(s—u)](1+|u!2> du
R [s|<K, |y|<w

—r—k _
< wg (w) sup (1+]u|2) ' du+2LLeb{u e R: |u| < K +2M, 1 # g},
R |s|<K,|y|<=

and L < Cw, (w) + & for some C. Hence, Y (w) < Cw, (w) + 2k since  can be chosen arbitrarily small
and (for each fixed k) wy (w) — 0 as w | 0 by definition. By Assumption 3.7, there exists a number
C < oo such that

E

Is|<K,|y|<w=

sup  |VUir(s+y)—¥r (s)|]

exp (CN;T,U (u, V) + Qryp (u)) ) .
S oD (G (w, B) + Qrp (w)) duw

s/ sup u<s+y—u>—Z<s—u>|E<

R |s|<K,|y|<w

< CYTk (w).

Markov’s inequality together with the above bound establish that the family of distributions generated
by the contractions of U is dense in Cy (K). Since the finite-dimensional convergence in distribution
was demonstrated above, we can deduce the weak convergence ¥; 7 = ¥; in I, (V) uniformly in )\2 € K.
Finally, we examine the oscillations of the minimum points of the sample criterion ¥; 7. Consider an
open bounded interval A that satisfies P{¢) € b(A)} = 0, where b(A) denotes the boundary of the set
A. Choose a real number K sufficiently large such that A C {s: |s| < K} and define for |s| < K the
functionals Ha (V) = infsea ¥ (s) and Hae (V) = infseac ¥; (s). Let My denote the set of minimum
points of ¥; 7. We have

PMyp C A] =P[HA (V) < Hae (), My C {s: |s| < K}]
>P[HA (V) < Hpae (U)] —P[Mp € {s: |s| < K}].

Therefore,

liminf F[My C A] > P[Ha (V) < Hae (¥)] —supP [Mr € {5 |s] < K],

and limsupp_,.  P[Mr C A] < P[Ha (V) < Hae (¥)]. Moreover, the minimum of the population crite-
rion ¥, (-) satisfies P [¢) € A] < P[Ha (V) < Hae (V)] and P [¢) € A]+P [|€)| > K| > P[Ha (V) < Hae (9)].
Lemma A.29 shall be used to deduce that the following relationship holds,
limsupE |1 (T |67 PYSERDYY < 00,
o [ (7 1o (6% 6))

for any loss function [ € L. Hence, the set My of absolute minimum points of the function ¥, r (s) are
uniformly stochastically bounded for all T' large enough: limg oo P[Myp € {s: |s| < K}] = 0. The latter
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result together with the uniqueness assumption (cf. Assumption 3.5) yield

lim {SL%p]P’[MT Z{s:]s] < K}]—I—]P’Hﬁlo‘ >K}} =0.

K—oo

Hence, we have

lim P[My C Al =P[¢f € A]. (A.38)
T—00

The last step involves showing that the length of the set My approaches zero in probability as T" — oo.

Let A, denote an interval in R centered at the origin and of length d < oo. Equation (A.38) guarantees

that limg_,oo supy_,oo P[Mr € Ay] = 0. Choose any € > 0 and divide A, into admissible subintervals

whose lengths do not exceed €/2. Then,

P| sup |s;—sj|>¢€
Si,SjEMT

S P [MT g Ad] + (1 + 2d/6) Sl].p]P> [HA (\PZ,T) = HAc (\III,T” s

where the term 1+ 2d/e is an upper bound on the admissible number of subintervals and the supremum
in the second term is over all possible open bounded subintervals A C Ay. The weak convergence result
implies P[Ha (Y1) = Hae (V7)) = P[Ha (V) = Hac (V)] as T — oo. Since P [Ha (V) = Hac (V)] =
0 and P[My € Ay] — 0 for large d, then P [SUPsi,sjeMT |si — s;] > e} = 0(1). Since € > 0 can be chosen

arbitrary small we deduce that the distribution of T ||ép]* (X?L — /\2) converges to the distribution of
&- O

Lemma A.23. Let uj, us € R be of the same sign with 0 < |uy| < |uz|. For any integer r > 0 and some
constants ¢, and C,. which depend on r only, we have uniformly in v € V,
T

< Crluz —w|",

E (%) (juz — ua| 20) 6°

r _ - A\ 2r
(67 (w9 = 61 ()| < e

where 3; is defined in Assumption 8.5 andi =1 ifuy <0 andi=2 if u; > 0.

Proof. The proof is given for the case ug > u; > 0. The other case is similar and thus omitted. We
follow closely the proof of Lemma III.5.2 in Ibragimov and Has'minskii (1981). Let V (u;) = exp (¥ (u;)),

2r . .
= 1,2 We have B | (V2" (uz) = V2 ()| = 232 () (-1 Buy [V (1], where Vi, () 2
exp (¥ (u2) — ¥ (u1)) . Using the Gaussian property of # (u), for each u € R, we have

Euy [V (u2)] = exp (; (;})24 (6°)' (juz — | £2) 80 % 49 () — A° (ul)D . (A.39)

Then, B | (V17" (ug) = V2 ()| = 2y (4) (-1 &2 with
& J o (50) _ 0_ |0 40
d 2 exp <2r2(5) (Juz — 1] £2) 8" — [A4° (ug) — A (UI)D.

Let B 2 2(6°) (Jug — u1| 22) 8% — |A° (ug) — A° (uy)|. There are different cases to be considered:
(1) B < 0. Note that
+ B>

] / /
d =exp <2‘77“2 (50> (lug — u1] 32) 6% — ‘(5()) (|lug — u1| B2) 6°
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2r—73 1.0y 0> B
= e ) — ¥9) 48
exp( (%) (juz = | 52)8°) 7,
which then results in

B (V2 (w2) <V ()| < v (a), (A.40)

where p, (a) = ?20 (2;) (=1 a9 and a = eB/? exp <77‘_1 (69) (Jug — u1| Z9) 50) .

(2) 2 (60)/(|u2 —u1|22) 6% = |A° (ug) — A% (u1)|. This case is the same as the previous one but with
a = exp (—r‘l (3%) (Jug — u1| Ta) 50).

2r
(3) B > 0. Upon simple manipulations, E {(VUQT (ug) — VY2 (ul)) ] < py (a), where

2r
Dr (a) = 673/27" Z (27") (_1)] a(27’*j)7

j=o \J

with a = exp (—7"1 ((50)/ (Jlug — u1| X2) 60). We can thus proceed with the same proof for all the above

cases. Let us consider the first case. We show that at the point a = 1, the polynomial p, (a) admits a root

of multiplicity . This can be established by verifying the equalities p, (1) = pﬁl) (H)=---= pg—l) (1)=0.

One then recognizes that pﬁi) (a) is a linear combination of summations S (kK = 0, 1,..., 2i) given by

S =ef Z?TZO (?f)jk Thus, one only needs to verify that Sy = 0 for £ =0, 1,..., 2r — 2. This follows

because the expression for Sy is found by applying the operator e®a (d/da) to the function (1- a2)2r and
evaluating it at a« = 1. Consequently, S = 0 for £k = 0, 1,..., 2r — 1. Using this result into (A.40) we
find, with p, (a) being a polynomial of degree r2 — r,

T

E {(7/1/% (ug) — ¥/ (u1)>2r] — (1—a) jr (@) < <7°_1 (6°)' (juz — wa 22) 50) Br(a), (A4

where the last inequality follows from 1—e™¢ < ¢, for ¢ > 0. Next, let Zr}p/?)r (u2, up) = ilp/fr (ug)— ilp/fr (uq).

By Lemmas A.3 and A.12, the continuous mapping theorem and (A.41), limr_,o E {7;/37" (ug, ul)} <
(1 —a)" pr (a), uniformly in ¥ € V. Noting that j < 2r, we can set C, = maxo<q<1 €59, (a) /7" to prove
the lemma. 0

Lemma A.24. For uj, us € R being of the same sign and satisfying 0 < |ui| < |ug] < K < oo. Then,
for all T sufficiently large, we have

E

4
(62l (2, ®) = Gy (ua, ) } < Oy Juz — w2, (A.42)
where 0 < C1 < 0o. Furthermore, for the constant Cy from Lemma A.23, we have
P[¢rp (v, ©) > exp (—3C1 |u| /2)] < exp (—Ch |ul /4). (A.43)

Both relationships are valid uniformly in v € V.

Proof. Suppose u > 0. The relationship in (A.42) follows from Lemma A.23 with » = 2. By Markov’s
inequality and Lemma A.23,

P [Cro (u, B) > exp (—3C1 [u] /2)] < exp (3C1 [u] /4) E [y (u, D)]
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< exp (301 lu| /4 — (60)/ (Ju| X2) 60> <exp(—Cy |u| /4).

O]

Lemma A.25. Under the conditions of Lemma A.2}, for any ¥ > 0 there exists a finite real number cy
and a T such that for all T > T, supgey P [sup|u|>M Crw (u, v) > M‘ﬂ < cyM?.

Proof. Tt can be shown using Lemmas A.23-A.24. O

Lemma A.26. For every sufficiently small e <€, where € depends on the smoothness of w (-) , there exists
0 < C < o such that

P { / Cro (u, ) 7 (A + u/vor) du < ex (Ag)} < Ceé?, (A.44)
0
Proof. Since E ({7, (0, v)) = 1 and E ({7, (u, v)) < 1 for sufficiently large T', we have
o\ 1/2
EGro (u 9) ~ Gro 0, 9)| < (B[t} (u, 9)+ 612 0,9 B[ (0. 9) - 62 0,9 ) < clal?,
(A.45)
by Lemma A.23 with r = 1. By Assumption 3.2, |77, (u) — 70| < ‘7‘(’ <)‘2,T (v)) — ﬂo‘—l—Cw;l |u| , with C' >

0. The first term on the right-hand side is o (1) (and independent of u) while the second is asymptotically
negligible for small . Thus, for a sufficiently small € > 0,

€ 0 €
/0 (1w (u, ) Ty (u) du > 7;/0 Crp (u, ) du

Next, using (7, (0, v) =1,

P [/06 Crp (U, 0) 1 (u) du < 6/2:| <P {/06 (1w (u, V) = (1 (0, D)) du < —6/2]
<Pp UO (G (1, B) — Cr (0, )| du > 6/2} ,

and by Markov’s inequality together with (A.45) the last expression is less than or equal to

(2/¢) /0 "B |Gr (1, B) — Cruo (0, 8)] du < 20672,

Lemma A.27. For fr € F', and M sufficiently large, there exist constants ¢, C > 0 such that

P Jin > exp (—cfr (M))] < C (14 M) exp (~cfr (M), (A.46)

uniformly in v € V.

Proof. In view of the smotheness property of 7 (-), without loss of generality we consider the case of the
uniform prior (i.e., 77, (u) = 1 for all u). We begin by dividing the open interval {u: M < |u| < M + 1}
into I disjoint segments denoting the i-th one by II;. For each segment II; choose a point u; and define
JP,M £ SUPgey Dot (T (u;, v) Leb (IL;) = SUPey Dicl in (1w (U4, V) du. Then,

max sup C;/5 (us, ) (Leb (Tr))'/* > (1/2) exp (— fr (M) /2)

el Pev

P [y > (1/4) exp (—cfr (M))] <P
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<SPG (i, B) > (1/2) (Leb (Tar) ™ exp (— fr (M) /2)]
el
< 2I (Leb (Tar)) 2 exp (— fr (M) /12) (A.47)

where the last inequality follows from applying Lemma A.24 to each summand. Upon using the inequality
exp (—fr (M) /2) < 1/2 (which is valid for sufficiently large M), we have

P[Jiar > exp (—fr (M) /2)] < P[|Juar = | > (1/2) exp (= fr (M) /2)] + B [y > exp (= fr (M))] .

Focusing on the first term,

E [0 — ] < Z/ E|G1/2 (u. B) — G2 (ui, )| du
el
< Z/ ‘ 1/2 +CTU Ui, v ‘ ‘CTU u, ’11“{3 (uiv 17)‘)1/2 du
i€l

§C(1+M)CZ/ s — ulY? du,
iel i

where for the last inequality we have used Lemma A.24 since we can always choose the partition of the
segments such that each 1I; contains either positive or negative u;. Since each summand on the right-hand
side above is less than C (M1 _1)3/ % there exist numbers C1 and Cy such that

E [JLM - JEM} < (1 + MC2) 12, (A.48)
Using (A.47) and (A.48) we have
PLJiar > exp (—fr (M) /2)] < Cy (14 M) 172 4 21 (Leb (Tar)) M/ exp (— fr (M) /12).

The relationship in the last display leads to the claim of the lemma if we choose I satisfying 1 <
32 exp (—fr (M) /4) < 2. O

Lemma A.28. For fr € F, and M sufficiently large, there exist constants ¢, C > 0 such that
E [0/ 2] < C (14 M) exp (—cfr (M), (A.49)

uniformly in v € V.

Proof. Note that Jj ps/J2 < 1. Thus, for any € > 0,

E[Jim/J2]) S P[Jipm > exp(—cfr (M) /2)] + (4/€) exp (—cfr (M)) + P Crp (u, 0)du < €/4].

Ir

By Lemma A.27, the first term is bounded by C (1 + Mc> exp (—cfr (M) /4) while for the last term we
can use (A.44) to deduce

E [/ )] < C (1+ M) exp (—cfr (M) + (4/€) exp (—cfr (M) + C/2,
Finally, choose € = exp ((—2¢/3) fr (M)) to complete the proof of the lemma. O

Lemma A.29. Forl € L and any 9 > 0, limp_so0 imyp—oo B'P [wT (XbGL - )\2) > B} — 0.
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Proof. Let pr (u) £ p1,7 (w) /Pr where py 7 (u) = exp (CNJT,U (u, ) + Q1 (u)) and pp = fUT 1,7 (w) dw.
By definition, X,?L is the minimum of the function [} [ (T 16717 (s — u)) p17 (u) 7,y (w) du with s € T,
Upon using a change in variables,

[ 512 - 0) 0 7 0
= (TUel) e [ (P18l (5= ) ~w)pr (e )+ (ThorIP) )

1
X T (AS,T (v) + (T ||5TH2) u) du.

Thus, s 2 T ||67]” (X,?L - )\g) is the minimum of the function

oo (3 (0 ) e (05 (205017) ™)

Sr (s é/ I(s—u) — -
U fger (0 (P00rl?) ) w (M (T16012) )

du,

where the optimization is over Up. The random function Sy (-) converges with probability one in view
of Lemmas A.27-A.28 together with the properties of the loss function [ [cf. (A.35) and the discussion
surrounding it]. Therefore, we shall show that the random function St (s) is strictly larger than Sy (0)
on {|s| > B} with high probability as 7' — co. This reflects that

P HT oz (A" - Ag)‘ >B| <P LsiﬁfBST (s) < Sr (0)] . (A.50)

We present the proof for the case 7y, (u) = 1 for all u. The general case follows with no additional
difficulties due to the assumptions satisfied by the prior 7 (-). By the properties of the family L of loss
functions, we can find wy, ue € R, with 0 < u; < g such that as T increases,

7177’ Ssup{l(u): ue I'ir}t< ZZT 2inf{l(u): u € Lo},

where I'y 7 2 U7z N (Jul <@p) and Lo 2 Ur N (Ju| > 12). With this notation,

St (0) < l1,T/

L7

pr (u) du + / [ (u) pr (u) du.
UTﬂ(|u|>ﬂl)

Furthermore, if I € L, then for sufficiently large B the following relationships hold: (i) I (u)—inf|,|s g2l (v) <

0; (i) |u| < (B/2)”, ¥ > 0. We shall assume that B is chosen so that B > 2uy and (B/2)” > %y hold.

Let I'rp £ {u: (Ju| > B/2) N Ur}. Then, whenever |s| > B and |u| < B/2, we have,

|lu—s| > B/2 > and inf 1(u)>lar. (A.51)

uEFT,B

With this notation,

inf Sr(s)> inf Ip (u)/ pr (w) dw
‘s‘>B ’MGFT7B (|w|§B/2)ﬂUT

>lor

)

/ pr (w) dw,
(lwl<B/2)NUT
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from which it follows that

Sr(0) — inf Sp(s) < —w/r pr (u) du —I—/

|s|>B inf Ir (3)) pT (u) du

I(u) —
Urn((B/2)">ul>t) |s|>B/2

[ (u u) du,
+/UTQ(|u|>(B/2)0) (w)pr (u)

where w £ ZZT — ZLT. The last inequality can be manipulated further using (A.51), so that

St (0) — inf Sr(s) < —w pr (u) du + / Ir (u) pr (u) du. (A.52)
|s|>B Ty Urn(Jul>(B/2)")

Let By £ (B/2)" and fix an arbitrary number @ > 0. For the first term of (A.52), Lemma A.26 implies
that for sufficiently large T, we have

P l/r pr(u)du < 2 (wBa)ll <c (wBa)il/z , (A.53)

where 0 < ¢ < co. Next, let us consider the second term of (A.52). We show that for large enough 7', an
arbitrary number @ > 0,

<cB™ (A.54)

Pl/ I (u) pr (u)du > B
Urn{lu/>By}

Since [ € L, we have [ (u) < |u|*, a > 0 when u is large enough. Choosing B large leads to

E [/ L (u) pr (u) du] <Y (Bo+i+1)"E(Ji,8y1i/J)
Urn{|u[>Bys} i=0

where Ji p,+i, J2 are defined as in (A.33). By Lemma A.28,

E (JLBﬂ_A'_i/JQ) <c (1 + (Bﬁ + i)a) exp (—bfT (Bﬁ + Z)) ,

where fr € F' and thus for some b, 0 < ¢ < o0,

- UUTm{|u|>Bﬁ} Hpr () du

By property (ii) of the function fr in the class F', for any d € R, lim, oo limy_,oo v4e~7(®) = 0. Thus,
we know that for T" large enough and some 0 < ¢ < o0,

E [ / ! (u) pr (u) du] < B,
Urn{|u|>Bys}

from which we deduce (A.54) after applying Markov’s inequality. Therefore, for sufficiently large T and
large B, combining equation (A.50), and (A.53)-(A.54), we have

<cf (14 0% exp (<bfr (v) dv < cexp (~bfr (By)).

By

P[Tllorl (A" - A7) > B
<P l—w/ pr (u) du + / Ir (u) pr (u) du < 0]
Ty Urn{jul>By}
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+P

SIP’[/F pT (u)du<2<wBa>i1

<e (B*E/2 + B*E) ,

/ I (u) pr (u) du > B™°
Upn{|u[>By}

which can be made arbitrarily small choosing B large enough. O

Lemma A.30. As T — oo, the marginal distributions of (r,, (u, V) converge to the marginal distributions
of exp (¥ (u)).

Proof. The results follow from Lemma A.3, Lemma A.12 and the continuous mapping theorem. O

A.4 Proofs of Section 4
A.4.1 Proof of Proposition 4.1

The preliminary lemmas below consider the Gaussian process # on the positive half-line with s > 0. The
case s < 0 is similar and omitted. The generic constant C' > 0 used in the proofs of this section may
change from line to line.

Lemma A.31. For @w > 3/4, we have limy o lim supjy_, ‘% (s)‘ /15| =0, P-a.s.

Proof. For any € > 0, if we can show that

ZIP [ sup | #r (s)‘ /|s|® > e] < 00, (A.55)
i=1 i71§|8|<i

then by the Borel-Cantelli lemma, [P [lim SUP|| 00 ‘% (s)‘ /1s]% > e} = 0. Proceeding as in the proof of
Lemma A.13,

<P

P[ sup [ Wr (s)| /15| > ¢

i—1<|s|<i

sup %(s)‘ > 71?2
|s|<1

1 —~ 4 o 1
<[ (070120
The series Y ;2; ¢~ P is a Riemann’s zeta function and satisfies > 52, 7P < oo if p > 1. Then,
_ 4
< (C/e4> E |E (| sup ("//T (5)) | X
|s|<1

4
<(C/e)E [E (sup Wi (s)| ETN 7 (A.56)

|s|<1

oo
ZP[ sup WT(S)‘/\S\w>e
i=1 i—1<|s|<

where C' > 0 and the last inequality follows from Proposition A.2.4 in van der Vaart and Wellner
(1996). The process #7, conditional on Y7, is sub-Gaussian with respect to the semimetric d2yy, (¢, s) =

~

Y1 (t, t) + E7 (s, s), which by invoking Assumption 4.1-(iiiii) is bounded by

Sr(t—s,t—s)<|t—s|sup Zp(s, s).
[s|=1

Theorem 2.2.8 in van der Vaart and Wellner (1996) then implies

E (sup W (s) ] 2‘71) < C sup fjlﬁ (s, s).
\

s|<1 [s|=1
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The above inequality can be used into the right-hand side of (A.56) to deduce that the latter is bounded by
CE (sup|s|:1 X2 (s, 5)) By Assumption 4.1-(iv) CE (sup‘s‘zl Y2 (s, s)) < 00, and the proof is concluded.
O

Lemma A.32. {%} converges weakly toward W on compact subsets of Dy,.

Proof. By the definition of % (), we have the finite-dimensional convergence in distribution of % toward
# . Hence, it remains to show the (asymptotic) stochastic equicontinuity of the sequence of processes
{%, T> 1}. Let C C R4 be any compact set. Fix any n > 0 and € > 0. We show that for any positive
sequence {dr}, with dr | 0, and for every t, s € C,

limsup P ( sup ‘% (t) — Z (3)‘ > 77) < e (A.57)

T—o0 [t—s|<drp

By Markov’s inequality, P (Sup|t,s|<dT ’% (t) — #r (5)’ > 17) <E (sup|t,s‘<dT ‘% (t) — Wy (S)D /n. Let
Tr (¢, s) denote the covariance matrix of (% (t), Wy (s)) and A be a two-dimensional standard normal

/
vector. Letting + £ [1 —1} , we have

2
<E

2
[E sup ‘%(t)—%(s)” :lIE sup z'f%/Q(t, 5)./\/"

\tfs|<dT |t*S|<dT

sup J/Tr(t, s) L]
|t75|<dT

:E[ sup E’T(t—s,t—s)]

|t—S|<dT

< drE lsup Zr (s, 5)1 ,
[s|]=1

and so E [sup‘t_s|<dT Sr(t—s, t— s)} < 2drE [sup|s|:1 21 (s, s)} where we have used Assumption 4.1-

(iii) in the last step. As dr | 0 the right-hand side goes to zero since E [sup‘s|:1 5 (s, s)} =0(1) by
Assumption 4.1-(iv). O

Lemma A.33. Fiz 0 < a < co. For any p € P and for any positive sequence {ar} satisfying ar LA a,

[ o )exn (72 (5)) exp (—ar ) ds 2 [ p(s)]exp 0 (5)) exp (~als)) ds.

Proof. Let B4 be a compact subset of Ry /{0}. Let

G = {(W, ar) € D (R, B, P) x B4 : limsup |W (s)| /|s|” =0, w > 3/4, ar = a+ op (1)}7

|s|—o0

and denote by f: G — R the functional given by f(G) = [ |p(s)|exp (W (s))exp (—ar |s|) ds. In view

of the continuity of f(-) and ar 5 a, the claim of the lemma follows by Lemmas A.31-A.32 and the
continuous mapping theorem. O

~ 2
We are now in a position to conclude the proof of Proposition 4.1. Suppose v = CT H5TH for some

C' > 0. Under mean-squared loss function, fAT admits a closed form:

- Juexp (% (u) — Ar (u)) du
L Jew (7 ) - Ar () du
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By Lemma A.33, we deduce that fAT converges in law to the distribution stated in (3.12). For general
loss functions, a result corresponding to Lemma A.33 can be shown to hold since [ (-) is assumed to be
continuous.

A.5 Proofs of Section 5
~GL
Rewrite the GL estimator A,  as the minimizer of

exp (—Qr (8 (Ap) s Ap)) T (Ap)

Rur 2 /Foz(s—xb) [ AR T P (A.58)

We show with the following lemma that, for each i, XZGL LY AV no matter whether the magnitude of the
shifts is fixed or not. Then, the proof of Theorem 3.2 can be repeated for each ¢ = 1,..., m separately.
We begin with the proof for the case of fixed shifts.

Lemma A.34. Under Assumption 5.1-5.2, except that Ar; = AY for all i, forl € L and any B > 0 and
e > 0, we have for all large T, P [ XZGL — 2| > B} < ¢ for each 1.

Proof. Let St (6 (X)), Ap) 2 Q1 (5 (X)), Xp) — QT (5 ()\2) , )\2). Without loss of generality, we assume
there are only three change-points and provide a proof by contradiction for the consistency result. In
particular, we suppose that all but the second change-point are consistently estimated. That is, consider
the case T> < T3 and for some finite C' > 0 assume that |Aa — A}| > C. Q7 (0 (Xp), Ap) can be decomposed
as,

T T
QT (5 (Ab) > >\b) = Ze? + Zd? -2 etdt,
1

t=1 t=1 t=

where d; = w; (qg— qbo) +2 ((57c - (5?) ,fort € [fk—l +1, fk} N [T]Q_l +1, T]Q} (k,j=1,..., m+1) where
¢ and Oy, are asymptotically equivalent to the corresponding least-squares estimates. Bai and Perron (1998)
showed that

T T
T #5K>0 and TS edi=op(1).
t=1 t=1

Note that Qr (5 ()\2) , )\2) = S (T7, T9, 1Y), where St (T?, T9, TY) denotes the sum of squared resi-

duals evaluated at (TY, T9, T9) . Since T~' Sy (TP, T, TY) is asymptotically equivalent to T~ 37, €7,
this implies that T=1S7 (5 (Ap), Ap) > 0 for all large T. For some finite K > 0, this implies

Sr (5 (As), Ny) > TK. (A.59)

Let Up £ {u ER: A+ T e FO}. Define pr (u) £ p1.7 (u) /Py where py.7 (u) = exp (—Qr (6 (u) , u))

~GL
and pp = fUT p1,7 (w) dw. By definition, A, = is the minimum of the function [ ! (s — u) p17 (u) 7 (u) du
with s € I'Y. Upon using a change in variables,

/ l(s—u)p1,r (u)m(u)du
0

=T 15, /UT l (T (s - )\2) — u) pT ()\8 + Tﬁlu) T ()\8 + T71u> du.
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~GL
Thus, As T aT ()‘b — A,?) is the minimum of the function,

Sp(s) 2 / (s —u pT ()\8 + T_lu) 7T ()\8 + T_1u>
Ur Ju, pr ()\2 + T‘lw) ™ (/\2 + T‘lw) dw

du,
where the optimization is over Up. As in the proof of Lemma A.8, we exploit the following relationship,
7|

Thus, we need to show that the random function St (s) is strictly larger than Sz (0) on {|s| > T B} with
high probability as T — oo. The same steps as in Lemma A.8 lead to,

~GL
Xy =N

>B] <P| inf Sp(s)<Sp(0)

i ] . (A.60)

Sr(0) — |s|i£1f“B Sr(s) (A.61)
<-w [ pr(udu+ / b (w) pr () du.
Ty UrN(Jul>(TB/2)")

We can use the relationship (A.59) in place of (A.15) in Lemma A.8 to show that the second term above
converges to zero. The first term is negative using the same argument as in Lemma A.8. Thus, Sy (0) —
inf|~7p St (s) < 0. This gives a contradiction to the fact that XSL minimizes [0 [ (s — u) p1,r (w) 7 (u) du.
Hence, each change-point is consistently estimated. O

Lemma A.35. Under Assumption 5.1-5.2, forl € L and any B > 0 and € > 0, we have for all large T,
IP’[)\Z-GL—)\? >B] < ¢ for each 1.

Proof. The structure of the proof is similar to that of Lemma A.34. The difference consists on the fact

that now T-' ST | d? % 0 even when a break is not consistently estimated. However, Bai and Perron
(1998) showed that T S°L , d? > 271" | e;d; and thus one can proceed as in the aforementioned
proof to complete the proof. ]

Lemma A.36. Under Assumption 5.1-5.2, for 1l € L and for every e > 0 there exists a B < oo such that
for all large T, P {TU% AGE )\?‘ > B} < e for each 1.

Proof. Let St (5 (Xp), Xp) £ Q1 (5 (Np), X)) — Qr ((5 (Ag) , /\2). Without loss of generality, we assume
there are only three change-points and provide an explicit proof only for \J. We use the same notation
as in Bai and Perron (1998), pp. 69-70. Note that their results concerning the estimates of the regression
parameters can be used in our context because once we have the consistency of the fractional change-
points the estimates of the regression parameters are asymptotically equivalent to the corresponding
least-squares estimates. For each € > 0, let V, = {(Tl, Ty, T5); |1, — TZ-0 <el,i=1<i< 3}. By the
fi —T?| < €T, where T, = QA“Z»GL = TXZGL. Hence,
P ({ﬁ, fg, T 3} € VE) — 1 with high probability. Therefore we only need to examine the behavior of

St (6 (Xp), Ap) for those T; that are close to the true break dates such that |T; — T?| < €T for all i. By
symmetry, we can, without loss of generality, consider the case Ty < T3. For C' > 0, define

consistency result, for each € > 0 and T large, we have

V(€)= {(Th, Ty, T);

€

T, - 1)

<eT,1§z'§3,T2—T20<—C/v:2p}.

Define the sum of squared residuals evaluated at (11, Ts, T3) by St (11, Ta, T3). Let SSRy = St (11, Ts, T3),
SSRy = St (Th, T3, T3) and SSR3 = St (T4, Tz, TY, T3). We have omitted the dependence on §. With
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this notation, we have St (§ (X)), Ap) = St (11, T, T3) — St (17, T3, TY) which can be decomposed as

St (6 (Ap) 5 Ab) (A.62)
= [(SSR1 — SSRs) — (SSRy — SSRs)] + (SSRy — Sr (17, 19, 1) )

In their Proposition 4-(ii), Bai and Perron (1998) showed that the first term on the right-hand side above
satisfies the following: for every € > 0, there exists B > 0 and € > 0 such that for large T,

P [min {[Sr (T3, Ty, Ts) = Sr (1, 15, T3) | / (15 — T2) } < 0] <&,

where the minimum is taken over V* (C). The second term of (A.62) divided by T — T can be shown
to be negligible for {T1, Ty, T3} € V* (C) and C large enough because on V.* (C') the consistency result
guarantees that \i can be made arbitrarily close to A?. This leads to a result similar to (A.59) where T
is replaced by U;Q. Then one can continue with the same argument used in the second part of the proof
of Lemma A.34. O

A.6 Proofs of Section 6
A.6.1 Proof of Proposition 6.1
Let

i (YA + vr'u) 2 exp ((Gro (u, 0) + Qro (u)) /2),

where G (u, 0) and Q7 (u) were defined in equation (3.7). Let py (y| \p) £ exp (L2 (\y) — L2 (Ao)) /2)
where L (\) = (T, (T = Ty))"/* (Y, = Y, ) with Y, = T, Sf g and Yo, = (0= 1)~ Slgy oy uee
Following Bhattacharya (1994) we use a prior 7 (-) on the random variable \,. The posterior distribution
of \p = Ny is given by p(\|y) = h ()\b)/fol h(s)ds where h(X\y) = p1 (y| Ap) 7 (Ap). The total variation
distance between two probability measures v; and v defined on some probability space S € R is denoted
as [y — va|py £ [g|v1 (w) — v2 (w)| du. Given the local parameter A, = A) + (Tv2) " with u € [-M, M]
for a given M > 0, the posterior for u is equal to p* (u|y) = (Tfu%)flp ((Tv%)fl u+ AP y) while the

quasi-posterior is given by pk (u|y) = (Tv%)_1 pT ((TU%)_l u+ A y).

Lemma A.37. Let Assumption 3.2-3.8 and 3.6-(i) hold and 7 (-) satisfy Assumption 3.2. Then,

P (Tv% (Xb — /\2) | y) —p (Tv% (Xb — /\2) | y) ‘TV 5o

Proof. By Assumption 3.2, 7 (-) and 7 (-) are bounded, and

|us‘1;[])w w((Tv%)_lqu/\S)—w()\g) KO,
|us‘1;1])w ﬁ((TU%)_lu—l-)\g)—%()\g) 50

Since 7 () [ (-)] appears in both the numerator and denominator of p3. (-|y) [p* (:|y)], it cancels from
that expression asymptotically. Turning to the Laplace estimator, the results of Section 3 (see Lemmas
A.2 and A.4) imply that for u < 0, using Q (6 (X\p), Ap) /2 in place of Q (5 (Ap), Ap),

exp ((@T,g (u, 0) + Q1o (u)) /2) (A.63)
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vy’ lul
=exp | o7 Z ero_; — lu|62/2 | (1 + A7),
t=0

where Ap = op (1) is uniform in the region u < UTU% for small n > 0. By symmetry, the case u > 0 results
in the same relationship as (A.63) with ero_; replaced by eqo ;. The results in the proof of Theorem 1 in
Bai (1994) combined with the arguments referenced for the derivation of (A.63) suggest that for u <0,

exp ((L2 ((Tv%)_l u+ AS) — 12 (A?)) /2) (A.64)

2
Up |

=exp | o7 Z ero_y — | 58/2 (1+ Br),
t=0

where By = op (1) is uniform in the region u < T for small n > 0. By symmetry, the case u > 0 results
in the same relationship as (A.64) with ero_t replaced by T4t By Lemma A.6 and the results in Bai

(1994), pr (u|y) and p (u|y) are negligible uniformly in u for u > nTw2 for every n. Thus, (A.63)-(A.64)
yield,

b5 (T3 (3= 28) , y) =" (703 (% = X)) |ov < |Ax| + |Br| 5 0.

Continuing with the proof of Proposition 6.1, we begin with part (i). Note that ¢ (A, y) is defined
by

[ = 0n ) pr v =1-a

for all y, where II (-) is a probability measure on I'® such that IT (\,) = 7 (\y)dX\,. The fact that
11— ¢ (X, y)| <1 and Lemma A.37 lead to,

/ (1= 0 (v 9)) pr (] M) dIT (M) (A.65)
— [ On )P M) T () + 0m (1),

Given that Definition 4.1 of the GL confidence interval involves an inequality that explicitly allows for
conservativeness, (A.65) implies the following relationship,

/ o (s ) 7 (] 2p) T (Ap) = / o O )0 (5] M) dIT (M) + o1
< a/pwb) 41l (\y)

where e = [ ¢ (Ao, y) (pr (Y| M) — p (y[ X)) dIT (Ap). Rearranging, we have,

[ @= e 0u )l it o) - er 0,

S-28



for all y. Now multiply both sides by g(y) > 0 and integrating with respect to ( (y) yields,

/ / (e — 0 oy 9)) B () p (y] M) dC (3) dIT (Ny) — 7 / B(y)dc (y) 0,

(1=a) [ La (0B N) diT Ov) —er [ B dc () > 0.

Taking the limit as T — oo,
(1-a) / La (10, b, A) dIT (A) > 0.

The latter implies that L, ((p, 5, )\b) > 0 for some \p. Thus, ¢ is bet-proof at level 1 — «.

We now prove part (ii). We use a proof by contradiction. If [’ (Ap, y)dXy > [ (X, y) dXNp for
all y € YV and [ ¢ (Mo, y)dNo > [ (N, y)dNy for all y € Yy with (D) > 0, then we show that
[ (Ao, y) 2 (y] M) dC (y) > a for some A, € I'°. By Lemma A.37 and (6.1) holding with equality,

[ ¢ O mypr i) it Ov) =a [ pr (a3 dit ()
—a [yl T ) + 02 (1).
Integrating both sides with respect to ¢ (y) yields,
[ ([ e0nvpaimdcw)dir v =a o 1). (4.66)
By Assumption (3.2), 7 (\y) > 0 for all A, € I'%. Taking the limit as T — oo of both sides of (A.66) yields

[ ([, y)p(yl ) dC (y)) dIT (Xp) = a. The latter holds only if [ ¢ (Ap, y)p (y] M) dC (y) = « for all
Ay € I'%. This means that ¢ is similar. The definition of HPD confidence set ¢ (), y) implies that for (-

almost all y, if [ ¢ (Ao, y) dNp = [ ¢ (A, y) dXy then [ o (Mo, y) pr (Mol y) dNo < [ " (Nos y) pT (M| ) AN
The latter relationship and Lemma A.37 imply that,

/cp (Ao, ) p (y] M) dIT (Xo) < /so’ (Ao, ) p (y] Ap) dIT (M) ,
for all y € Y and
/cp (Ao, ) p (y] M) dIT (Xo) < /90’ (Ao, ) p (y] Ap) dIT (M) ,
for all y € ). Integrating both sides with respect to ¢ yields
[ ([ etnvpuimdcw) o
< / (/ ¢ (Ao, y) 0 (Yl Ap) dC (y)> Il (As) ,

or

/ (/ (v o ) = & (o ) p (yl As) dC (y)> Il (\) < 0.
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Since ¢ (A, y) is similar, there exists a A, such that [ ¢’ (X, y)p (y| Ap) d¢ (y) > a. Thus, ¢ is not of
level 1 —a. O

B Comparison to Casini and Perron (2020c)

In this section we compare the GL-LN method to the GL estimators/confidence intervals proposed in
Casini and Perron (2020c). Table 1-2 report the results. We have considered a data-generating mechanism
with higher serial dependence in the errors. In terms of the empirical performance of the estimators, Table
1 shows that overall the estimator that does better is XIS}L_LN. XIS}L_CR_I“” is the one that does best when

RGN s

/\2 = 0.5 but it does worse in relative terms when the break is in the tails. The performance of
in general superior to XE’L_CR especially for medium to large breaks both in terms of MAE and RMSE.
From other simulations (not reported), we conclude that GL-LN does in general better for moderate to
large breaks. X?L_CR_Rer is the one that does best when the break is in the middle but its precision
deteriorates as the break moves to the tails. In addition, X,E;L_LN is valid for models with multiple breaks
and models with trending regressors that are not covered in Casini and Perron (2020c). So overall we
believe that the estimators XS’L_LN, XSL_CR and XI?L_CR_H”

Turning to the finite-sample performance of the confidence intervals, Table 2 clearly shows that when

can be seen as complementary.

there is higher serial dependence in the errors, the method that dominates is GL-LN. The gain in terms
of coverage accuracy and lengths can be substantial relative to the GL-CR and GL-CR-Iter. When the
serial dependence in the errors is low (not reported), the difference in performance of the three confidence
intervals becomes smaller.

Overall, we find that both estimation and confidence intervals based on GL-LN perform well relative
to the continuous record counterparts, where major gains appear to occur when there is high serial
correlation in the errors.
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Table 1: Small-sample accuracy of the estimates of the break point T}

MAE Std RMSE Q25 Qo7 MAE Std RMSE  Qpo5 Qo.75

Ao =0.3 Ao =0.5

§°=0.3 OLS 26.84 28.12  33.00 21 76 23.02 26.86 26.76 25 75
GL-LN 13.63 14.07 17.25 27 o6 10.84 13.03  14.40 35 65

GL-CR 12,79  13.13  18.46 29 o7 11.84 13.17  13.12 35 65

GL-CR-Iter 14.47 10.29 20.21 28 58 8.76 10.01 10.24 41 59

GL-Uni 21.78 2173  27.71 28 66 17.84 20.90  20.98 32 68

80 =04 OLS 23.62  26.99 30.23 21 70 21.23 2543 2544 25 75
GL-LN 11.53 13.66 15.44 27 o1 10.11 1215  13.37 37 63

GL-CR 16.36 13.86  21.49 29 61 11.56  11.97  12.25 36 64

GL-CR-Iter 17.19 10.81 20.35 28 o7 830  9.95 10.01 43 57

GL-Uni 20.18 21.25  26.30 28 64 16.53 19.97  19.98 34 64

5§ =0.6 OLS 19.80 24.62  26.25 21 o7 17.34 2239 2234 37 65
GL-LN 8.86 11.63 12.77 29 42 8.06 10.29 11.18 41 59

GL-CR 12.84 13.66  18.23 30 o6 9.96 11.93 11.99 38 58

GL-CR-Iter 14.85 11.52 17.56 29 52 726  9.20 9.22 44 55

GL-Uni 16.04 20.05 22.77 26 56 13.85 1781 17.94 38 60

=1 OLS 11.69 18.43  19.26 27 40 9.38 14.40 14.40 46 54
GL-LN 5.63  9.56 9.57 27 31 5.40  8.21 8.59 49 o1

GL-CR 6.82 10.85 12.81 27 38 6.96  9.43 9.52 44 53

GL-CR-Iter 10.67 7.54 13.02 30 39 4.44  6.71 6.85 47 53

GL-Uni 9.44 14.60 15.15 27 37 817 1234 12.34 45 54

The model is y; = 69 + 814~ |7ag |} + €2, €6 = 0661 + ut, ug ~ i.i.d. .4 (0, 0.49), T = 100.

Table 2: Small-sample coverage rates and lengths of the confidence sets
00 =04 00=0.38 =16
Cov. Lgth. Cov. Lgth. Cov. Lgth.
Ao =0.5 OLS-CR 0.910 67.57 0.911 68.87 0.945 42.30
Bai (1997) 0.808 67.57 0.811 50.22 0.894 20.74
GL-LN 0.925 5743 0.965 37.35 0985 9.30
GL-CR 0.885 60.05 0.884 52.63 0.926 32.61
GL-CR-Iter 0.911 76.72 0.911 69.06 0.944 42.20
Ao = 0.35 OLS-CR 0.927 7558 0.910 66.20 0.944 39.15
Bai (1997) 0.838 66.86 0.821 49.34 0.893 20.77
GL-LN 0.965 54.57 0.974 32.88 0984 9.39
GL-CR 0.898 57.32 0.888 50.29 0.924 29.06
GL-CR-Iter 0.930 75.87 0.913 66.13 0.944 38.71
Ao =0.2 OLS-CR 0.910 75.24 0.917 64.17 0.953 34.26
Bai (1997) 0.808 67.03 0.852 50.40 0.937 21.76
GL-LN 0.921 5796 0.962 39.63 0.969 10.86
GL-CR 0.912 56.87 0.909 48.68 0.932 23.91

GL-CR-Iter 0.894 75.15 0.923 64.14 0.953 34.06
The model is y; = 69 + 69145 | 7ay |} + €2, €6 = 0.6e¢ 1 + ut, ug ~ i.i.d. .4 (0, 0.49), T = 100.
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